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PREFACE 



This is a text book of Pure Mathematics written to meet the needs 
of the student studying for the General Certificate of Education at 
Advanced level. The book assumes a knowledge of mathematics 
up to Ordinary Level and covers all the Pure Mathematics necessary 
for the Advanced Level examination in Mathematics (A26), of the 
Northern Universities Joint Matriculation Board, together with the 
great majority of the work required for the Advanced Level exam- 
inations of the Southern Universities Joint Board, the Welsh Joint 
Committee and London University. 

The teaching method adopted is for the most part that suggested 
by the various reports of the Mathematical Association. The 
emphasis throughout has been on technique, although we have tried 
to indicate where a particular result needs more vigorous justification 
than is given in this book. In this way we hope that all students can 
progress quickly in the understanding and application of these 
techniques without the hindrance of having to justify everything 
they do. This latter step comes at a later stage in their mathematical 
development. 

For convenience the book has been prepared in the order Algebra 
(Chapters 1-5), Trigonometry (Chapters 6-8), Calculus (Chapters 
9-16), and Co-ordinate Geometry (Chapters 17-20), but this is not 
to imply that the chapters should be read in this order. For the 
student at school this will be decided by the teacher; for the student 
working alone we would recommend an advance on a broad front 
through Chapters 1, 3, 6, 9, 10, 12 (the first two sections), 13, 17, 18. 
This lays the foundations for all the main topics and this broad 
advance can then be maintained. We would suggest that each of 
Chapters 7, 11, 14, 15, 16 and 20 be read in at least two stages. Not 
only will this make for easier digestion of the many ideas and 
techniques discussed in these chapters, but will also provide for 
constant revision and extension of this material. 

The book includes over 350 worked examples and about 1800 
examples for the student to solve. The worked examples indicate 
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the main applications of the ideas and techniques discussed. The 
exercises set at the ends of the sections within the chapters are for 
the most part fairly straightforward. All our readers should attempt 
these exercises. The exercises at the ends of the chapters are a 
"mixed bag". Some are of a routine type, others are more testing; 
many are from past papers set by the various examining boards. 
Finally there are some (indicated with an asterisk) which are of a 
more difficult nature. The student should not be too dismayed if he 
is unable to solve all of these. 

For convenience the results and formulae obtained have been 
labelled, the first number of the label identifying the chapter in 
which the result is derived. Thus formula 10.7 is the seventh result 
obtained in Chapter 10. It is not suggested that all these formulae be 
memorized. 

We should like to express our thanks to the Joint Matriculation 
Board (J.M.B.), the Southern Universities Joint Board (S.U.J.B.), 
the Welsh Joint Committee (W.J.C.) and London University (L.U.) 
for granting us permission to use questions from their examinations 
in this book. The abbreviations above have been used to indicate 
the source of such questions. 

Finally we should like to thank our publishers for the care and 
trouble they have taken over the general presentation of the text. 

B. D. B. 
H.M. 
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1.1. THE REAL NUMBERS 

Algebra is concerned with operations with numbers and we shall 
begin with a brief review of these operations and the numbers 
involved. 

The first set of numbers usually encountered is the set of positive 

integers including zero: 0,1,2,3, These by themselves are 

insufficient for the solution of many actual problems and need to be 
supplemented by fractions which can all be expressed in the form 
a/b, where a and b are positive integers (b non-zero). This set of 
numbers includes the positive integers which arise when b = I. 

The solution of a particular problem might require the solution 
of the equation x + a = b. If a is greater than b, in order to 
interpret the result x = b — a, we need to extend our number 
system to include negative numbers. The integers are then the set 

...-3, -2,-1,0,1,2, 3,4 

and the rational numbers (fractions), which include the integers 
are of the form a/b where a and b are integers (b non-zero). 

There are still quantities which cannot be expressed in terms of the 
rational numbers. For example the length of a diagonal of a square 
of side 1 unit is y/2 units, and y/2 cannot be expressed in the form 
a/b where a and b are integers. Tables of square roots show 
y/2 =£= 1-414 = but this is only an approximation to the value 
of y/2, as the squaring of 1-414 will soon show. This property is not 
unique to y/2; y/3, 75,^1-6, ^11-61 etc. all have the same property. 
These numbers are examples of algebraic numbers. They are all 
of them solutions of algebraic equations which involve only rational 
numbers, y/3 is a solution of x 2 = 3, is a solution of x 3 = 1-6, 
\K11-61 is a solution of jc 5 = 11-61, etc. 

There are still other numbers which do not fall into any of the 
categories mentioned so far. Such numbers, of which tt (=== 3-142), 
log w 2 (== 0-301), sin 74° (===0-9613) are but three examples, are 
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OPERATIONS WITH REAL NUMBERS 

called transcendental numbers. Our system of real numbers with 
which we shall be mainly concerned, will consist of the rational, 
algebraic and transcendental (irrational) numbers. 

It is often convenient to represent these numbers by points on a 
line {Figure 1.1), letting 0 be an origin on the line x'x. Conventionally 
we let points to the right of 0 represent positive numbers and points 
to the left of 0 represent negative numbers. Points on the line distant 
1 unit, 2 units, ... to the right of 0 will represent the numbers 

1, 2, 3 Points on the line distant 1 unit, 2 units ... to the left 

of 0 will represent the numbers —1, —2, —3, The rational 

numbers will be represented by intermediate points. 



—3—2—10 1 2 3 
Figure 1.1 

The fundamental operations of algebra are addition and multi- 
plication. Subtraction can be regarded as the addition of the 
corresponding negative number, and division as multiplication by 
the reciprocal. We are all familiar with these operations, although 
it is perhaps worth reminding ourselves of the fundamental laws 
governing these operations. 

If a, b, c are any three real numbers : 

I. a + b = b + a, the commutative law of addition 
II. (a + b) + c = a + (b + c), the associative law of addition 

III. ab = ba, the commutative law of multiplication 

IV. (ab)c = a(bc) the associative law of multiplication 

V. a(b + c) = ab + ac the distributive law of multiplication and 
addition. 

1.2. EQUATIONS INVOLVING ONE UNKNOWN 

Our readers will already be familiar with the solution of simple 
equations and quadratic equations involving one unknown. 
For the equation ax + b = 0 where a and b are real numbers 



b 

x = 

a 



.(1.1) 



For the equation ax 2 + bx + c = 0 



-b ± V(& 2 - 4ac) (L2) 



x — 

2a 



2 



EQUATIONS INVOLVING ONE UNKNOWN 

Example 1. Solve the equations: (i) 2x + 3(x — 1) = 4x + 12; 

.... x + 5 x — 1 
(ii) = . 

5 6 

(0 2x + 3(x- l) = 4x+12 

2x + 3x - 3 = 4x + 12 
5x = 15 + 4x 
x = 15 

(ii) *±i = *zii 

5 6 

6(x + 5) = 5(x - 1) 

6x + 30 = 5x - 5 

x = -35 

Example 2. Solve the equations: (j) 2x 2 — llx + 12 = 0; 
■(ii) - 3x - 5 = 0. 

(0 The left-hand side of equation (i) can be factorized and the 
equation written 

(2jc - 3)(* - 4) = 0 

2x-3 = 0 or i-4 = 0 

i.e. x = | or x = 4 

(if) The factors of the left-hand side of equation (ii) are not at 
all obvious and we use equation (1.2) with a = l,b = — 3, c=— 5. 

3 ± V[(-3) 2 - 4 x (1) X (-5)1 = 3±V29 = 3 ± 5-385 
2 2 2 

x = 4-193 or -1-193 

The methods for the solution of more complicated equations in 
one unknown follow the same principles as are involved in the 
solution of simple and quadratic equations; viz. the isolation of 
the unknown on one side of the equation. Some of the techniques 
employed are illustrated by the examples which follow. 



Example 3. Solve the equation x 2 + 2x — 4 H — 2 _ 
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i.e. 

With z = 3, 



With z = 1, 



x = 
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With z = x 2 + 2x we have 

z_4+- =0 
z 

z 2 - 4z + 3 = 0 
(z - 3)(z - 1) = 0 
z = 1 or 3 

x 2 + 2x = 3 
x 2 + 2x - 3 = 0 
(x + 3)(x - 1) = 0 
x = — 3 or x = 1 

x 2 + 2x - 1 = 0 
-2 ± V(4 - 4 x (1) x (-1)) 
2 

_ -2 ± V8 _ -2 ± 2^2 
2 2 

= -l ± V 2 

.". the solutions are 1, —3, —1 + y/2, —1 — y/2. 

Example 4. Solve the equation 

V(4 - x) - V(6 + x) = V(14 + 2x). 
Squaring both sides we have 

4-x + 6 + x- 2V[(4 - x)(6 + x)] = 14 + 2x 
-2V[(4 - x)(6 + x)] = 4 + 2x 
- VK4 - x)(6 + x)] = 2 + x 
On squaring both sides we now have 

(4 - x)(6 + x) = 4 + 4x + x a 
24 - 2x - x 2 = 4 + 4x + x 2 
2x 2 + 6x — 20 = 0 
2(x + 5)(x - 2) = 0 

x = 2 or x = — 5 
4 



EQUATIONS INVOLVING ONE UNKNOWN 

It is easy to see that it is only the value x = — 5 which satisfies 
the original equation, x — 2 is a solution of the equation 
V(4 - x) + V( 6 + x) = VO 4 + 2x). If we square both sides of 
this equation we obtain yj '[(4 — x)(6 + x)] = 2 + x, which in 
turn leads to 2x 2 + 6x — 20 = 0. The original equation gave 
— VK4 — x)(6 + x)] = 2 + x but when we square, the distinction 
between the two cases is lost. Thus we must always verify the 
correctness of our solutions after we have carried out such oper- 
ations. As a trivial example consider the equation 2x — 2 which 
has solution x = 1. If we square both sides we obtain the equation 
'4x 2 = 4, i.e. x 2 = 1 which has solutions x = 1 or x = — 1! 

Example 5. Solve the equation x i — 4x 3 + 6x 2 — 4x + 1 = 0. 

The symmetry of the coefficients allows us to employ the following 
technique. After dividing by x 2 we can arrange the equation as 



X * + x 2 ~ 4 ( X + x) + 6 = ° 



With z = x + - 
x 



z 2 = x 2 + L + 2 , i.e. x 2 + ^- = z 2 -2 
x 2 x 2 

The equation can be written 

z 2 - 4z + 4 = 0 
(z - 2) 2 = 0 
z = 2 

x + - = 2 
x 

x 2 - 2x + 1 = 0 
(x - l) 2 = 0 
x — I, which is the only solution of the equation. 
Exercises la 

,ci -t. x + I x — 2_2x + 3 

1. Solve the equation — . 

3 4 6 

2. Solve the equation x 2 — 5x — 1 1 = 0. 
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3. 



„ , , . x + 1 5X — 

Solve the equation = 

2x + 3 Ix + 



4. 



5. 



Solve the equation Jx — = 1. 

y/X 

Solve the equation y 2 + 5y — 




= 0. 



6. Solve the equation x 4 — 25x 2 + 144 = 0. 

7. Find the values of x which satisfy the equation 2 N /(x + 5) — 
V(2x + 8) = 2. 

8. Solve the equation J(x + 1) + V( 5 * + 1) = 2V(x + 6). 

9. Solve the equation x 4 — 2x 3 — 6x 2 — 2x + 1 = 0. 

10. Solve the equation / - 2f - 2y 2 + 2y + 1 = 0. 



We shall assume that our readers are familiar with the procedure 
for the solution of a pair of linear simultaneous equations in two 
unknowns. The solution of two equations in two unknowns when 
one or both of the equations contain quadratic terms is a more 
interesting problem. We first consider two cases where a systematic 
method of solution exists. 

Example 1. Solve the equations x + y = 3, x 2 + xy + 2y 2 + 
x + 2y = 12 in which one equation is linear and the other quadratic. 

We use the linear equation to express one unknown in terms of the 
other. Thus we have „ 



We now substitute this expression for x into the second equation 
to obtain a quadratic equation for y. Thus 



(3 - y) 2 + (3 -y)y + 2y 2 + (3 - y) + 2y = 12 
9 - 6y + y 2 + 3y - y 2 + 2y 2 + 3 - y + 2y = 12 

2y 2 - 2y = 0 
y(y ~ 1) = 0 

y = 0 or 7=1 



y = 0, x = 3 ; when y = 1, x = 2. (Since x = 3 — j) 
Thus the solutions are x = 2, y = 1 ; x = 3, y = 0. 




1.3. SIMULTANEOUS EQUATIONS 



x = 3 — y 



When 
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SIMULTANEOUS EQUATIONS 

We could, of course, have used y = 3 — x and obtained an 
equation for x on substituting this into the second equation. 

Example 2. Solve the equations x 2 — y 2 = 3, 2x 2 + xy — 2y 2 = 4 
in which the terms involving the unknowns are all quadratic in both 
equations. The solution can generally be obtained by writing 
y — mx and proceeding as follows : 
The equations can be written 

x\l - m 2 ) = 3 

x\2 + m — 2m 2 ) = 4 

1 - m 2 = 3 
2 + m — 2m 2 4 

4 — 4m 2 = 6 + 3m — 6m 2 

2m 2 - 3m - 2 = 0 

(2m + l)(m - 2) = 0 

m = 2 or m = —\ 

With m = — \ we have fx 2 = 3 

x 2 = 4 i.e. x = ±2 

The corresponding values for y are =Fl. (Since y = mx.) With 
m = 2, we have x 2 (— 3) = 3; x 2 = — 1, and this equation has 
no solution in the domain of real numbers. Thus the solutions are 
x = 2, y = —1; x = —2,y = 1. 

It is not usually possible to give general procedures for the 
solution of simultaneous equations which do not fall within the 
categories just mentioned. Rather each problem must be considered 
on its merits and the solver must use his own ingenuity. 



Example 3. Solve the equations 



OPERATIONS WITH REAL NUMBERS 

The equations can be rewritten in the form 

xy + I — y 
xy + 1 = 4x 
.'. y = 4x which on substitution gives 

4x 2 + 1 = 4x 
i.e. 4x 2 - 4x + 1 = 0 

(2x - l) 2 = 0 x = } 

But since y = 4x, y = 2 and the solution is x = |, j = 2. 

Example 4. Solve the equations xy — x = 4, xy — y = 
On subtracting the first equation from the second we have 

x — y = — 1 

i.e. x = 7 — 1 

If we substitute this into the first equation we have 

y(y - 1) - (y - 1) = 4 

i.e. j> 2 - 2j - 3 = 0 

(y - 3)(y + 1) = 0 

J = 3 or y = -1. 

Since x = y — 1, when = 3, x = 2, and when 7 = — 1, x 
The solution isx = 2, y = 3 ; x = —2, j = — 1 . 

Exercises lb 

Solve the simultaneous equations 1-10: 

1. x + 2y = 3, x 2 - xy + 5y 2 + 2y = l. 

2. 2x + y = 1, x 2 + xy + 3x — y = 4. 

3. 2x - 3j> = 1, x 2 + xy - 4y 2 = 2. 

4. x 2 + 2x^ = 3, 3x 2 ~y 2 = 26. 

5. x 2 + y 2 = 13, x 2 - 3x^ + 2y 2 = 35. 

6. x 2 - xy + 7/ 2 = 27, x 2 - y 2 = 15. 



7. x 2 + y 2 = 5,i + ^ = ^ 
x 2 y 2 4 

x 2 + /=10,i + i = ^. 

x y 3 



INEQUALITIES 



i . x . 3 11 



9. x l - y* = 24, — h 

x + y x — y 12 

10. - + Z = - ,x 2 - 4xy + y 2 = 1. 
y x 4 

1.4. INEQUALITIES 

In this section we shall consider the rules governing the relation- 
ships between numbers which are not equal. For any two real 
numbers a and b, we say that a is greater than b\a > b) if a — b is 
positive. We say that a is less than b (a < b) ii a — b is negative. 
In terms of the representations of numbers on a line {Figure 1.1) 
a > b if a is to the right of b; a < b if a is to the left of b. Thus we 
have by definition 

a> b if a - b > 0 and a < b if a — b < 0 (1.3) 

e.g. 5 > — 3 since 5 — (—3) = 8 is positive i.e. >0. Also —3 < 
— 1 since —3 — (— 1) = —2 is negative i.e. <0. 

I. We first show that if a > b then 

a + x>b + x ....(1.4) 

where x is any real number. 
For if a> b, a — b = c> 0 

a + x — (b + x) = a + x — b — x = a — b = c 

a + x — (b + x) = c>0 

a + x > b + x by definition. 

In the same way if a < b 

a + x<b + x ....(1.5) 

thus, as with equations, we may add the same number to both sides 
of an inequality and still preserve the inequality. 

e.g. 5 > — 2 and after adding 6, 1 1 > 4. 

6 < 9 and after adding —3, i.e. subtracting 3, 3 < 6. 
We cannot however, treat inequalities in the same way as equations 
if we multiply both sides of the inequality by the same number. 
Rather we have: 

II. If a > b, ax > bx if x is positive, but ax < bx if x is negative 

. . . .(1.6a) 

Similarly if a < b, ax < bx if x is positive, but ax >bx iix is negative 

... .(1.6b) 

We shall prove this for the case a> b. 
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Then, a — b — c where c is positive 

/. ax — bx = cx which is positive if x is positive, but negative if 
x is negative 

ax — bx > 0 if x > 0 

ax — bx < 0 if x < 0 

which is the required result. 

Thus if we multiply both sides of an inequality by a number we 
must be sure that this number is positive; otherwise the inequality 
sign has to be reversed. 



e.g. 7 > 3 

and 21 > 9 after multiplication by 3 

but — 14 < — 6 after multiplication by —2. 

III. If a>b and c > d then a + c> b + d . . . .(1.7) 
e.g. 7 > 3 and —4 > —7 and 3 > — 4 

(N.B. It does not follow that a — c > b — d 

e.g. 11 > 10 and 9>2 but 11 — 9 < 10 — 2) 

IV. If a>b and b>c then a>c (1.8) 

e.g. 8 > 7 and 7 > 2, and 8 > 2 



N.B. If a > b and b < c then we can say nothing about the 
relative magnitudes of a and c. 

e.g. 9 > 2 and 2 < 8 and of course 9 > 8, but we could equally 
well have had 9 > 2 and 2 < 11 with in this case, of course, 9 < 11. 

V. If a > b and c> d and a, b, c, d are all positive, 

aobd and (1.9) 

e.g. 9 > 2 and 6 > 3 and of course 9 x 6 > 2 x 3 i.e. 54 > 6. 

VI. If a > b and a and b are both positive 

a*>b\ a s >b*,...l<)-,- 2 <l,... 

a b a 2 b s 

indeed a n > b n if n > 0 

a n <b n if n<0 ....(1.10) 

e.g. 3 > 2 and 3 s > 2 3 , i.e. 27 > 8 

but 3-*<2- 2 , i.e. |<i. 
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Example 1. For what values of x are both the inequalities 
9 + 2x > 0 and 7 — 3x > 0 true? 

If 9 + 2x > 0, 2x > -9 i.e. x > -f . If 7 - 3x > 0, -3jc > 
—7, i.e. x < | (Note the reversal of the sign). From Figure 1.2 
we see at once that both inequalities are true for — f < x < f . 

X " \ X <C "g 

> < 

— i <J 1 — 

Figure 1.2 



Example 2. Find the range of values of jc for which — — — > - . 

We multiply both sides of the inequality by (x + 2) 2 which we 
know is positive. Thus we can be sure that the inequality sign is 
preserved correctly. Thus we have: 

(2x + l)(x + 2) > l(x + 2) 2 

2(2x + l)(x + 2) >(x + 2) 2 

(* + 2)(4* + 2) - (x + 2) s > 0 

(x + 2)(3x) > 0 

This will be true if jc > 0 and x + 2 > 0, or if x < 0 and x + 2 < 0 
i.e. both factors are positive or both factors are negative. 

The first two inequalities are true if x > 0 and the latter two 
inequalities are true if x < —2. This can be clearly seen if the 
following table showing the signs of the factors is drawn up. The 
individual factors change sign at 0 and —2. 





x< -2 


-2 < x < 0 


x> 0 


3x 


— ve 


— ve 


+ve 


X + 2 


— ve 


+ve 


+ve 


3x(x + 2) 


+ve 


— ve 


+ve 



Thus the original inequality is true if x > 0 or x < —2. 

Example 3. Determine the range of values of x for which 

x s + x - 2 1 
x* + 4 2 

We notice that x* + 4 being the sum of two squares is always 

11 
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positive. Thus we can multiply both sides of the inequality by 
x 2 + 4 and still preserve the sign. Thus 

x 2 + x - 2 > K* a + 4) 

2x 2 + 2x - 4 > x 2 + 4 

+ 2x - 8 > 0 

(x + 4)(x - 2) > 0. 

We draw up our table showing the signs of the individual factors. 
The individual factors change sign at —4 and 2. 





x < — 4 


-4 < x < 2 


x > 2 


x + 4 


— ve 


+ve 


+ve 


x - 2 


— ve 


— ve 


+ve 


(x + 4)(* - 2) 


+ve 


— ve 


+ve 



Thus the inequality is true if x < — 4 or x > 2. 



x _l 3 x + 1 

Example 4. Solve the inequality > . 

x — 2 x — 3 

Here we must multiply by the positive factor (jc — 2)\x — 3) a to 
obtain 

(x + 3)(x - 2)(jc - 3) 2 > (x + l)(x - 3)(x - 2) 2 

(x - 3)(x - 2)[(x + 3)(x - 3) - (x + l)(x - 2)] > 0 

(x - 3)(x - 2)[x 2 -9~(x 2 -x-2)]>0 

(x - 3)(x - 2)(x - 7) > 0 

Again we draw up our table showing the signs of the individual 
factors, which change sign at 2, 3 and 7. 





x < 2 


2 < x < 3 


3 <x < 7 


* > 7 


(x 


-2) 


— ve 


+ve 


+ve 


+ve 


(x 


-3) 


— ve 


— ve 


+ve 


+ve 


(x 


-7) 


— ve 


— ve 


— ve 


+ve 


(.x - 2)(x 


- 3)(x - 7) 


— ve 


+ve 


— ve 


+ve 



Thus the original inequality is true if 2 < x < 3 or x > 7. 

We shall in later chapters have cause to use the notion of the 
modulus of a number x. The modulus of x is the positive number 
having the same magnitude as x. It is written |jc|. Thus |3| = 3, 
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|— 6| = 6, |— 2| = 2, | — 1| = 1. In general if x is positive |jc| = x, 
but if x is negative \x\ = —x. With this notation the range of values 
of x specified by the inequality — 1 < x < 1 can be specified more 
concisely by Jjc| < 1. 

Example 5. Find x if \x + 1 1 = 5. 
We have x+l = 5orx + l = —5 

x = 4 or x = —6 

Example 6. Find x if \2x + 1| > 7. 

|2jc+1|>7 means 2x + 1 > 7 or 2x + 1 < — 7 
Thus we have 2x > 6 or 2x < —8 

x > 3 or x < —4 

Tfce Inequality of the Means — The arithmetic mean of two 

positive numbers a and b is greater than or equal to their geometric 
mean jab. For we have, if a and b are positive, 

O - V fo ) 2 > 0 

a + b — lyjab > 0 

a -^>Jab ....(1.11) 

which proves the result. 

Example 7. If a, 6, c, are any real numbers, prove that (i) 
a i + b i > 2a 2 b 2 and (if) a* + b l + c i + d" > Aabcd. 
(i) By equation (1.11) we have 

£±^> Ja 4 b 4 = a 8 b 2 
2 

a 4 + b* > 2a 2 b\ 
(if) By the previous result we have 

a 4 + b* + c l + d* > 2a*b* + 2c*d* 
But 2a 2 b 2 and 2c 2 ^ are two positive numbers and so by equation 

0. 11) 

2aV + 2c 2 d % > ^ (4fl 2j, W) 

1. e. 2a i b % + 2cV 2 > 4afcc<* 

a* + b* + c* + d*> 4abcd by equation (1.8). 
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Note the result will certainly be true if some of a, b, c, d are 
negative, so that abed is negative, since the left-hand side is certainly 
positive. 

Example 8. Show that if a, b, c, are real numbers, a* + b 2 + 
c 2 — be — ca — ab cannot be negative. 
We have 

a 2 + b* > lab 
b i + c 2 > 2bc 

c 2 + a 2 > lac by equation (1.11) 
On adding these results we obtain by equation (1.7) 
2(a 2 + b % + c 2 ) > l(ab + be + ca) 

.". a 2 + b 2 + c 2 > ab + be + ca which is the required result. 
Exercises 1c 

1. Solve the inequalities 3x + 11 > 0 and 8 — 7x > 0. 

2. Find the values of x which satisfy 2x 2 — 7x + 9 < x 2 — 2x + 3. 

3. For what values of x is — - — < —1? 

x — 3 

Ix — I 1 

4. For what values of x is < -? 

x + 3 3 
j 2 

5. Solve the inequality > 



x — 2 x — 3 

6. Solve the inequality ^ x + 5x + 7 ^ ^ 

3x + 5 

2x 2 3x 4- 5 1 

7. Solve the inequality — < - 

x 2 + 2x + 6 2 

8. Find x if \x + 3| =2. 

1 =1. 



9. Find x if 

x + 1 

10. Find x if |x + 3| > 5. 

11. Findxif|2x + 3[ < 1. 1 

12. If a and b are positive numbers show that (i) a + - > 2, and 



(ii) that (a + i>) - + - > 4. 

\a 6/ 

13. If a, b, and c are three positive numbers show that (a + b) X 
(6 + c)(c + a) > 8aZ>c. 
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14. Show that x 3 + y 3 > x 2 y + xy 2 if (x + y) > 0. 

15. Verify that a 3 + Z> 3 + c 3 - 3abc = (a + b + c)(a 2 + b 2 + 
c 2 — ab — be — ca); hence show that if a, b, c are all positive, then 
a 3 + b 3 + c 3 > 3abc. 

1.5. ELIMINATION 

In section 1.3 we considered methods for the solution of two 
equations in two unknown quantities. If we have more equations 
than unknowns, two equations in one unknown, or three equations 
in two unknowns, then in order to obtain a consistent solution to the 
equations the coefficients must satisfy some relationship. This 
relationship is known as the eliminant of the system. It is obtained 
by forming from the given equations an equation which does not 
involve the unknowns. This process is known as the elimination of 
the unknowns. It is a technique which is of great value in co-ordinate 
geometry. 

Example 1. Eliminate t from the equations x = at 2 , y = 2at. 
From the second equation we can solve for t in terms of y, i.e. 
y 

t = Y a • Substitution into the first equation gives 

W 4a 2 
y 2 = 4ax which is the required result. 

Example 2. Eliminate t from the equations 

t__ e_ 

X ~l + t 2 ' y ~l + f 
We have yjx = t. Substitution in the first equation gives 

x = y i x = y l x 
1 + y 2 lx 2 (x 2 + y 2 )lx 2 



x(x 2 + y 2 ) — xy 

Example 3. Eliminate / and m from the equations Ix + my — a, 
mx — ly = b, I 2 + m 2 = 1. 

The straightforward procedure would be to solve the first two 
equations for / and m in terms of a, b, x and y. Substitution of these 
expressions into the last equation would then provide the eliminant. 
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However, in some cases (as in this case) it is possible to use more 
subtle methods. In the present case if we square the first two 
equations and add the results we obtain 

/ 2 x 2 + m 2 x 2 + m 2 y 2 + Py* = a 2 + b 2 
i.e. (x 2 + yW + m 2 ) = a 2 + b 2 

and since I 2 + m 2 = 1 

x* + y 2 = a 2 + b 2 which is the required eliminant. 

Exercises Id 

1. Eliminate t from the equations x = I + t, y = I + - . 

2. Eliminate / from the equations x = 3 + t 3 , y = 2 + ^ . 

3. Eliminate t from the equations x = - { — t, y = ^ — I. 

4. If x = , y = \ ' , show that — + = 1. 

1 + f 1 + * a 2 b 2 

5. Eliminate 0 from the equation x — a cos 0 = 0, j> — b sin 0 = 0. 

6. If x = 1 + t 2 , y = 2?, show that j 2 = 4(x - 1). 

7. If x = 1 - t 2 and y = I + 5t — t 2 show that (x - y) 2 == 
25(1 - x). 

8. Eliminate x and ^ from the equations x — y = a, x 2 + y 2 = 
i 2 , xj = 1. 

9. Eliminate x and y from the equations x — y = a, x + y = b, 
xy = c. 

10. If x + 2y 2 = a, x - 2y 2 = b, xy = 2, show that 

(a + b)(a 2 - b 2 ) = 64. 

1.6. PARTIAL FRACTIONS 

Our readers will already be familiar with the technique of forming 
the sum or difference of two or more algebraic fractions. For example : 

_J 2_ x + 1 x + 1 + 2(x - 1) x + 1 

x-l x + l x 2 + l _ x 2 -l x 2 + l 

~ x 2 - 1 x 2 + 1 
_ (x 2 + l)(3x - 1) + (x + l)(x 2 - 1) 
x 4 - 1 

_ 4x 3 + 2x - 2 

X*- 1 
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For the purposes of expanding such a complicated algebraic 
fraction in powers of x, or for integrating such a fraction with respect 
to the variable x, it is often necessary to carry out the reverse 
procedure, i.e. to resolve such a fraction into the sum of two or more 
partial fractions. The denominators of these partial fractions are 
the factors of the denominator of the original fraction. The technique 
is governed by a few simple rules : 

I. If the degree of the numerator is greater than or equal to the 
degree of the denominator it is possible to carry out a division to 
obtain a quotient together with a fraction whose numerator is of 
lower degree than its denominator. This latter fraction is then 
resolved into partial fractions. 

II. To each linear factor of the form x — a in the denominator 

A 

there corresponds a partial fraction of the form _ where A is 
constant. 

x 3 _|_ x 2 _|_ 4x 

Example 1. Resolve into partial fractions x 2 _|_ x _ 2 ' 

The numerator is of degree 3, the denominator is of degree 2, so we 
divide v 



x 2 + x-2 )x 3 + x 2 + 4x 
x 3 + x 8 - 2x 
6x 

k 3 + x 2 + Ax _ . 6x 6x_ 



X 

We set 



x-2 x 2 + x-2 (x + 2)(x-l) 



6x = * _A_ + _B_ 



(x + 2)(x - 1) x - 1 x + 2 
To determine A and B we multiply throughout by (x + 2)(x — 1) to 
obtain 6x s A(x + 2) + B(x - 1) 

By putting x = 1 we obtain 6(1) = ^4(1 + 2) 
i.e. 6 = 3A, .-. A = 2 

By putting x = — 2 we obtain 6(— 2) = B(— 2 — 1) 
i.e. -12 =-35, .-. 5 = 4 

x 8 + x 2 + 4x _ x ^ _4_ 

x 2 + x- 2 x-1 x + 2 

* The sign = is to be read as "identically equal to." 



2 
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(An alternative procedure for determining A and B is as follows.) 

We can make A(x + 2) + B(x — 1) = (A + B)x + 2A - B 
identically equal to 6x by choosing A and B so that the coefficient of 
x, viz. (A + B) is equal to 6, and the term independent of x, viz. 
(2/1 — B) is equal to zero. Thus we would have A + B = 6, 
2A — B = 0 whence A = 2, B = 4 as before. We shall find that 
both these techniques for determining the unknown quantities are 
valuable. 

Example 2. Resolve into partial fractions 

3x 2 - Ax + 5 
(x + l)(x - 3)(2x - 1) ' 

The degree of the numerator is less than the degree of the 
denominator. Thus we set 

3x 2 - 4x + 5 = A B C 

Oc + l)(x - 3)(2x - 1) ~" x + 1 x-3 2x-l 
Multiplication by (x + l)(x — 3)(2x — 1) gives 
3x 2 - 4x + 5 ^ A(x - 3)(2x - 1) 

+ B(x + l)(2x - 1) + C(x + l)(x - 3) 
with x = -1, we have 3(-l) 2 - 4(-l) + 5 = A(— 4)(-3) 
i.e. 12 = 12,4, /. A = 1 

With x = 3, we have 20 = 205, /. 5=1 

With* = i ^ = c(-^, .-. C=-l 

3x 2 -4x + 5 _ 1 1 1 

(x + l)(x - 3)(2x -1) x + 1 x-3 2x-l 

If we use the second technique (not so convenient in this case) to 
determine A, B, and C we obtain the equations 

2A + 2B + C = 3 

-7 A + B - 2C = -4 

3A - B- 3C= 5 

which have solutions A = I, B — I, C=— 1. 
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III. To each quadratic factor in the denominator of the form 
ax* + bx + c which does not have linear factors there corresponds 

Ax + B 

a partial fraction of the form — 2 , where A and B are 

, . &X ~t~ OX 1 C 

constants. 

Example 3. Resolve into partial fractions - — 3 * ~^ 2 8 * ^ ^ . 

yX A ~~\~ MX I J J 

3x 2 + 8x + 13 A Bx + C 

We set = 1 

(x - l)(x 2 + 2x + 5) x - 1 x 2 + 2x + 5 

.-. 3x a + 8x + 13 = A(x* + 2x + 5) + (x - l)(5x + C) 

= x 2 (^ + B) + x{2A -B + C)+5A-C 

With x = 1, we obtain 24 = 8,4, .4 = 3 

If we make the coefficients of x 2 equal, A + B = 3, B = 0 

If we make the terms independent of x equal, 5 A — C = 13, 
.-. C = 2 

It is easy to see that with these values for A, B, C the coefficients of 
x are also equal, 

3x 2 + 8x + 13 3 2 

(x - l)(x 2 + 2x + 5) x - 1 x 2 + 2x + 5 

2x 2 + 2x + 10 

Example 4. Resolve into partial fractions ( x + 1)^2 + 9) • 

2x 2 + 2x + 10 _ A Bx + C 
We set (x + i )( ^ + 9 ) x + 1 x 2 + 9 

2x 2 + 2x + 10 = ^(x 2 + 9) + (x + l)(5x + C) 

With x = — 1 we have 10,4 = 10, .\ A = 1 

If we make the coefficients of x 2 equal, A + B = 2, .*. B= 1 

If we make the terms independent of x equal, 10 = 9A + C, 

:. c=\. 

2x 2 + 2x + 10 1 . x + 1 
(x + l)(x 2 + 9) x + 1 x 2 + 9 

IV. To each repeated linear factor in the denominator of the form 
(x — a) 2 there correspond partial fractions of the form 

A B 



a (x — a) 2 
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For repeated linear factors of the form (x — a) a there are partial 

A B C 

fractions of the form 1 H , etc. 

x — a (x — a) (x — a) 
V. To each repeated quadratic factor in the denominator of the 
form (ax 2 + bx + c) 2 there correspond partial fractions of the form 

Ax + B , Cx + D 



ax 2 + bx + c (ax 2 + bx + cf 

x s — x 2 — 3x + 5 

Example 5. Resolve into partial fractions . 

V (x - l)(x 2 - 1) 

The denominator (x — l)(x 2 — 1) = x 3 — x 2 — x + 1 is of the 
same degree as the numerator. We divide 

1 

x 3 — x 2 — x + 1 ) x 3 — x 2 — 3x + 5 
x 3 — x 2 — x + 1 
- 2x + 4 

x 3 — x 2 — 3x + 5 . , 4 — 2x 



1 

= 1 



(x - l)(x 2 - 1) ' (x - l)(x 2 - 1) 

4 - 2x 



(x - l) 2 (x + 1) 

nj 4 — 2x A , B C 
We set = \- 



(x - l) 2 (x + 1) x + 1 x - 1 (x - l) 2 

4 - 2x =3 A(x - l) 2 + B(x - l)(x + 1) + C(x + 1) 

With x = 1, we obtain 2C = 2, C=l 

With x = — 1, we obtain 4A = 6, . - . A = \ 



If we make the coefficients of x 2 equal, A + B = 0, .". B = 

. x 3 - x 2 - 3x + 5 . , 3 3 , 1 

— " 1 + T, : 77 ~~ ~ 7T + 



(x - l) 2 (x + 1) 2(x + 1) 2(x - 1) (x - l) 2 

7 - 2x 



Example 6. Resolve into partial fractions 



(x + l)(x - 2) 2 



We set 7 - 2x = A + B + <L 



(x + l)(x - 2) 2 x + 1 x - 2 (x - 2) 2 

7 - 2x = A{x - 2) 2 + B(x + l)(x - 2) + C(x + 1) 

With x = 2, 3C = 3, /. C = 1 
Withx=-1, 9,4 = 9, .-. A=\ 
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If we make the coefficients of x 2 equal, A + B = 0, .". B = — 1 
7 - 2x 1 1 1 



(x + l)(x - 2) 2 x + 1 x - 2 (x - 2) 2 
Exercises le 

Resolve into partial fractions 1-10 and verify your results. 
6x - 10 „ x 3 - x 2 - 4 



1. 



x 2 - 2x - 3 x 2 - 1 



3 4x + 11 4 13 -5x 2 



(x 2 + 4x - 5) (x 2 - l)(x + 3) 

. x 2 + 4x-7 , x 2 + 2 

5. o, 



7. 



(x + l)(x 2 + 4) (x 2 + 2x + 3)(2x + 1) 

2x 4 - 2x 3 + 4x 2 - 2x 8 7x + 2 

(x - l)(x 2 + 1) ' (2x - 3)(x + l) 2 



2x 3 + 2x 2 + 2 1Q x 2 

' (x + l) 2 (x 2 + 1) ' (x + l) 3 



1.7. INDICES 



The product of a number with itself, a X a, is called the second 
power of a and is written a 2 , a X a X a, written a 3 , is called the 
third power of a. a X a X a X ... to m factors, written a m is called 
the mth power of a. The number which expresses the power is called 
the index or the exponent. Thus the index of a 2 is 2, the index of a s 
is 3, the index of a m is m. 

When the algebraic processes of multiplication and division are 
carried out with different powers of the same number the indices 
combine according to certain fundamental laws. In the proofs of 
these laws which follow we assume m and n are positive integers with 
m > n. 

I. a m xa n = a m+n ....(1.12) 

Fotfl m xa" = (flXaxax...tom factors) x (a X a X ... to 
n factors) which is clearly a x a x a X a x . . Ao(m + n) factors = 
a m+n by definition. 

II. a m ~a n = a m - n ....(1.13) 
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For 

a m ax a X a X ... to m factors 
aF~ a x a x a X ...ton factors 

= a X a X a X . . . to (m — ri) factors 

= a m - n 

III. {a m ) n = a mn ... .(1.14) 

For (a m ) n = a™ X a m X a m X . . . to n factors 

= (aXaXcX...tom factors) 

x(axaxax,..tom factors) . . . n times 

= a X a X a X a X .. .to mn factors 

= a mn 

The laws (1.12), (1.13), (1.14) have been proved for m and n 
positive integers. Indeed we have no meaning for a m unless m is a 
positive integer, the definition of a m as the product of m factors each 
equal to a being meaningless unless m is a positive integer. We shall 
generalize our concept of power to include indices which are 
fractional and negative. This generalization is carried out in such a 
way that the rules (1.12), (1.13), (1.14) remain valid. We do not 
want one set of rules for positive integer indices and another set of 
rules for fractional indices. The rules stated in section 1.1 are true 
whether a, b, c are integers, rationals etc., indeed if they are any real 
numbers. In the same way we require the rules (1.12), (1.13), (1.14) 
to be universally true. 

The Meaning of a 1/n where n Is a Positive Integer — Since we require 
(1.12) to remain valid 

a l/n _ a i/n _ a l/n tQ „ f actors = a l/n+l/n+l/n+... = a 

(a 1/n ) n = a 

a 1/n = ya ....(1.15) 

The Meaning of a m/n where m and n Are Positive Integers — Since 
(1.12) is to remain valid 

a m/n _ a m/n to „ f ac t 0 rs = a m/n+m/n +- = a m 

(a m/n ) n = a m 

a m/n =Va m ....(1.16) 
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An alternative and equally valid interpretation is 

a m ' n = (^a) m ....(1.17) 

The Meaning of a 0 — Since we require (1.12) to remain valid for all m 
and n we have with m = 0 

a 0 . a" = a"+° = a n 

a 0 = a n \a n = 1 

a° — 1 for all values of a except a = 0 (1.18) 

The Meaning of ar n — Since we require (1.12) to remain valid for all 
m and n we have with m = —n 

a n ■ a'" = a n ~ n = a 0 = 1 

«- = ^ ....(1.19) 

With these definitions it is easy to see that the rules (1.12), (1.13), 
(1.14) remain valid for all values of m and n. 

Example 1. Evaluate (i) (81) 3/4 (//) (16)- 5/4 . 
(/) (81) 3 ' 4 = (^/81) 3 = 3 3 = 27 

Note that it is more convenient to use (1.17) rather than (1.16): 
(81) 3/ * = ^*/81 3 = ^531,441 which we are unlikely to recognize as 
27. 

07) 16- 5/4 = 1/16 6 ' 4 = \\{#\Gf = 1/2 5 = 1/32. 

Example 2. Show from the definition that (5 1 ' 4 ) 1 / 2 = 5 1/4 - 1/2 = 5 1/8 . 
51/ 4 = ^5 where (tyS)* = 5 

(51/1)1/1 = ^51/4 = ^(^5) = ^5 where (f/5)* = 5 
(5 1/4 ) 1/2 = 5 1/8 . 

Example 3. Show that (a m ) n = a mn for all m and n. 

We show this by allowing m to be any value and considering in 
turn the cases where n is (i) a positive integer (//) a positive fraction 
(hi) any negative value. 

(/) If n is a positive integer 

(a m ) n = a m . a m to n factors 



a 



im+m+m+ ... n mn 
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OPERATIONS WITH REAL NUMBERS 
(ii) If n is a positive fraction say pjq where p, q are positive integers 
(a m ) n = (a™)*"' 
Now [(a m ) v,1 ] l > = (d m )" t - t = (a m ) p = a mv by (i) 

(a m y lQ = ^a mv = a"""^' 1 = a"" 1 
(iji) Finally if n is negative, we replace it by — k where k is positive 
(a m ) n = (a m )~ h 

and (a" 1 )-* = — ■ = -L = a"" 1 * = a mn as required. 
(a m )* a m * 

Exercises If 

1. Evaluate (0 27 5/3 ; (n) (36)- 3/a ; (in)(8) 7/s ; (iv) 16- 1/4 . 

x - Vz -4 9 

2. Express with positive indices (i) — x ; 

.... v a & c 
00 7 

Ihnw that . /v — //j = 



<t/a 3 b- 3 c 

3. Show that Jx — J a = ^r- (Hint: multiply by 

^+^) . Deduce that —L— = 

jx+^/a/ Jx—ja x—a 

4. Simplify (4.2"+ 1 - 2"+ 2 )/(2 n + 1 - 2"). 

5. Show that (xy) n = x n y n . Treat separately the cases n is (i) a 
positive integer (//) a positive fraction (///) a negative quantity. 



1.8. LOGARITHMS 

The logarithm of a positive number N to the base a is defined as the 
power of a which is equal to N. Thus if 

c? = N ....(1.20) 
then x is the logarithm of N to the base a, written 

x = \o% a N ....(1.21) 
(1.20) and (1.21) are by definition equivalent and so we have 

a l°g„2V = N (1 22) 
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LOGARITHMS 
Since we have a 1 = a and a 0 = 1 it follows that 

l 0go a=l ....(1.23) 
l 0go 1 = 0 ... .(1.24) 

for all a (^0). 

Example 1. Evaluate (i) log 3 9 (ii) log 8 3 (hi) log4 64. 

(i) Since 3 2 = 9, logs 9 = 2 

(ii) Since 9 1/2 = 3, log„ 3 = \ 
(Hi) Since 4 3 = 64 log 4 64 = 3 

The laws for the manipulation of logarithms are derived directly 
from the laws of indices : 

I. log, (be) = log,, b + log, c .... (1 .25) 
For if logo b — x an d c — 7 

b = a x and c — a y 
be = a x . a v = a x+v by (1.12) 
logo (be) = x + y = logo b + log„ c 

II. logo (*) = log„ b - log„ c .... (1 .26) 
For we now have with the notation above 

-=- = ^« by (1.13) 



logo {^j = x - y = log„ b - log„ c 

III. log, (A") =p logo ft ....(1.27) 

For with the notation above 

b p = (a*) 1 " = a* x 

logo b v =px=p logo * 

We have just seen in Example' 1 that the logarithm of a number 
may be calculated to any base. Tables of logarithms to the base 10 
(common logarithms) are in existence and are very useful for 
arithmetical calculations. It is not difficult to use these tables to 
calculate the logarithm of any number to any specified base. We 
need the following transformation rule : 

logoJv- = log„&.log 6 jV ....(1.28) 
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OPERATIONS WITH REAL NUMBERS 
For ify = log„ N, N = b v 

log, JV = log, (&»)=;; log, Z> 
lo&N = log, 6 . log 6 iV 
If we put JV = a in (1.28) we obtain 

log„ a = log„ b • logs a = 1 
1 



log a b = 



logs a 



Another useful form for (1.28) is then 

logjJV 



log a N = 



logs a 



.(1.29) 



.(1.30) 



Example 2. Use the table of common logarithms to evaluate 
(0 log 2 9; (")log 3 16. 



(0 1og 2 9 =^=2^42 = 3 .17 
log 10 2 0-301 

00 10*16=1281*16= ^=2-524 
log 10 3 0-4771 



No. 


Log. 


0-9542 


T-9796 


0-301 


T-4786 




0-5010 


1-2041 


00806 


0-4771 


T-6786 




0-4020 



Example 3. Show that log 0 (a 2 — x 2 ) = 2 + log a ^1 — —^j . 
lo go (a 2 -x 2 )=log a [a 2 (l-^J 

= log afl 2 + lo go (l-^ 

= 2 + log 0 (l-^) 

Example 4. Show that log,, b . log,, c . log c a = 1. 

loga b . log 6 c = log,, c by (1 .28) 
log, Z> . log 6 c . log c a = log a c . log„ a 
= log, a = 1 
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EQUATIONS IN WHICH THE UNKNOWN IS AN INDEX 
Exercises Ig 

1. Evaluate (0 logs 27; (»)log 1/3 27; (»0 log 2 16; (to) log 1/2 32; 
(tOlog** 3 ; (vt)log+y; (vii)log 1/x x«; (viii) log 1/x x n . 

(2b b 2 \ 
1 +— +-J- 
a a I 

3. Evaluate (i) log e 12; (ii) log 3 24. 

4. If log„ 6 = log 6 c = log c a show that a = b = c. 

5. If m, f, s, t are all positive show that 

M*) ■'<*(;)— fcMi) + * (?)• '-(;)• 

the logarithms all being to the same base. 

1.9. EQUATIONS IN WHICH THE UNKNOWN 
IS AN INDEX 

Some of the techniques used to solve this type of equation are 
illustrated by the following examples. 

Example 1. Solve the equation 3 x2 = 9 x+i . 

_ gx+i _. ^2^x+4 _ 32(04-4) 

Taking logarithms to the base 3 we obtain 

x 2 = 2(x + 4) 
x 2 - 2x - 8 = 0 
(x - 4)(x + 2) = 0 
x = 4 or x = —2 

Example 2. Solve the equation 2 3a! + 1 = 5^. 
Taking the logarithms on both sides we obtain 

(3x + 1) log 10 2 = (x + 1) log 10 5 

(3 log 10 2 - log 10 5)x = log 10 5 - log 10 2 

(logio 8 - logic 5)* = logio 5 - logic 2 

x = logio 5 - logio 2 = logio a 
logi 0 8 - logic 5 log 



0-3979 
0-2041 
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No. 


Log. 


0-3979 


T-5998 


0-2041 


T-3098 




0-2900 



OPERATIONS WITH REAL NUMBERS 
Example 3. Solve for x, 9 X - 4 x 3* + 3 = 0. 

(3 2 ) x - 4x3* + 3 = 0 
3 2x - 4 x 3 X + 3 = 0 
(3*)2 - 4x3* + 3 = 0 
(3 o, _ 1)( 3a _ 3) = o 

3 X = 1 or 3* = 3 
x = 0 or x = 1 

Example 4. Solve for x, log,. 9 + log^a 3 = 2-5. 
We first try to express all the logarithms to the same base. 
Now by (1.28) log,^ 3 = log^x. log,,, 3 and log^a x = J since 
= x 

log,* 3 = i log x 3 = log x 3 J = log,. 73 
Thus the equation becomes 
log x 9 + log x 73 = 2-5 
log, 973 = 2-5 

973 = x 2 ' 5 whence by inspection we see that x = 3 
Otherwise log 10 973 = 2-5 log 

10 

log 10 973 log 10 3 8 5 
logio x = — — — = — — — = log 10 3 



Example 5. Solve the equations 2 X+V = 8, 3 2x ~ y = 27. 

From the first equation we have, after taking logarithms to the 
base 2, 

x + y = 3 

From the second equation after taking logarithms to the base 3 

2x — y = 3 

Thus our equations are equivalent to 

x + y = 3, 2x — j = 3. 

(These equations would have resulted, after some simplification 
whatever base had been chosen for the logarithms.) 
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EXERCISES 
On adding 3x = 6, x = 2 and so y = I 
.". the solution is x = 2 and j = 1. 

Exercises lh 

1. Find x if 3* = 7-83. 

2. Find x if log,. 2-69 = 2. 

3. Solve for x (0 3 2 *" 1 = 5 X ; (ii) 7 4 *+ 2 = 9 3 *- 1 . 

4. Solve the equation 2 X * = £8*. 

5. Find x if 9** = 3 M " 2 . 

6. Solve the equation 5 M - 5 1+a: + 6 = 0. 

7. Solve the equation 4 2 * = 2 6x ~ 1 . 

8. Find x if log* 8 — log^ 16 = 1. 

9. Find x if logs 3 + log 3 x = 2-5. 

10. Solve the simultaneous equations 2 X+V = 6, 3 x ~ y = 4. 



EXERCISES 1 

1. Solve the simultaneous equations x + 2y = 7, x 2 + 2j> 2 = 17. 

(W.J.C.) 

2. Express (2x 2 + 8x + 7)/(x 2 + 4x + 5) in the form 



" (x + cf + d 

and state the values of a, b, c, and d. 

3. Solve the equation 2 X . 3 1 ~ x = 6. 

4. Show that (a + yjbf = a 2 + b + 2a^b. Hence evaluate the 
square root of 9 + 4^/5 in the form c + jd. 

5. Given the simultaneous equations x 2 — 6xj + llj 2 = 3a 2 , 
x 2 _ 2xy — 3y 2 = 5a 2 derive an equation in x and y only, and hence 
solve the equations for x and y in terms of a. (N.U.J.M.B., part) 

6. Express in partial fractions (8x + 15)/(x 2 + 4)(x - 3). 

7 If x = — 1 — and Y = a(1 ~ 0 show that (Y + of = 4aX. 
(1 + tf 1 + t 

8. Solve completely the equation (x 2 + x) 2 = 5x 2 + 5x — 6- 

. , , . lSy- 10/ (L-U., part) 

9. Express in partial fractions — — — . 

(3 - y)(l - yf 

x(x — 2) 

10. Find the range of values of x for which — > 2. 

x + 6 

x(x — 1) 

11. For what values of x is — > 0? 

2x + 3 
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12. By putting y = x + - , solve the equation 2x i — 9x 3 + 
14x 2 - 9x + 2 = 0. x 

13. Solve the equation y/(2x — 1) — V(* — 1) = 1. 

14. If /? 2 = qr show that log,/? + log r /> = 2 log, p log, 

15. Solve the equation log3 x + log,,. 3 = A 3 A . 

x — 2 x — 3 

16. Solve the inequality > 

x — 3 x + 4 

17. Verify that (/ 2 + m 2 + n 2 )(x 2 + j> 2 + z 2 ) - (/* + my +«z) 2 = 
(/y - mx) 2 + (mz — ny) 2 + (nx — Izf. Deduce that (/x + my + nz) 2 < 
(l 2 + m 2 + n 2 )(x 2 + y 2 + z 2 ). 

18. If a, b and c are positive and unequal show that 

(a + b + c) 2 < 3(a 2 + b 2 + c 2 ). 

19. If a, b, c are positive and unequal show that 

(a +b + c)(- + [ + -)> 9. 
\a b cl 

20. Solve the equation 27*- 3 = 3 X 9 X ~ 2 . 

21. By making the substitution y = x + - , solve the equation 
x 4 + 8x s + 17x 2 + 8x + 1 = 0. (W.J.C., part) 

22. Solve for x: log 10 + 24 ) = 1. 

23. Solve for jc: 2 X x 3 X+1 = S 2 ^ 1 . 

M 2 f 2 111 

24. If 1 — = 12 and — h - = - find the values of uv and 

v u u v 3 

hence solve the equations. 

25. Solve the equation y/(2x + 3) — J(x — 2) = 2. 

„ „ a(1 + f 2 ) 2bt . x 2 / , 

26. If x = — — — - , y = : , show that — — — = 1. 

1 - f y 1-t 2 a 2 b 2 

27. If a and b are two real numbers such that a + b = 1 prove 
that 4ab < 1. Hence or otherwise show that a 2 + b 2 > \. 

(J.M.B., part) 

^ <2. 

y + i 

29. Use the result of question 17 to show that (a 3 + b 3 + c 3 ) 2 < 
(a 2 + 6 2 + CXa 4 + b* + c 4 ). 

30. Solve the equation log 10 (x 2 + 9) — 2 log 10 jc = 1. 

31. Solve the equations x + 2y — 3, 3x 2 + 4y 2 + 12x = 7. 
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28. Find y if 



EXERCISES 



32. Solve the equations 3 2x+v = 12, 2*-* = 4. 

33. For what values of x is ( * ~ 2 X* ~ 3 ) > 0? 

x — 4 

34. Solve the equation 2 2 + 2 * + 3 x 2 X - 1 = 0. 



35. If a 2 + b % = liab show that log a + log b = 2 log 



y + 1 

36. Solve the inequality > 1. 

3y - 7 

37. If x = <$/p + -£r , y = Jp + -j- show that y 2 - 2 = 
x(x 2 - 3). VP yJP 

*38. By putting a = log a, /? = log b, y = log c in the identity 
— y) + /3(y — a) + y(« - j8) = 0, show that 



(r-(r-© 



log 0 

= 1, 



where the logarithms are taken to any base. 

*39. Given the simultaneous equations x+yz=y + zx = z + 
xy, x 2 + y 2 + z 2 = 6, show that x = 1 or y = z and hence 
solve the equations. (J.M.B., part) 

*40. Find in terms of k, a solution of the equations 

x + y + kz = 4 
x — 2y — z = 1 
kx + 7y + 5z= 10 

For what values of k is this solution not valid? 
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2.1. SEQUENCES AND SERIES 

Sequences 

A sequence, or progression, is a set of numbers in some definite 
order, the successive terms (or numbers) of the sequence being 
formed according to some rule. 

For the following sequence, the sequence of positive integers 
1, 2, 3, 4, . . . the rth term is the integer r; for the sequence 1, 4, 9, 
16, . . . the rth term is the number r 2 . 

It is usual to denote the rth term of a general sequence by u r , and 

the sequence by u x , u 2 ,u 3 ...u r The rule defining a sequence 

is often given in the form of some formula for u r in terms of r although 
this is not necessarily so. (See Example 2.) Thus for our first 
sequence u r = r; for the second sequence u r = r 2 . 

Example 1. Find u r in terms of r for the sequences: 
(/) 3, 5, 7, 9, . . . 
di) iiiii 4 

K U J 1 ) 4) 9>-K> 25> • ■ • l|„ 

On) 1, 4, 3, 16, 5, 36, 7, 64, . . . 
(iv) -1, 1,-1,1,-1,1,... 
(») 1, -2, 3, -4, 5, -6, . . . 

(0 By inspection we see that the terms can be written 

2x1 + 1, 2x2+1, 2x3 + 1,2x4+1, ... 
u r = 2r + 1. 

(«) By inspection we see that the terms can be written 

1111 

^2 ' 2 2 ' 3 2 ' 4 2 ' * ' ' 

1 

U r = 1 • 

r 
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(hi) If r is odd, u r = r, if r is even u T = r 2 . Since 2r is always 
even and 2r + 1 always odd, M 2r+1 = 2r + 1, M 2r = 4r 2 adequately 
describes the sequence. 

(iv) The odd terms are — 1 , the even terms + 1 . Thus w 2r+1 = — 1 , 
M 2r = + 1 . However, the sequence may be described quite adequately 
by one formula in this case, viz. u r = (— l) r . 

(v) By using the result (iv) we have 

« r =(-l)'(-r) = (-l)'+V. 

Example 2. Find the first 5 terms of the sequence defined as 
follows: the first two terms are 1 and 3 respectively; each later 
term is formed by multiplying its predecessor by 3 and subtracting 
the next previous term, i.e. 

u r = 2>u r _-y — w r _ 2 

u l = 1, u 2 = 3 

u 3 = 3u 2 — Mi = 8 

w 4 = 3u 3 — u 2 = 24 — 3 = 21 

Mg = 3w 4 - u s = 3 X 21 - 8 = 63 - 8 = 55 

The first five terms are thus 1, 3, 8, 21, 55. (N.B. This rule adequately 
defines a sequence although it would not be easy to find a formula 
for u T in terms of r.) 

Series 

A series is obtained by forming the sum of the terms of a sequence. 
A finite series is obtained if a finite number of terms of the sequence 
are summed. The sum of the first n terms of the sequence u u m 2 , . . . 
is generally denoted by S n ; 

S„ = «! + « 2 + "s+ • • (2- 1 ) 

S n is the sum of the first n terms of the series u x + w 2 + u 3 + . . . , 
or as it is sometimes put S n is the sum to n terms of the series 

«i + " 2 + "3 + The rth term of the series is u r , the corresponding 

term of the sequence from which the series is derived by summation. 

S„ = M! + m 2 + m 3 + . . . M„ 

is often denoted by 

n 

J U r = Ui + M 2 + . . . M„ (2.2) 

r=l 
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2 is the Greek letter 'sigma' and the symbol above means evaluate 
u T for all values of r from 1 to n and sum the results. The specific 
form for u T may be inserted. Thus with u r (the general term of the 
series) = r 

|r = l+2+3 + ...+ B 

r=l r=l 

In the same way 

n 

I",="« + "m+i +...+«» [n > m] ... .(2.3) 

Example 3. The sum of the first « terms of a series is given by the 
formula S„ = n 2 + 3n for all values of n. Find an expression for 
the rth term of the series. 
If u T denotes the rth term 

u r = S r -S r _i ....(2.4) 

= [«1 + «2 + • • • "r-1 + « r ] — [«i + « 2 + • • • W^i] 

= r 2 + 3r - [(r - l) 2 + 3(r - 1)] 
= r 2 + 3r — [r 2 + r — 2] 
u r = 2r + 2 

4 7 

Example 4. Evaluate (j) £ r 2 (ii) J 2 r . 

(0 2 r a = l 2 + 2 2 + 3 a + 4 2 = 1 + 4 + 9 + 16 = 30 

(j /) J 2 r = 2 s + 2 4 + 2 5 + 2 e + 2 7 

r-3 

= 8 + 16 + 32 + 64 + 128 = 248 

Exercises 2a 

1. Evaluate the first 5 terms of the sequences whose rth terms 
GO are (/) 3r - 1 (ii) (-i)- 1 (iii) 2' + r 2 . 

2. Find a formula for u r for the sequences 

(i) 1, 8, 27, 64, 125 .. . 

(ii) 1, -4,9, -16,25... 

(iii) I 2, 8, 32, 128 .. . 

3. A sequence is defined by the rule u x = 1, u 2 = 2 and w r = + 
for r > 3. Find the first 7 terms of this sequence (the Fibonaccii 

sequence). 
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4. If ui = — 1, « 2 = —5 and u r = a + br find a, b and w 5 . 

5. Evaluate u r for the sequences : 
(0 0, 7, 26, 63, 124 . . . 

(«) 2, 4, 6, 8, 10 . . . 
(/«) 2, 11, 32, 71, 134. . . 
(to) 3, 9, 27, 81, 243 . . . 

(v) 2, -4, 8, -16,32... 

(vi) 5, 5, 35, 65, 275 .. . 

(vii) 6, -36,216, -1296. . . 

6. Find the first 6 terms of the sequence defined by u x = 0, 

6 

h 2 = 2 and M r = « r _! — u r _ 2 for r > 2. Hence evaluate 2 "»•• 

r=l 

7. «! = 0, m 2 = 3, « 3 = 12, and w r = a + br + cr 2 . Find a, b, 
c and 8 7 

(0 2"r (») 2>r- 
r=l r=4 

8. Evaluate (i) S 8 for the series 1 + 3 + 6 + 9 + 12 + ... (ii) S s 
for the series 3 + 9 + 27 + 81 + . . . 

9. The sum of the first n terms of a series is given by S n = n z — 2« 
for all values of n. Find « r . i 0 io 

10. If u r — log 10 r, show that 2 "r = 2 Io Sio r = lo gio 3,628,800 

r=l r-1 

2.2. THE ARITHMETIC SEQUENCE AND SERIES 

If the consecutive terms of a sequence differ by a constant number, 
their terms are said to form an arithmetic sequence or an arithmetic 
progression. Thus for example the numbers 1, 3, 5, 7, . . . are in 
arithmetic progression, the difference between consecutive terms 
being 2. 

An arithmetic sequence is completely defined by its first term 
(conventionally denoted for the general arithmetic sequence by a) 
and the common difference (the difference between consecutive 
terms) denoted by d. The general arithmetic sequence is then 

a, a + d, a + Id, a + 3d, . . . a + (r - l)d, (2.5) 

and the rth term of the sequence is 

u r = a + (r - \)d ... .(2.6) 

If the numbers u lt u 2 , u 3 , u t ,... u^, u r are in arithmetic progression, 
k 2 , u 3 , . . . u^j. are said to form (r — 2) arithmetic means between 
«! and u T . This is simply an extension of the usual notion of an 
arithmetic mean (or average). The three quantities a — d,a,a + d 
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are in arithmetic progression and a is the arithmetic mean of the 
other two. 

The sum of the terms of an arithmetic sequence form an arithmetic 
series. For the general sequence (2.5) the sum of the first n terms is 

S n = a + (a + d) + (a + 2d) + . . . a + (n - l)d ... .(2.7) 

For this particular series we can obtain a closed formula in terms of 
n for S n 

S n = a + (a + d) + (.a + 2d) + ...[a + (n- 2)d] + [a + (n- l)d) 
and 

S n = a + (n - l)d+ [a + (n - 2)d] + ...a + d+a 
and on addition, since corresponding pairs add to 2a + (n — \)d 
2S n = 2a + (n - l)d + 2a + (n - l)d + . . . n times 
= n[2a + (n — \)d] 

S n = \[2a + (n- l)d] ....(2.8) 

This result can be written in another useful form. Since a is the 
first term and / = a + (n — \)d is the last term of the arithmetic 
series above and since 

a + I = 2a + (n - \)d 

we have 

S n = - 2 (a + l) ....(2.9) 

Example 1. Find three numbers in arithmetic progression whose 
sum is 21 and whose product is 315. Let the numbers be a — d, 
a,a + d. Then a — d + a + a + d = 21, .'. 3a = 21, so that 
a = 7. 

a(a -d)(a + d) = a(a 2 - d 2 ) = 315 
a 2 -d 2 = 45 [since a = 7] 

d 2 = 4, so that d = ±2 
and the required numbers are 5, 7, 9. 
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Example 2. Find 6 arithmetic means between —3 and 18. We 
require 8 terms in arithmetic progression, —3 being the first and 
18 the eighth. If their common difference is d 

18 = -3 + Id so that d = 3 

The arithmetic means are 0, 3, 6, 9, 12, 15. 

Example 3. Evaluate the nth term and the sum of the first n terms 

of the arithmetic series: 3 + 7+11 + 15 + Evaluate w u 

and S 20 . 

The first term is 3 and the common difference 4. 
.-. By (2.6) w„ = 3 + (n - 1)4 = An - 1 
For 5„ we have, by (2.8) 

S n = \ [2(3) + (n - 1)4] = 5 (4n + 2) = 2n 2 + n 

« u = 4(11) - 1 = 43 

S 20 = ¥[2(3) + 19(4)] = 820. 

Example 4. The first two terms of an arithmetic series are —2 
and 3. How many terms are needed for the sum to equal 306? 

The first two terms (a, a + d) are —2 and 3 so that a = —2 
and d = 5. The sum of the first n terms is thus 

S„=^[-4 + 5(n-l)] 

= ^[5n-9)] 

.-. If S n = 306, 5n 2 - 9n = 612 

5n 2 - 9n - 612 = 0 
(5n + 51)(n - 12) = 0 
n = 12 or 
Thus 12 terms are required. 

n 

Example 5. Obtain a formula for 2 r in terms of n. (The sum of 
the first n positive integers.) r_1 

|> = l+2 + 3 + ... + n 

r=l 
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is the sum of the first n terms of an arithmetic series, first term 1 
and common difference 1. 

ir=-"[2(l)+(n-l)l] 

r=l 2 

| r = "(n + D ....(2.10) 

r=l 2 

This result can be used to obtain the sum of any arithmetic series. 
For the series of Example 3 

S n = 3 + 7 + 11 + 15 . . . to n terms 
= |(4r-l) [u r = 4r-l] 

r=l 

» n 

4n(n + 1) 

= — - — ■ — - — n 

2 



Note2l = 1 + 1 + 1 + ...ntimes = n 



r=l 



= 2n 2 + 2n — n = 2w 2 + w as before. 
Exercises 2b 

1. Find 3 numbers in arithmetic progression whose sum is 3 
and whose product is —15. 

2. The sum of three numbers in arithmetic progression is 18 and 
the sum of their squares is 206. Find the numbers. 

3. Find 12 arithmetic means between —5 and 60. 

4. Find the sum of the first 16 terms of the series 3£ + 4| + 
6 + 7J + . . . 

5. The first term of an arithmetic series is 7, the last is 70 and the 
sum is 385. Find the number of terms in the series and the common 
difference. 

6. Find the sum of the first n terms of the series —1 + (—3) + 
(-5) + (-7) + 

7. Evaluate (i) i(3r + 2) (ii) £(5r-7) (Hi) £.(2-3r) 

r=l r=l r=li : J 

8. The third term of an arithmetic progression is 18, the seventh 
term is 30. Find the sum of the first 33 terms. 

9. Sum the first In terms of the series 
(0 5 + 11 + 17 + 23 ... 

(ii) a + 3b + 2a + 6b + 3a + 9b + . . . 
(ill) 3a - 2b + 4a - 4b + 5a - 6b + . . . 
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10. Evaluate (f) the sum of the positive integers less than 100; 
(ii) the sum of the positive integers less than 100 which are multiples 
of 3; (Hi) the sum of the positive integers less than 100 which are 
not multiples of 7. 



2.3. THE FINITE GEOMETRIC SEQUENCE AND SERIES 

If the consecutive terms of a sequence are all in the same ratio, 
the terms are said to form a geometric sequence or a geometric 
progression. Thus for example the numbers 1, 2, 4, 8, 16 . . . are in 
geometric progression, the ratio of any pair of consecutive terms 
being 2. 

A geometric sequence is completely defined by its first term 
(conventionally denoted for the general geometric progression by a) 
and the common ratio (the ratio of consecutive terms) denoted by r. 
The general geometric sequence is then 

a, ar, ar 2 , ar 3 , . . . ar n ~\ ... .... (2. 1 1) 

The nth term of the sequence is 

u n = ar"- 1 . . . .(2.12) 

If the numbers u u u 2 , u 3 , . . . «„_!, u n are in geometric progression 
m 2 , « 3 , . . ■ w„_i are said to form (n — 2) geometric means between 
«! and u n . This is simply an extension of the usual meaning for the 
geometric mean (G) of two numbers c, d. (G = yjcd:) The three 
quantities ajr , a, ar are in geometric progression and a is the geo- 
metric mean of the other two. 

The sum of the terms of a geometric sequence form a geometric 
series. For the general sequence (2.1 1) the sum of the first n terms is 

S„ = a + ar + ar 2 + . . .ar"- 1 ....(2.13) 

As with the arithmetic series we can obtain a closed formula for 
S n in terms of n. 

S n = a + ar + ar* + ... + ar n ~* + ar"' 1 

rS n = ar + ar 2 + ... ar"" 1 + ar n 

.'. on subtraction, all terms cancel except the first and last. 

S B (1 -r)=a-ar n 

Sn = £(L^!) = 2(r^l) .... (2>14) 

1 — r r — 1 
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Example 1 . Find 3 numbers in geometrical progression whose sum is 
28 and whose product is 512. 
Let the numbers be ajr, a, ar 

-.a.ar=a 3 = 512 .\ a = 8 
r 

§ + 8 + 8r = 28 
r 

8r 2 + Sr + 8 = 28r 
i.e. 2r 2 - 5r + 2 = 0 

(2r - l)(r - 2) = 0 
r = \ or r = 2 
The required numbers are f , 8, 8 X 2 i.e. 4, 8, 16. 

Example 2. Find 4 geometric means between 2 and 486. We 
require 6 numbers in geometric progression such that the first is 2 
and the sixth 486. Let r be the common ratio. 

Thus, by (2.12) 2r 5 = 486 

r 5 = 243 

whence r = -^243 = 3 

.*. the required geometric means are 2x3, 2 X 3 a , 2 X 3 3 , 
2 X 3*, i.e. 6, 18, 54, 162. 



Example 3. Find the sum of the first n terms of the series 1 — \ + 

j _ i + i e _ i 2 + The series is a geometric series first term 

1 and common ratio — \. 

t I. 2J 

.<? = in _ (— = * 



3 



[1 -(-£)"] = t - f(-i) n 



Example 4. The first and last terms of a geometric series are 2 and 
2048 respectively. The sum of the series is 2730. Find the number 
of terms and the common ratio. 
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THE FINITE GEOMETRIC SEQUENCE AND SERIES 
Let the number of terms be n and the common ratio r. 

Then by (2.12) 2r B ~ 1 = 2048 

and by (2.14) %f_^ z V) = 

r — 1 
r" — 1 

.'. r n_1 = 1024 and r = 1365, and these are the simultaneous 

r — 1 

equations we must solve for r and n. Substituting from the first 
into the second we obtain 

1024r - 1 
r - 1 

1024r - 1 

1364 

r 

4«-i 
n - 1 

The number of terms is 6 and the common ratio 4. 
Exercises 2c 

1. Find three numbers in geometric progression whose sum is 
13 and whose product is —64. 

2. The product of three numbers in geometric progression is 1, 
their sum is — f . Find the numbers. 

3. Find 3 geometric means between 5 and 80. 

4. The third term of a geometric sequence is —1, the seventh 
term is —81. Find the ninth term. 

5. The second term of a geometric sequence is 24, the fifth term 
is 81. Find the seventh term. 

6. Find the sum of the first 8 terms of the series £ + i + f + ■ • • • 

7. Evaluate 1 + V 3 + 3 + V 3 + • • • + 81 V 3 - 

8. The first term of a geometric series is 3, the last term 768. If 
the sum of the terms is 1533 find the common ratio and the number 
of terms. 

9. The pth, qth. and rth terms of an arithmetic sequence are in 

a — r 

geometric progression. Show that the common ratio is or 



q - r 



= 1365 



1365 r - 1365 

341r 

4 

1024 

• 5 i.e. n = 6 
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10. The sum of the first n terms of a geometric series is 127 and 
the sum of their reciprocals is The first term is 1. Find n and 
the common ratio. 



2.4. THE INFINITE GEOMETRIC SERIES 

Consider the geometric series (with common ration \) 1 + % + 

S n = 1 ~f^f = 2[1 - (*)"] = 2 - 

Thus the sum of the first 4 terms is If, the sum of the first 8 terms 
is l^ff . From these results we see that as we add more and more 
terms the sum of the series gets nearer and nearer to 2. Indeed the 
difference between the S n and 2 is just (£) n ~\ and as n increases so 
this number decreases and approaches zero. We see that S n tends 
to 2 as n tends to infinity, since we can make S n as near to 2 as we 
please by choosing n large enough. The limit of S n as n tends to 
infinity is 2, which we write Limit S n = 2, or S n ->- 2 as n -> oo. 

We say that the series above is convergent to sum 2, or "the sum to 
infinity" of the series is 2. 

For the general geometric series a + ar + ar* + . . . 

_ _ a(l - r n ) _ a a 



1 — r 1 — r 1 — r 

Now if — 1 < r < 1, r" becomes smaller and smaller as n becomes 

larger and larger. We say that the limiting value of r n is zero. Thus 

as n increases, S n approaches the limiting value (denoted by S) 

a a 
j— — - . We say that the series converges to the sum -j , the 

sum to infinity of the series. 

Thus if — 1 < r < 1, the sum to infinity of the geometric 
series a + ar + ar 2 + . . . is 

Limit S„ = S = . . . .(2.15) 

»-*«> 1 — r 

(The condition — 1 < r < 1 is often written in the form \r\ < 1. 
\r\, the modulus of r is the positive number having the same magni- 
tude as r. Thus |J| = £, |— J| = J, |— 3| = 3 etc. See section 1.4.) 

The result (2.15) is only valid if |r| < 1. For the series 1 + 2 + 
4 + 8 + ... for which r = 2, S n increases indefinitely as n increases, 
and so S. has no finite limit. 
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Example 1. To what sum does the following series converge: 
1 — \ + £ — ^ + . . . ? This is a geometric series with common 
ratio —J. \—\\ — J is less than 1. 
.". by (2.15) the series converges to sum 

Example 2. Express 0-777 recurring as a fraction 

0-777 recurring = /o + Too + foVo + ioooo + • • • 

i.e. it is the limit of the sum of the geometric series whose first 
term is and whose common ratio is & (< 1). 



•. By (2.15) 0-777 recurring = 



7. 

10 



1 _ 1 
1 — 10 



Example 3. For what values of x does the series 

X + — + + *—; + ... 

1 + x (1 + x) 2 (1 + x) 3 

converge? And to what sum does it then converge? 

The series is a geometric series with common ratio ^ x 

1 



The series will thus converge if 



< 1. 



1 + x 

This we write as \x + 1| > 1. 

Thus x + 1 > 1 i.e. x > 0 

or x + 1 < —1, i.e. x < —2. 

Thus the series converges if x > 0 or x < —2. 
The limit of the sum of the series is then 



1 



1 +x 1 +x 
= 1 + x. 
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We also observe that the series will converge if x = 0, for then 
each and every term is zero. The sum will of course also be zero. 

Exercises 2d 

1. Find the sum to which the following series converge 
(i) 1 - x + x 2 - X s + . . . (-1<x<1) 

00 J ~H 2^5 ~f~ T26 ~T" ei 5 4" • • • 

(iff) * + *(*)' + *(*)• + •■• 

2. Show that the series 

1 + _?5_ + (_2*_Y+(^E_)f + ... 
x a + 4 \x 2 + 4/ \x 2 + 4/ 

is always convergent and find the limit of its sum. 

3. Express 0-232323 recurring as a fraction. 

77 

4. Show that if 0 is an acute angle between 0 and , the limit of 

the sum of the series cos 6 + cos 0 sin 2 0 + cos 0 sin 4 0 + • • • is 
sec 0. 

5. Determine the range, or ranges of values of x for which 
|3x — 5| > 7. If x has a value which satisfies this condition show 
that the infinite series 

1 + (^_) + (^_T + (_Z_T + ... 

\3x - 5/ \3x - 5/ \3x - 5/ 

3x - 5 

has sum ■= . 

3x — 12 

EXERCISES 2 

1. The sum of the squares of three positive numbers in arithmetic 
progression is 1 55. The sum of the numbers is 21 . Find the numbers. 

2. The sum of the first n terms of a geometric series is 364. The 
sum of their reciprocals is If the first term is 1, find n and the 
common ratio. 

3. If the tenth term of a geometric progression is 2 and the 
twentieth term is find the first term, the common ratio and the 
sum to infinity. 

4. If a and r are both positive, prove that the series log a + 
log ar + log ar 2 + . . . + log ar"" 1 is an arithmetic series and find 
the sum of the terms. 

5. The nth term of a certain series is of the form a + bn + c2" 
where a, b, c are constants. The first three terms are 2,-1 and —3. 
Find a, b, c and the sum of the first n terms. 
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6. Find the sum of each of the following: 

(/) All the odd numbers with three digits of which the first digit 
is not zero. 

(ii) All the odd numbers less than 1000. 
(Hi) All the numbers less than 100 which end in 5 or 7. 

7. If m is a positive integer prove that 

(1 + X + X 2 + . . . + x 2m )(l - X + X 2 - X s + . . . + x 2m ) 

= (1 + X 2 + X* + . . . + x* m ). 

8. Write down the nth term of the arithmetic series with first 
term a and common difference d. 

In each of a set of n separate arithmetic series, the first term is 1. 
The common difference of the first series is 1, of the second 2, of the 
third 2 2 , and so on. Find, in its simplest form a formula for the 
sum of the wth terms of the n series. (J.M.B., part) 

9. The third, sixth and seventh terms of a geometric progression 
(whose common ratio is neither 0 nor 1) are in arithmetic progression. 
Prove that the sum of the first three terms is equal to the fourth term. 

10. The first term of an arithmetic series is 3, the common differ- 
ence is 4 and the sum of all the terms is 820. Find the number of 
terms and the last term. (J.M.B.) 

11. The sum to infinity of a geometric series is S. The sum to 
infinity of the squares of the terms is 2S. The sum to infinity of the 
cubes is ff S. Find S and the first three terms of the original series. 

(L.U.) 

12. Find how many terms of the series l+^ + ^j + |5 + ..- 

must be taken so that the sum will differ from the sum to infinity 
by less than 10~ 6 . 

13. A ball when dropped from any given height loses 20 per cent 
of its previous height at each rebound. If it is dropped from a height 
of 40 ft, find how often it will rise to a height of over 8 ft. How far 
does the ball travel before coming to rest ? 

14. Find the sum of all the positive integers less than 1000 that 
are not multiples of 3. 

15. The third term of a geometric progression is equal to the 
sum of the first two terms. Find the possible values for the common 
ratio. If the first term is 2 find the sum to infinity of the series in 
the case when this sum exists. 

16. (0 In an arithmetical progression the sum of the squares of five 
consecutive terms equals 20 times the square of the middle term and 
the product of the five terms equals 80. Find the middle term. 
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(») A nail, 2in. long is driven into wood by blows of a hammer. 
The first blow drives it in 1J in. and each successive blow drives it in 
two fifths of the previous distance (except the last for which the 
distance is less). Find how many blows must be used. 

If the blows are reduced, the ratio of successive distances being 
maintained, find the least initial distance through which the first 
blow must drive the nail in order that the nail may ultimately be 
driven home. (L.U.) 

17. The Kth term of a series is (an + 5r") where a and r are con- 
stant with r^Oorl. Find the sum of the first n terms. The wth 
term of the series 18 + 36 + 64 + ... is of the form stated above. 
Find a and r and the sum of the first 10 terms. 

18. The first term of a geometric series is 18 and the sum to infinity 
is 20. Find the common ratio and the sum of the first 6 terms. 
Find also in its simplest form the ratio of the nth term to the sum 
of all the subsequent terms of the infinite series. (J.M.B.) 

19. If S n denotes the sum of the first n terms of a geometric pro- 
gression whose first term is a and whose common ratio is r, show 
that: 

(0 S n (S 3n — S 2n ) = (S 2 „ — S„) 2 
c c 

(it) r 



20. For what values of x do both the series 
1 - x + x 2 - x 3 + x 4 + . . 



M-T 

\1 + x/ 



i + -^- + i-v-T+... 

1 + x 



converge? 

If for any value of x in this range, the limits of the sum of the 
two series are S t and S 2 , show that SiS 2 = !• 

21. Write down the sum of the natural numbers from m to 
n (« > m) inclusive. The natural numbers are arranged in groups 
thus: 1 + (2 + 3) + (4 + 5 + 6) + (7 + 8 + 9 + 10) + . . . , so 
that the rth group contains r numbers. Find (i) the first number 
in the rth group, (h) the sum of the numbers in the rth group. 
Show that the sum of the numbers in the (2r — l)th group is 

r 4 _ (r _ 1)4. (W.J.C.) 

2 3 4 

22. Show that the series c + ^ + + + . . . 
converges for all values of c greater than — 
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If c x and c 2 are two possible values of c for which the series 
converges and S 1 and S 2 are the corresponding sums, show that 
if Ci > c 2 , S x > S 2 . 

23. Find for what values of x the series 

(i) _i_ - l ~ x 4. (1 ~ * )8 _ Q ~ x) * 4. 

1 + X (1 + *)■ + (1 + Jt) 3 (1 + X)* + * " 



07) 1 . 1+* , (1+*) 2 . 0+*) 3 . 
1 + 3x ~ l ~ (1 + 3xY ^ (1 + 3x) 3 "*"(! + 3x) 4 i " - 



converge, and prove that the sum to infinity of the first series is £. 

(L.U) 

24. In an arithmetic progression of 2n terms the middle terms are 
a and b. Find the first term, the last term and the sum of all the 
terms. 

25. If p, q, r, s, are successive terms of an arithmetic sequence 

u r. 1 1 1 1 

show that — , — , — , — are also successive terms in an arithmetic 
qrs rsp spq pqr 

sequence. 

*26. The /?th, ^th and rth terms of a sequence are P, Q and R 
respectively. Show that: 

(/) if the sequence is arithmetic, 

P(q ~r)+ Q(r-p) + R(p-q) = 0 

(ii) if the sequence is geometric, 

(q - r)logP + (r - p) log Q + (p - q) log R = 0 

*27. The sum of the first p, q, r terms of an arithmetic series are 
P, Q, R respectively. Show that 

Pqr(q - r) + Qpr(r - p) + Rpq(p - q) = 0. 

*28. Find the sum of the first n terms of the series 1 + (1 + b)r + 
(1 + b + by 2 + (1+ b + b* + Z> 3 > 3 + . . . . If \r\ < 1 and \b\ < 
1 find the sum to infinity of the series. 

*29. The sum of three real distinct quantities in geometric pro- 
gression is p, and the sum of their squares is q. Show that the 
d 2 — <7 

middle one is equal to 2p ' anc * * at must ^ e m one or ot ^ er 

of the ranges: £ < < 1, 1 < £- < 3 (W.J.C.) 
Q 1 

*30. If the reciprocals of x u x 2 , . . . x n are in arithmetical pro- 
gression show that 

+ * 2 *3 + *s*4 + • ■ • *„-i*„ = (« — l)*lX n . 
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3.1. THE BINOMIAL THEOREM FOR A POSITIVE 
INTEGRAL INDEX 

In this section we shall obtain a formula for the expansion, in 
terms of powers of x, of (1 + x) n where n is a positive integer. 
First we observe that by ordinary multiplication 

(1 + x) = 1 + x 

(1 + x y = (1 + x)(l + x) = 1 + 2x + x 2 

(1 + x) 3 = (1 + 2x + x 2 )(l + x) = 1 + 3x + 3x 2 + x s 

(1 + x y = (1 + x) 3 (l + x) = l + Ax + 6x 2 + 4x 3 + x* 

(1 + x y = (1 + x)\l + x) = 1 + 5x + 10x 2 

+ 10x s + 5x 4 + x 5 

etc. 

From these few results we notice that in each case the first and 
last coefficients are unity. Further we notice that each of the other 
coefficients in (1 + x) n+1 is the sum of the corresponding coefficient 
and the preceding one in the expansion of (1 + x) n . Thus we can 
lay out the coefficients for successive powers in the form of a triangle 
(Pascal's Triangle) using these two rules. The last two rows which 
are obtained in this way are, as is readily verified, the coefficients in 
the expansion of (1 + x)« and (1 + x) 7 respectively. 
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1 
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1 
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1 
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10 


10 
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6 


15 


20 


15 


6 1 


1 


7 


21 


35 


35 


21 7 
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In order to be able to write down the expansion of (1 + x) n in 
powers of x, we need a formula for the coefficient of x r in the 
expansion of (1 + x) n . We shall denote this by the symbol n C r 
so that 

(1 + x) B = 1 + n C x x + "C 2 x 2 + ... n CrX r + ... "C^x"" 1 + x n 

....(3.1) 

Our problem is then to find a formula for n C r in terms of n and r. 

It can be seen that the coefficients in the row corresponding to 

n{n - 1) n(n - l)(n - 2) 
(1 + x) n follow the pattern 1, n, v 2 , ] 2 3 , etc. 

Thus . 6(6 - 1)(6 - 2) = 5 4=2Q 

1.2.3 

«C- = 4(4 ~ J) = — = 6 and so on. 
1.2 1.2 

We shall show that 

-C - ~ !)(" - 2) - (n - r + 1) (3 2) 

r(r - l)(r - 2)3 . 2 . 1. 

is the appropriate result for the general case. There are r factors in 
both numerator and denominator. In the numerator the factors 
begin at n and decrease by one each time to « — r + 1, in the 
denominator they begin at r and decrease by one each time to 
1. (3.1) and (3.2) constitute the binomial theorem when n is a 
positive integer. 

Before proving this somewhat complicated result we shall verify 
its correctness for some of the cases already considered. 

Example 1. Use (3.2) to evaluate the coefficients of (i) x, x 2 , x 3 , x*, 
x 5 in (1 + x) 5 and («) x, x a , x 3 , x 4 , x 5 , x 6 in (1 + x) 6 . 

(0 5 Ci = - = 5; 5 C 2 = - - ; 

3.2.1 4.3.2.1 

which are the results we had before. 
5 4 3 2 1 

Note 5 C, = — — : — '■ — — , so that the result is true for the last 
5.4.3.2.1 
coefficient as well. 
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(if) « Cl ^=6; « Ca = ^ = 15; «c 3 =f4^=20; 
1 2.1 3.2.1 

6^4^ 6^4^_2 = 

4.3.2.1 5.4.3.2.1 

which are the results we had before. 

6.5.4.3.2.1 . 



Further 
Indeed we see that 



6.5.4.3.2 



n „ h(w — 1 ) . . . 3 . 2 . 1 , e „ 

C„ = — = 1 for all n. 

n(n - 1) . . . 3 . 2 . 1 

Thus (3.1) and (3.2) would give 

(1 + x) B = 1 + 5x + 10x 2 + 10x 3 + 5x 4 + x 5 

and (1 + x) 6 = 1 + 6x + 15x 2 + 20x 3 + 15x 4 + 6x 5 + x« 

which we know to be correct. It is readily verified that (3.1) and 
(3.2) also give the correct expansions for (1 + jc) 2 , (1 + x) 3 , (1 + x)*. 

We also observe that our formula for n C r satisfies the result that 
a coefficient in (1 + x)" +1 is the sum of the corresponding coefficient 
and the preceding one in the expansion of (1 + x) n . In symbols this is 

*MC r = n C r + "C M ....(3.3) 

and with n C r as given by (3.2) 

"C + n C_ - n<Jl ~ ~ 2 ) •••("- r + !) 
r_1 rir - 1) . . . 3 . 2 . 1 

w(w - 1) . . . (w - r + 2) 

(r - l)(r - 2) ... 2 . 1 

n(n - 1)(« - 2) . . . (n - r + 1) 

+ r(n)(rc - 1) . . . (n - r + 2) 



Kr - 1) ■ • • 


3.2.1 




n(n - l)(n - 2) . . . (n - 


r + 2)(n 


- r + 1 + r) 


r(r - 1) . . 


.3.2.1 




(» + l)(n)(n - 1) ... (n 


-r+2) 




r(r-l)(r-2)...3 


.2.1 




(n + l)(n +,1 - l)(n + 1 - 


-2)...(n 


+ l-r + l) 


r(r - 1) . . 

" +1 C r 


.3.2.1 





which proves the result. 
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The Expansion of {a + x) n 

Assuming for the moment the validity of (3.1) and (3.2), we notice 
that (a + x) n can be expanded in terms of powers of x and a with 
the same coefficients. 

For (a + x) n = [a(l + ^ " = a n (l + 

= a n \l + n C 1 - + *C,- t + .-. n C r - ■ 
L a a a r 

(a + x) n = a" + "Qxa"- 1 + "C 2 x 2 a"- 2 

+ • • • n C r x r a n - r + . . . x n ....(3.4) 

Example 2. Expand (2 + x) 5 in powers of x. 
Using the coefficients as given by Example 1 

(2 + xf = 2 5 + 5 . 2 4 . x + 10 . 2 3 x 2 + 10 . 2 2 x 3 + 5 . 2x i + x 6 

= 32 + 80x + 80x 2 + 40x 3 + 10x 4 + x 5 

The Evaluation of n C r 

« c _ w(w - 1) . . . (w - r + 1) 
r(r - 1) . . . 3 . 2 . 1 

«(« - 1) . . . (n - r + 1) (n - r)(n - r - 1) ■ . . 3 ■ 2 . 1 
" r(r - 1) . . . 3 . 2 . 1 ' (ji - r)(« - r - 1) . . . 3 . 2 . 1 

n' 

"C r = ....(3.5) 

r r!(n-r)! 

where n! (factorial n) is used to denote the product of the integers 
from n down to 1. Thus 2! = 2. 1 = 2; 31 = 3.2.1 = 6, 
41 = 4.3.2.1 = 24 etc. From (3.5) we see that 



(n-r)\[n-(n-r)]\ (r)'.(n-r)! 

"C n _ r = n C r ....(3.6) 

a result which merely expresses the symmetry of the coefficients which 
was apparent for the numerical cases considered earlier. 
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We use this symmetry to define 

"C 0 ="C„ = 1 ....(3.7) 

Then 

(1 + x) n = K C 0 + *C t x + n C 2 x 2 + ... n C r x r + ... n C n x n 

= i"C r x r ....(3.8) 
using the notation of the previous chapter. 



Example 3. Evaluate (/) 20 C 2 (ii) 20 C 17 (Hi) 8 C, 



5 



90 10 

(j) By (3.2) 20 C 2 = = 190 



90 10 18 

(//) We first use (3.6) 20 C 17 = 20 C 3 = ^ ' 18 = 60 . 19 = 1140 

(Had we used (3.2) for 20 C 17 we should have 17 factors in the 
numerator and denominator.) 

(Hi) 8 C 5 = 8 C 3 = { L^L1 = 56 
3 3.2.1 

Example 4. Expand (1 — 2x) 4 in powers of x. 
We write (1 - 2x) as [1 + (-2x)] 

(1 - 2x) 4 = [1 + (-2x)] 4 

= 1 + 4 Ci(-2x) + 4 C 2 (-2x) 2 + 4 C 3 (-2x) 3 + (-2x) 4 

= 1 + 4(-2x) + 6 . 4x 2 + 4(-8x 3 ) + 16x 4 

= 1 - 8x + 24x 2 - 32x 3 + 16x 4 

Example 5. Expand (x + 3y) 8 

•d = 6 C 6 = 6; 8 C 2 = 8 C 4 = — = 15; 6 C 3 = = 20 

2.1 3.2.1 

By (3.4), 

(x + 3v) 6 = x 6 + 6x 5 (3j) + 15x 4 (3j0 2 + 20x 3 (3j) 3 

+ 15x 2 (3y) 4 + 6x(3j) 5 + (3j) 6 
= x 6 + 18x 5 y + 135X 4 / + 540x 3 j 3 + 1215xy 

+ 1458xj 5 + 729/ 
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Exercises 3a 

Assume the validity of (3.1) and (3.2). 

1. Obtain the expansions in powers of x of (i) (1 + x) 2 , 
(ii) (1 + x) 3 (iii) (1 + x) 4 . 

2. Use the rules described at the beginning of this section to 
obtain the coefficients in the expansions of (1 + x) 8 and (1 + x) 9 , 
i.e. obtain the next two rows of Pascal's Triangle. 

3. Use (3.1) and (3.2) to verify the results obtained in question 2. 

4. Evaluate (i) 18 C 16 (ii) U C 9 (iii) 13 C 8 (iv) 9 C 7 . 

5. Expand (i) (1 + 3x) 4 (ii) (1 - x) 5 (iii) (1 - 2x)'. 

6. Expand (i) (3 + x) 4 (ii) (2 - x) 6 . 

7. Expand (i) (2x + 3^) 3 (ii) (2x - 5j) 4 . 

8. Obtain the fourth term in the expansion, in ascending powers 
ofx, of (2 + 3x) u . 

9. Calculate a if the coefficient of x 3 in (a + 2x) 6 is 320. 

10. Calculate the coefficient of x 3 ^ 4 in (2x — 3y) 7 . 

3.2. PROOF OF THE BINOMIAL THEOREM WHEN n IS 
A POSITIVE INTEGER 

The results of the previous section suggest that the results (3.1) 
and (3.2) are true for all positive integer values of n. We shall now 
prove this by a method of proof known as mathematical induction. 

We assume that for a particular value of n, say n = N, the results 
(3.1) and (3.2) are correct. (This is not so unreasonable since we have 
seen that this is so when n = 2, n = 3, n = 4, n = 5, and n = 6 
among others.) 

Thus we assume 

(l+xj lt = l+ N C lX + N C 2 x 2 + ... N C,x r 

+ ... N C N _ 1 x"- 1 +x" 

Then 

(1 + x )"+i = (1 + X )(l + x) N 

= (1 + x)(l + N C 1 + N C 2 x 2 + ... "Ox- +...x N ) 
.-. (1 + x) N+1 = 1 + ("O + l)x + ( N C 2 + "CJx 2 
+ ...( N C r + N C r „ 1 )x' + ...x N+1 
by ordinary multiplication. 
Now 

rr C 1 + l=N + l= w+1 0 
and by (3.3) we have 

N c T + N c^= N+1 c r 
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Thus our initial assumption inevitably leads to 
(1 + x)" +1 = 1 + N+1 C lX + N+1 C 2 x* + ... N+1 CX 

+ ... N+1 C N x N + x N+1 

Thus we have proved that if the results (3.1) and (3.2) are true for a 
given value n = N, then they are true for the next value of n, i.e. 
n = N + 1. But we have seen that the result is true for n = 2, 
therefore it is true for n = 3, therefore it is true for n = 4 and so on 
for all other positive integral values of n. Thus we have shown that 
(3.1) and (3.2) are true for all positive integer values of n. We have 
also proved (3.4) and (3.8) for such values of n. 

Example 1. Expand (1 + x + x 2 ) 3 in powers of x. 
(1 + x + x 2 ) 3 = [1 + (x + X 2 )] 3 

= 1 + 3(x + x 2 ) + 3(x + x 2 ) 2 + (x + x 2 ) 3 
= 1 + 3x + 3x 2 + 3(x 2 + 2x 3 + x 4 ) 

+ (x 3 + 3x 4 + 3x 5 + x 6 ) 
= 1 + 3x + 6x 2 + 7x 3 + 6x 4 + 3x 5 + x 6 

/ 2y\ 10 

Example 2. Find the coefficient of x 8 in I x 2 + — I . 

/ 2vV 

The (r + l)th term in the expansion of I x 2 + — I 



is 



10 C r (x 2 ) 10_r (— )' = 10 C r 2 r /x 20 - ar - r = 10 C r 2 r /x 20 - 8r 



Thus for the term in x 8 , 

20 - 3r = 8, i.e. r = 4 
.'. The required coefficient is 10 C 4 2 4 j 4 

= 10 ' 9 ' 8 ' 7 16/ = 210 . 16j; 4 = 3360/ 
4.3.2.1 

Example 3. Find the values of a if the coefficient of x 2 in the 
expansion of (1 + ax)*(2 — x) 3 is 6. 

(1 + ax) 4 = 1 + 4(ax) + 6(ax) 2 + 4(ax) 3 + (ax) 4 

(2 - x) 3 = [2 + (-x)] 3 = 2 3 + 3 . 2 2 (-x) + 3(2)(-x) 2 + (-x) 3 

= 8 - 12x + 6x 2 - x 3 
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.'. The coefficient of x 2 in the expansion of (1 + ax) 4 (2 — x) 3 is the 
coefficient of x 2 in 

(1 + 4ax + £a 2 x 2 + 4a 3 x 3 + a 4 * 4 ) x (8 - 12x + 6x 2 - x 3 ) 

This coefficient is 6 — 48a + 48a 2 . If this is equal to six, 

48a 2 - 48a + 6 = 6 

8a 2 - 8a = 0 

8a(a - 1) = 0 

a = 0 or a = 1 

Example 4. Expand (x + 5y) s . Hence evaluate (1-05) 5 correct to 
3 decimal places. 

5 d = 5 C 4 = 5; 5 C 2 = 6 C 3 = |^ = 10 

.'. (x + 5j) 5 = x 5 + Sx\5y) + 10x 3 (5y) 2 + Wx\5y) 3 

+ 5x(5yY + (5yy 
= x s + 2Sx*y + 250xy + 1250x 2 j s 

+ 3125xk* + 3125/ 

With x = 1, y = 0 01 we obtain 

(1-05) 5 = 1 + 25(0-01) + 250(0-0001) + 1250(0-000001) 

+ 3125(0-00000001) + 3125(0-0000000001) 

=2= 1 + 0-25 + 0-025 + 0-00125 

where we have omitted the last two terms since they do not effect 
the first five decimal figures. 

(1-05) 5 = 1-27625 

.*. to 3 decimal places 

(1-05) 5 = 1-276 

Exercises 3b 

1. Expand in powers of x, (1 -f 2x + 2x 2 ) 3 . 

2. Expand in powers of x, (1 — x + 2x 2 ) 4 . 

3. Find the coefficient of x 3 in the expansion of (1 + x + 2x 2 ) 6 . 

4. Expand (1 + 2x + x 2 ) 3 . (You might be able to obtain this 
result in an easier way.) / j x 18 

5. Find the coefficient of x 8 in the expansion of I — 2 — xl . 

6. Find the term independent of y in the expansion of yy 3 + . 
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/ 3\ 8 

7. Find the term independent of x in the expansion of 1 2x — — 2 1 . 

8. Find the coefficient of x 22 in the expansion of (1 — 3x)(l + x 3 ) 10 . 

9. Find a if the coefficient of x in the expansion of 

(1 + ax)*(\ + 3x) 4 - (1 + x) 3 (l + 2x)* 

is zero. What is the coefficient of x 2 ? 

10. Expand (x + ly) 1 . Hence evaluate (1-02)' correct to 4 
significant figures. 

3.3. THE BINOMIAL THEOREM WHEN n IS NOT A 
POSITIVE INTEGER 

It can be shown (although the proof is beyond the scope of this 
book) that if — 1 < x < 1 and n has any value 

(l+x)"^l+nx + ^^ ) x 2 + W(W ~ 1 2 )(n 3 ~ 2) x 8 + ... 

. . . .(3.9) 

(3.9) is known as the binomial theorem. If n is in fact a positive 
integer, the coefficients, after the coefficient of x", are all zero since 
they each contain the factor (n — n). Thus for this case we see that 
the expansion terminates with x". We obtain of course the same 
result as was given by (3.1) and (3.2) and for this particular case the 
requirement that — 1 < x < 1 is not necessary. 

If n has a value other than a positive integer the expansion will 
not terminate and the requirement — 1 < x < 1 is absolutely 
essential. This latter requirement is often written, following the 
notation of the last chapter, |x| < 1. Although the expansion does 
not terminate in this case, it can still be used with great effect to 
approximate (as accurately as we like) the value of (1 + x)" when 
x has a value such that |x| < 1. 

Example 1. Obtain the first five terms in the expansion of (1 + x) 1/2 . 
Hence evaluate ,/l-03 to 5 significant figures. 
For this case n = \ and so by (3.9) 

(i + *r = i + («x + ^ + i(i ~f- 2) * 3 

Ml - IX* - 2Xi - 3) 4 

~T~ X ... 

1.2.3.4 

= 1 + ix - Jx 2 + ^eX 3 - T* 8X 4 + . . . 
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With x = 0-03 which is certainly between —1 and +1, 

(1-03) 1/2 = 71-03 = 1 + K0-03) - K0-0009) + i,(0-000027) . . . 

and since we only require the result to 4 decimal places, we need in 
fact only consider the first three terms. 

(1-03) 1/2 = 1 + 0-015 - 0-0001125 + 0-0000017 + . . . 

=== 1-0148892 

a/1-03 = 1-0149 correct to 5 significant figures. 

Example 2. Expand (i) (2 + x) -1 (ii) — - — . 

1 — x 

(o (2 +»)-*= -j- = 1 =;(i+;r 

2 +* 2 ( 1+ i) 2\ 2) 



T^27 



(-1X-2X-3) 
1.2.3 



2 1.2 

,3 



(iJ 



provided 



< 1 



(2 + x)- 1 =---+---+ — .. . provided |x| < 2 
2 4 8 16 32 

1 



(H)- =[1 +(-*)] 



= 1 + (-l)(-x) + 1X_2) ( _ X) 2 

(-1X-2X-3) ( , 3 | 
+ 1.2.3 ( x > +■- 

1 = 1 + x + x 2 + x 3 + x 4 + . . . provided \x\ < 1 



1 -x 

[cf (2.15) with a = 1] 

If we ignore the requirement |x| < 1 and put x = 2 in the left hand 
side we obtain —1. On the right hand side we obtain 1 + 4 + 
8 + . . . which is quite meaningless and is certainly not —1. The 
point to realise is that the expansion is only valid if — 1 < x < 1. 
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Example 3. Show that if x is so small that x 3 and higher powers of 

x can be neglected, then (1 + 2x ^ ~ + x ^ = -3 + x + 5x 2 . 

1 + x 

(1 + 2x) 3/a = 1 + - 2x + (l)( ^ )(2x)2 as far as terms in x 2 
2 1.2 

(1 + x) 1/2 = 1 + \x + ( *X-*) x 2 as far as terms in x 2 

1 . 2 

(1 + x 2 ) -1 = 1 — x 2 as far as terms in x 2 
. (1 +2x) 3 ' 2 -4(l +x) 1/a 
1 + x 2 

= (1 - x*)[l + 3x + fx 2 - 4(1 + \x - ix 2 )] 

Simplifying and retaining only terms which involve x 2 and lower 
powers of x we have 

(1 + 2x) 3/2 - 4(1 + x) 1/a 
1 +x 2 

= (1 - x 2 )(-3 + x+ 2x 2 ) = -3 + x + 5x 2 . 
3 — x 

Example 4. Expand (} _ 2x)(l + x 2 ) * n ascenc ^ m § powers of x as 
far as the term in x 3 . 

3 — x 

We first resolve 7= — ■ — „ into partial fractions : 

(1 — 2x)(l + x 2 ) r 

1=* = 2 + 1 + * = 2(1 - 2X)- 1 

(1 - 2x)(l + x 2 ) 1 - 2x 1 + x 2 

+ (1 + x)(l + x 2 )- 1 
= 2(1 + 2x + 4x 2 + 8x 3 + ...) + (1 + x) 

X (1 - x 2 + x 4 - x 6 + x 8 . . .) 
= (2 + 4x + 8x 2 + 16x 3 + . . .) 

+ l+ x-x 2 -x 3 + ... 
= 3 + 5x + 7x 2 + 15x 3 . . . 

This expression is valid only if both — 2x and x 2 lie between —1 
and +1. 

-1 < -2x < 1 if -\ < x < \; -1 < x 2 < 1 if -1< x < 1 
.'. For the expansion to be valid x lies between — | and $, i.e. 
W < h 

58 



MATHEMATICAL INDUCTION 

Exercises 3c 

1. Obtain the first four terms of the expansion of (1 + 3x) 1/3 in 
ascending powers of x. Hence evaluate -$/l-03 to 5 significant 
figures. 

2. Evaluate (0-95) 1 ' 3 . Use logarithms to check your result. 

3. Show that (i) . \ = 1 + 2x + 3x 2 + 4x 3 + . . . and 

v.* x) 

1 , . , , 3-4x 2 , 4.5x 3 , 
(1 — x? 2 2 

4. Obtain the expansions in ascending powers of x of t— — , 
1 1 1 +* 

(1 + x) 2 and (1 + x) 3 • 

5. Use the results above to expand in ascending powers of x 

(0 ttTx ; (i0 ; <«« ( -rh)" 3 • 

6. Show that J (9 + x 2 ) === 3 + i* 2 - are* 4 - For what values of 
x is the expansion valid ? 

7. Show that 

1 _ 1 b , 6 3 3 , 

— x H — x x + . . . 

a + bx a a 2 a 3 a* 

For what values of x is the expansion valid ? 

8. Show that if x is so small that x 3 and higher powers of x may 

(1 + x) 3/2 _ (1 + ix f 

V(! - *) 

3 — 4x 

9. Obtain the expansion of 1 , — ? 2 in ascending powers of 
x as far as the term in x 4 . ix + 

10. Show that if x is so small that x 3 and higher powers of x can 

be neglected J | | ^ * j = 1 + x + £x 2 . By putting x = \ show 
thatV3^if|. 

3.4. MATHEMATICAL INDUCTION 

In section 3.1 we proved the binomial theorem for n a positive 
integer using the method of mathematical induction. This method is 
very useful where particular cases suggest that some result is true 
quite generally. The following examples are further illustrations of 
the method. 
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Example 1. Show that if n is a positive integer, 

1+2 + 3+ 4 + .. .+n = " ( " 2 + 1} [c/(2.10)] 
We observe that the result is true for the particular cases n = 1, n = 2 

1= i(!+l), 1+2==3 = 2 -£+i) 

2 2 
We assume the result is true for a particular value say n = N 

i.e. 1+2 + 3 + ...+* = ^-+!) 

2 

Then for the next value of n, n = TV + 1 

1+2+3 + .. .+7V + 7V + 1 = ^ + + N + 1 

= (iV + l)(f + l) 
= |(iV + l)(iV + 2) 

= «jv + ixjv + i + i) 

Thus if the result is true for any particular value of n, it is also 
true for the next value of n. But we have seen that it is true for 
n = 1, therefore it is true for n = 2, therefore it is true for n = 3 
and so on for all positive integer values of n. 

Example 2. Show that for all positive integer values of n, 5 2 " + 
3n — 1 is an integer multiple of 9. 
We first observe that for n = 1 

5 2 + 3 . 1 — 1 = 27 is a multiple of 9 
We assume the result to be true for n = N 
i.e. 5 2JV + — 1 = 9M where M is some integer 
then for n = N + 1 we obtain 
5«<tf+u + 3(n + 1) - 1 = 25 . 5 2N + 3W + 2 

= 25(9M - 37V + 1) + 3iV + 2 

since 5 2JV = 9M — 3N + 1 

= 9 . 25M - 75N + 25 + 37V + 2 

= 9 . 25M- 727V+27 

= 9(25M - 87V + 3) 

.*. this proves that 5 2(W+1) + 3(7V + 1) - 1 is a multiple of 9 if 
5 2i\r + 3/v - 1 is a multiple of 9. 
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The required result is true when n = 1, therefore it is true when 
n = 2 and so on for all positive integer values of n. 

Exercises 3d 

Use the method of mathematical induction to prove that if n 
is a positive integer : 

1. 2" > n. 

2. I 2 + 2 2 + 3 2 + . . . + « 2 = \n(n + l)(2n + 1). 

3. 1 + 3 + 5 + . . . + 2n - 1 = n 2 . 

4. n{n + l)(n + 2) is an integer multiple of 6. 

5. 7 2«+i + i i s an integer multiple of 8. 



EXERCISES 3 

1. Expand (1 — x + 2x 2 ) 5 in ascending powers of x as far as 
the term in x 4 . 

2. Use the binomial theorem to evaluate ^99 correct to 5 
significant figures. 

3. Expand (1 - x)" 1 - 2(1 - 2x)" 1/2 + (1 - 3x)~ 1/3 in ascending 
powers of x, up to and including the term in x 3 . 

4. If p = ab and s n stands for a" + b n show that s \ = s s + 
5ps 3 + lOp 2 ,^, and hence that s 5 = s^ — 5ps\ + 5p 2 s^. Obtain a 
similar formula for j 6 in terms of jj and p. (S.U.J.B.) 

1 X^ x^ 

5. Show that _ ^ — ^/(l + x) = -j + if x 4 and higher 

powers of x may be neglected. 

6. If x is small show that (1 - x 2 )" 1/s ^ 1 + £x 2 + fx 4 . 

7 — 23x + 48x 2 

7. Express ^ _|_ x )(l Ix) 2 * n P art ' a ^ f ract i° ns an ^ find tne 

coefficient of x" when the expression is expanded in ascending powers 
of x when — J < x < J (L.U., part) 

8. Prove by induction that n{n + l)(2n + 1) is a multiple of 6. 

9. If x 4 and higher powers of x can be neglected show that 



10. In the expansion in powers of x of the function (1 + x) x 
(a — bx) 12 the coefficient of x 8 is zero. Find in its simplest form the 
value of ajb. 

11. Show that "+ 2 C r = n C^ 2 + 2"C r _ 1 + "C r where n>r>2. 

12. Show that ll 2 " — 1 is always exactly divisible by 120 when 
n is a positive integer. 
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13. If x is small show that 

1 



V(l + 3x) - 



14. Use the method of induction to show that 



1.2 2.3 3.4 * " n(n + 1) n + 1 

15. Expand (1 + 4x 2 ) 1/2 in ascending powers of x up to the term 
in x 6 . Hence evaluate ^1-04. 

16. Evaluate the term independent of x in the binomial expansion 



of 



17. Show that if x is so small that x 4 and higher powers can be 

1 + 2x + 3x 2 

neglected then . V1 ~ can be expressed in the form 

(.1 i X ) 

A + Bx + Cx 2 + .Dx 3 and find A, B, C, D. 

18. Write down the first few terms in the expansion in ascending 
powers of x of (1 + 4x) 1/2 , and simplify the coefficients. Hence by 
putting x = — T5o» calculate ^6 correct to four decimal places. 

(J.M.B., part) 
3x 3x 2 1 

19. If x is small show that (1 + x) 3/2 ^ 1 + y + -g- - x 3 . 
Evaluate Jll. 

20. Find p and q if the coefficients of x and x 3 in the expansion 
of (1 + px + qx 2 + 4x 3 )(l + x) 6 are both zero. 

21. If |x| < 1 prove that the sum to infinity of the series 

1 +5x+9x 2 + ...(4n + l)x" is • 

(1 - x) z 

(J.M.B., part) 

22. Show that 3 4n+2 + 2 . 4 3n+1 is exactly divisible by 17 if n is a 
positive integer. 

*23. Use the binomial theorem to show that the expansion of 

1 is 1 +-*+ L 4x 2 + HHU 3 + --- (W<D- 



(! _ X )i/ 2 1 2 2.4 2.4.6 
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c , ... , , 4 , 4 . 12 , 4 . 12 . 20 , 
Show that 1 H h . . . 

10 10 .20 10 . 20 . 30 

\ 10 10.20 10.20.30 / 

(J.M.B., part) 

1 + x 

*24. If ^ _ x y is expanded in ascending powers of x, where 

— 1 < x < 1, show that the coefficient of x n_1 is In — 1 and that the 

(2n + 2x n+1 
sum of the terms after the nth term is — i h 



1 - x 1 (1 - xf ' 

(L.U., part) 

*25. Show that n* + 4n a + 11 is a multiple of 16 for all odd 
positive integers n. 
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4.1. INTRODUCTION 

In section 1.1 we discussed the necessity for the introduction of 
other types of real number apart from the natural integers which are 
used for counting. The solution of an equation such as 5x = 4 
requires the introduction of rational numbers; the solution of an 
equation such as 3x + 4 = 0 requires the introduction of negative 
numbers. Then we can say that without exception every linear 
equation has one and only one solution. 

Some quadratic equations such as x 2 = 2 require the introduction 
of the irrational numbers into our number system before we can 
give a meaning to their solution. There are other equations such as 
x 2 + 16 = 0 which still do not have a solution within the system of 
real numbers. To solve the equation above we require a number 
whose square is —16 and such a number does not exist within the 
system of real numbers. Thus we have a breakdown of the general 
rule that quadratic equations have two solutions. (If the two 
solutions are equal, we say that the equation has a repeated root, 
i.e. two equal roots.) 

This situation is not peculiar to the equation above. Indeed the 
equations x 2 + 1 = 0, x 2 + 2x + 5 = 0, whose solutions we might 
formally write as 

X= - 2 ±V4- 4(5)(1) by(12) 

, , -2±V-16 

i.e. x = J —1, x = 

v 2 

have no solutions within the realm of the real numbers. In each case 
we require the existence of a number whose square is negative 
before we can give a meaning to the solutions. 

This situation calls for yet another extension of our number 
system. We can achieve this extension by the introduction of a new 
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number, generally denoted by i whose square is —1. The number 
z has the property 

z 2 =-l ....(4.1) 

This new number / having the property (4.1) need give no cause 
for concern. It is new in the sense that up to now it has been outside 
our experience, but so at one stage were fractions, and negative 
numbers. 

The solution of the equation x 2 + 1 = 0 is then 

x = !> i,e - *=±»- 

The solution of the equation x 2 + 16 = 0 is then 

x = ±V-16 = ±Vl6(-l) = ±V16V-1 = ±4i. 
The solution of the equation x 2 + 2x + 5 = 0 is then 

-2±J-16 -2±4i 

x = ^ = = -1 ± 2i. 

2 2 

A number of the form a + bi where a and b are real numbers is 
called a complex number. Our real numbers can be regarded as 
complex numbers for which b is zero. Thus we need only consider 
complex numbers since our real numbers will be contained within 
the system of complex numbers. This will require us to consider 
carefully the rules for the addition, and multiplication of complex 
numbers, so that these rules, when applied to real numbers of the 
form {a + 0/) give us the correct results, within the real number 
system. This we shall do in the next section. For the present we 
observe that higher powers of i can be reduced to ±1 or ±z°. 

Thus since z° 2 = — 1 

/3 = ,2 l = _ /; H = j-3 _ i = _i _ = _(_l) = l 
i 6 — /* . i = /, etc. 

Exercise 4a 

1. Express the solution of the following equations in the form 
a + bi 

(i) 3x - 7 = 0 (») x 2 - 9 = 0 

(Hi) x 2 + 30 = 0 (iv) x 2 + 3x + 10 = 0 

(v) x 2 + 49 = 0 (vi) x 2 + 2x + 8 = 0 

(vii) x 2 + 4x + 40 = 0 (viii) x 2 - x + 1 = 0 

2. Show that (i) f = -z; (z7) i 13 = z; (zz'z) 1 + z - 3z 2 + i 7 = 4. 
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3. Show that i 9 + 2i u + i' 13 = 0. 

4. Show that the cubic equation x 3 — 1 = 0 has three solutions viz. 
x = l,x = -£ + -^-,x = -f--^- 

[x 3 - 1 = (x - l)(x 2 + X + 1)] 

5. Show that the quartic equation x 1 — 1 = 0 has four solutions 
viz. x = 1, x = -1, x = i, x = —i[x* — 1 = (x 2 — l)(x 2 + 1)]. 

4.2. THE RULES FOR THE MANIPULATION OF 
COMPLEX NUMBERS 

In this section we shall consider the rules governing the addition, 
subtraction, multiplication and division of complex numbers. These 
rules are defined so that they become the rules of algebra for real 
numbers when applied to complex numbers of the form a + Oi. 
First we define what is meant by the equality of two complex numbers 
a + bi and c + di where a, b, c, d are real numbers. 
We say 

a + bi = c + di if and only if a = c and b = d (4.2) 

This definition is very reasonable and is consistent with treating i 
as an ordinary algebraic quantity. For if a + bi = c + di we would 
expect a — c = i(d— b) which yields on squaring both sides 

(a _ c) 2 = i\d - b) 2 

i.e. (a - c) 2 = ~(d - b) 2 .... (4.3) 

Now a — c and d — b are both real numbers and so their squares are 
positive or zero. If both their squares are positive (4.3) says that a 
positive number is equal to a negative number which can be rejected 
as absurd. If one is positive and the other zero then either a positive 
number is equal to zero or zero is equal to a negative number. 
Both these situations are absurd and can be rejected. Indeed the 
only possible and sensible situation is that both the squares are 
zero, i.e. (a — c) 2 = 0 and (d — b) 2 = 0, which results in a = c and 
b = d. Thus we see that the equality of two complex numbers 
implies two relations of equality among real numbers. 

Most of the mathematical literature speaks of a as being the 
real part and b as being the imaginary part of the complex number 
a + ib. The terminology which perhaps indicates the hesitation 
with which complex numbers were first used can be quite convenient 
provided we do not interpret it too literally. There is nothing 
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imaginary about i, although it is perhaps a little unfamiliar to most 
of us at this stage. In words, (4.2) can be put in the form: two 
complex numbers are equal if their real parts and their imaginary 
parts are equal. 
The addition of two complex numbers is defined by 

a + ib + c + id = a + c + i(b + d) ... .(4.4) 

This rule if applied to the numbers a + /O and c + iO (i.e. the real 
numbers a and c) yields a + c + iO (i.e. the real number a + c) 
and so is a natural extension of the rule for adding real numbers. 
Similarly for subtraction 

a + ib-(c + id) = a-c + i(b-d) ... .(4.5) 

In words, to add (or subtract) two complex numbers add (or 
subtract) their real and their imaginary parts. 

Example 1. Express in the form a + ib : 
(i) 6 + 3i + 7 - i; (ii) 7 + 2i + 3 - 4i - (5 + /). 

(i) 6 + 3i + 7 - i = 13 + 2i 

(ii) 1 + 2i + 3 - Ai - (5 + 0 = 10 - 2i -(5 + 0 = 5- 3/ 
Multiplication of two complex numbers is denned by the rule 

(a + ib)(c + id) = ac - bd + i(bc + ad) .... (4.6) 

This rule, if applied to the numbers a + iO and c + i'O (i.e. the real 
numbers a and c) yields ac — 0 + iO = ac + iO (i.e. the real number 
ac) and so is a natural extension of the rule for multiplying real 
numbers. The rule is consistent with treating i like any other 
algebraic quantity and this in practice is how we normally multiply 
complex numbers. On this basis 

(a + ib)(c + id) = ac + i 2 bd + ibc + iad 

= ac — bd + i(bc + ad) (since / 2 = — 1) 

which is the result (4.6). 

Example 2. Express in the form a + ib : 
(i) (2 + 3/)*; 07) (2 + /)(2 - /) + (3 + 20(3 - 2i). 
(0 (2 + 30 2 = (2 + 3/)(2 + 30 = 2 . 2 - 3 . 3 + i(2 . 3 + 2 . 3) 

= -5 + 12*. 

07) (2 + 0(2 - 0 + (3 + 20(3 - 20 

= 4 - 1(-1) + i[(2 . l + 2(-l)] + 9 - 2(-2) 

+ i[3 . 2 + 3(-2)] 
= 4 + 1 + iO + 9 + 4 + iO 
= 18 + iO. 
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Before defining division for complex numbers it is useful to 
introduce the notion of a complex conjugate. Two complex numbers 
which differ only in the sign of their imaginary part are called 
complex conjugates. The complex conjugate of a + ib is thus 
a — ib. a — ib is the complex conjugate of a + ib. Two numbers 
which are complex conjugates have the property that their sum and 
product are both real numbers. For 

a + ib + a — ib = 2a + z'O ....(4.7) 

(a + ib){a - ib) = a 2 - b(-b) + i[ab + a(~b)] 

= a 2 + b 2 + i0 ....(4.8) 

The z'O may of course be omitted from (4.7) and (4.8). It has been 
written in to emphasize that the real numbers are just a subset (with 
imaginary part zero) of the complex numbers. 
Division of two complex numbers is defined by 

a + ib _ ac + bd . be — ad . 
c+ id _ c 2 +d 2 c a + d a •■■■{•) 

This rule, if applied to the numbers a + iO and c + z'O gives 

££±0 + I -0±0 = « 
c 2 + 0 c 2 + 0 c 

so that once again, (4.9) complicated as it may appear, is just a 
natural extension of the rule for division for real numbers. 

As with (4.6) the rule is consistent with treating i as an ordinary 
algebraic quantity. The following working, which in practice is the 
way in which we normally carry out division, illustrates this. 

a + ib a + ib c — id 



c + id c + id c — id 
on multiplying top and bottom by the conjugate of the denominator. 

a + ib (a + ib){c — id) . ,. D . 

VT^. ' using (4.8) 

c+ id c + d 

_ ac + bd + i(bc — ad) 
c 2 +d 2 



ac + bd , . (be — ad) 
—« ^ + ' ^ ~ 



c 

which is just the result (4.9). 
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Example 3. Evaluate in the form a + ib: 

2 — i 5 + 2i 

(i) l±J = (1 + 0(2 + 0 = 2-1+K2 + 1) = l + i l 
2-i (2 - i)(2 + 0 4 + 1 5 5 ' 

3 -4i = (3 - 4Q(5 - 2Q = 15 - 8 + i(-20 - 6) 
5 + 2i ~~ (5 + 20(5 - 20 25 +4 

7 _ .26 

~~ 29 29 ' 

Example 4. Evaluate X and y if X + i Y = . We could find 

X and y by (4.9). However, by way of illustration we proceed as 
follows 

x + iY== l^J 
1 + i 

3 - i = (1 + 0(* + iY) = X - Y + i(Z + Y) 
.-. by (4.2) 3 = X - 7 
-1 = Z + y 

We solve these two equations for X and y. On addition we obtain 
2 = 2X, i.e. X = \, and on subtraction y = —2. 

3 - i 



1 



= 1 - 2i 



It is readily verified that (4.9) gives the same result. (4.2), (4.4), 
(4.5), (4.6) and (4.9) define the algebriac operations for complex 
numbers. Our readers should verify that under these rules complex 
numbers obey the rules I to V described in Section 1.1. 

Exercises 4b 

1. Express in the form a + ib: (i) « 3 (1 + /) + i s (3 - i) + 
i\2 + 0; (") 2/(1 - 3i) + 3(4 - i). 

2. Evaluate in the form a + ib: (i)(3 + 0(4 - 20; 0'0(6 + 20 X 
(1 - 3i). 

3. Find the solutions of the equation x 2 + 6x + 18 = 0 in the form 
a + ib. Verify their correctness by substitution into the equation. 

4. Evaluate (0 (1 + 0 2 ! («) (1 + 0 3 ; (»0 (1 + 0 4 - 

5. Use (3.1) and (3.2) with x = i to calculate (1 + 0 a , (1 + 0 3 » 
(1 + o 4 . Verify that the results are in agreement with your answers 
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to question 4. (This suggests that the binomial theorem remains 
valid when complex numbers are involved.) 

6. Express in the form a + ib: (/) — ; (ii) — . 

v 7+3/ 3+2/ 

7. Show that (/) (cos 6 + i sin 0) 2 = cos 26 + i sin 26 

(//) (cos 6 + i sin 0) _1 = cos 6 — i sin 6. 

8. Find real numbers x and y such that (x + iy) 2 = 40 + 42/. 
Hence evaluate 7(40 + 42/). Calculate also 7(35 - 12/). 

9. Evaluate in the form a + ib: 

(/) (x-0 5 O'O ^=^i («0 (— T 
V (2 + i) 2 \1 + 17 



(2 + 0" M + 

_1 + 1L (p) (1+0! ( „ 0 A^L 

i 3 (l-3i) W (3-i) a (4 — 3i) 2 



(2 I xl) 

10. If ^ — X + iY show, following the method of Example 

4 that X and 7 satisfy the equations cX — dY = a, dX + cY — b. 
Solve these equations and show that the results are consistent with 
(4.9). 

4.3. THE GEOMETRICAL REPRESENTATION OF 
COMPLEX NUMBERS 

It was shown in section 1.1 that the real numbers could be 
represented by the points of a line. For convenience we recall this 
representation. Figure 4.1 shows a line, on which we choose a point 

0 



-3-2-1 12 3 

Figure 4.1 

0 as origin. Positive numbers are represented by points to the right 
of 0, or displacements to the right of 0, and negative numbers by 
points or displacements to the left of 0. 

The real numbers, integers, rationals, irrationals and transcen- 
dental numbers completely fill the line, from which it is clear that 
we shall not be able to represent the complex numbers by further 
points of the line. A complex number of the form x + iy is specified 
by the two real numbers x and y. The natural way in which to 
represent a complex number is thus by a point in the plane whose 
cartesian co-ordinates are the numbers x and y. The complex 
number x + iy is thus represented by the point P(x, y) or by the 
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vector or displacement OP (Figure 4.2) . Our real numbers which are 
of course just particular complex numbers (with imaginary part 
zero) are confined to the line x'Ox, but complex numbers can be 
anywhere in the complex plane. This representation which is not 
necessarily the only possible representation of complex numbers 
was originally due to J. R. Argand and for this reason the complex 
plane of Figure 4.2 is often called the Argand diagram. 



The length of OP, where OP is the vector representing the complex 
number x + iy is known as the modulus of the complex number. 
By Pythagoras' theorem we see that OP = y/(x 2 + y 2 )- The modulus 
of a complex number is represented by the symbol \x + iy\. Thus 



It is conventional to represent a complex number by the single 
letter z, i.e. z = x + iy and so also \z\ = \x + iy\ = ^/(x 2 + y 2 ). 

Example 1. Represent the complex numbers (0 2 + i (ii) i (Hi) 
—i (iv) —3 — 2i by points in the complex plane (Argand diagram). 

In Figure 4.3 the numbers (i), (h),(m7) and (iv) are represented by the 
points A, B, C, D respectively or by the vectors OA, OB, 0C, 0D. 




P ( x,y) 
IT 



Figure 4.2 



+ = >/(*■+/) 



....(4.10) 



B(0,1) A (2,1) 



0 



C(0,-1) 



D(-3,-2) 



Figure 4.3 
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Example 2. If z = 1 + i, mark the points (i) 1 + z (ii) "j - jr^ in 

the complex plane. 

(i)l+z=l + l+i = 2 + i 

_J _1 2 - i _ 2 _ . 1 

(H) 1+z~2 + i _ 2 2 +1~5 l 5 

Thus the numbers (i) and (ii) are represented by the points Q and R 
(in Figure 4.4) or by the vectors 0Q, OR. 



y. 

0 


c 


1(2,1) 







Figure 4.4 



Exercises 4c 

1. Mark the points corresponding to the complex numbers 
(j) 2 + 3i (ii) 4 — i (Hi) — 3 — 6i (iu) —1 + i in the complex plane. 

2. Find the modulus of each of the complex numbers in question 

1. 

3. z = 2 — 3i. Mark the points (i) z (ii) iz (Hi) i z z in the complex 
plane. 

4. Show that |z| = \iz\ where z is any complex number. 

5. z is the complex number x + 7i. If |z| == 25 find x. 

4.4. THE GEOMETRY OF COMPLEX NUMBERS 

The representation of complex numbers described in section 4.3 
enables us to give a geometrical interpretation of the rules for the 
addition and multiplication of complex numbers. 

Consider the two complex numbers 2 + 3i and 3 + i. These may 
be represented by the vectors OP and 0Q (Figure 4.5). 

Their sum is the complex number 5 + 4i which may be represented 
by the vector OR and we see from Figure 4.6 that OR is the vector 
sum of OP and 0Q. (i.e. starting from 0 draw OP, from P draw a 
line parallel to 0Q and of magnitude 0Q. We then arrive at the 
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point R; OR is the diagonal of the parallelogram with adjacent 
sides OP, OQ.) 

If we consider the complex number 4 + 6i, multiplication by (/) 2, 
(if) \, (Hi) —1 and (iv) i produces the complex numbers (/) 8 + 12/ 
(if) 2 + 3/ (Hi) —4 — 6/ and (iv) —6 + 4i. These numbers and the 




Figure 4.5 



original number are represented by the vectors OA, OB, OC, OD and 
OP respectively. (Figure 4.7.) 

Thus we see that multiplication by a positive number (2 or \ in 
our case) dilates or shrinks a vector, OA = 20P; OB — £0P. This 
is in agreement with our results for real numbers which were all 
represented along the one direction x'Ox. Multiplication merely 
increases or decreases a number. Multiplication by —1 rotates a 




Figure 4.6 



vector through 180° but does not change its length. OC = —OP. 
This again corresponds with results for real numbers. Multiplication 
of 4 say by — 1 produced the number —4 which lies to the left of 0 
and is obtained by rotating the vector of length 4 units drawn in the 
direction of the positive x axis through 180°. Multiplication by 
(— l) 2 , i.e. by 1 of course will rotate a vector through 180° + 180° = 
360° and so will leave it unchanged. 
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Of particular interest is the interpretation of multiplication by i. 
From Figure 4.7 we see that the vector OD is perpendicular to the 
vector OP but has the same length as this vector. Thus multiplication 
by i rotates a vector through 90° in an anticlockwise direction. Of 
course multiplication by i 2 will rotate a vector through 90° + 90° = 
180°. But this is equivalent to multiplication by —1. This is 
consistent with (4.1) viz. i 2 = —1. 



The results of this section have been obtained by reference to 
particular examples. However, the results are perfectly general. The 
addition of complex numbers is equivalent to vector addition. 
Multiplication by a positive number merely increases (or decreases) 
the length of a vector representing a number; multiplication by — 1 
and i rotate the vector representing a number through 180° and 90° 
respectively. 



Example 1. If z = x + iy, the conjugate complex number x — iy 
is conventionally represented by S. What is the geometrical repre- 
sentation of z? 




Figure 4.7 




P'(x,-y) 



Figure 4.8 
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With reference to Figure 4.8 we see that z is represented by the 
reflection of the point representing z in the real axis. 

Example 2. Where must the complex number represented by z lie 
if \z\ = 1 ? Find the cartesian equation of all points satisfying this 
condition. 

If \z\ = 1, the length of the vector representing z is unity. Thus 
the point lies on a circle whose centre is the origin and radius is 1. 
(See Figure 4.9.) 

■ >y 

*,y) 



X 



Figure 4.9 

If z = x + iy, |z| 2 = x 2 + y* = 1 and this is the equation 
required. 

Example 3. What is the geometrical significance of |z — (2 + 3i)| ? 
If z is the complex number x + iy 

z - (2 + 3/) = (x - 2) + i(y - 3) 
|z - (2 + 301 = Vt(* - 2 ) 2 + (J - 3 ) 2 ] 
and so represents the distance between the points in the complex 
plane representing z and 2 + 3/. (Cf. section 17.5.) See Figure 4.10. 



0 


2+ 

2 


3f^-^ 
3 


7 

y 

\ . 




■< x * 







Figure 4.10 
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Example 4. Find the cartesian equation of the locus of the points 
in the complex plane such that \z — /| = |z + i\. What is the geo- 
metrical interpretation of this locus ? 

If z = x + iy, z — i = x + i(y — 1), z + i = x + i(y + 1) 

.-. If \z - J | 2 = |z + i\\ X 2 + (J - l) 2 = X 2 + (y + l) 2 

i.e. x 2 + j 2 - 2y + 1 = x 2 + j 2 + 2j + 1 

i.e. 4y = 0 which is the x axis. 

The locus is the locus of points equidistant from the points i(0, 1) 
and — i(0, —1), i.e. the perpendicular bisector of the line joining 
these points which is the x-axis. See Figure 4.11. 



(0,1 )< 
o 



->-x 



(0,-1) 



Figure 4.11 

It is important to realize that as far as complex numbers are 
concerned the notion that 'one complex number is greater than a 
second complex number' is meaningless. This applies to the notion 
that a complex number may be greater than or less than zero. 
There is no classification of complex numbers into positive and 
negative, this latter notion applying only to the real numbers which 
either lie to the right or left of 0. However, the complex number i 
for example is neither to the right nor to the left of 0, indeed it is 
directly above 0. This perhaps serves to remove some of the mystery 
that surrounds complex numbers. The idea that the square of a 
number is always positive is derived from the usual rule of signs as 
they apply to the real numbers. But the notion of 'sign' has no 
place as far as complex numbers are concerned, so it is not sur- 
prising that the squares of such numbers should be negative. 



Exercises 4d 

1 . If z = 3 — 4z, evaluate (0 2 (ii) z + 3 (Hi) z 
the results geometrically in the complex plane. 



3/ and interpret 
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2. z = 2 — /, evaluate (/') 2z (ii) —3z (Hi) 4iz and interpret the 
results geometrically in the complex plane. 

3. Evaluate (i) 3(4 + 5i) (ii) 2/(4 + 5i) and interpret the results 
on the Argand diagram. 

4. Evaluate (3 + 2/)(4 + 5i) and interpret the result on the 
Argand diagram. (Connect this with the results of question 3.) 

5. If z = x + iy, show that |z| 2 = zz. 

6. If z = 3 — 2/ evaluate - and interpret the result geometrically. 



7. Show that 



1 



8. If z = z find the locus of the point represented by z. 

9. If |z — 2| = |z + 2| find the locus of the point represented by z. 

10. If |z — 3/ 1 = 2 \z — 3 1 find the locus of the point represented 
by z. 

4.5. THE CUBE ROOTS OF UNITY 

We have already seen (Exercise 4 of 4a) that the cubic equation 
x 3 = 1, i.e. x 3 — 1 = 0 has 3 roots. 

x 3 - 1 = (x - l)(x 2 + x + 1) 

.-. If x 3 - 1 = 0, 

x — 1 = 0 or x 2 + x+ l = 0 

, -1 ± V(l - 4 ) *73 

x = 1 or x = ^ = — i ± -^r- 

2 2 ^ 2 

1 / /3 1 
The three roots of the equation are thus 1, — ^ + and — x — 
ij3 . 2 2 2 

^L- . By direct multiplication we see that the square of the second 

(third) root equals the third (second) root. 

H+<f)'=K- v T)H-f) 



1 _ 3 
4 4 



;fK)+fH): 



1 _ .V3 

2 1 2 
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-I ;-f 

Thus we may denote the three cube roots of unity by 1, w, w 2 where 

•"=-^4 3 -^4 3 --»m=v[©- + (4 3 )]=. 




Figure 4.12 



and if we represent the three roots by points in the complex plane 
we see that they are equally spaced round a circle centre the origin 
and unit radius {Figure 4.12). We also observe that the sum of the 
three cube roots 

1 + „ + 1 ^_ 1 + (_> + ^) + (^_^)_. 

l+w + w 2 = 0 ....(4.11) 

Example 1. If w is one of the complex cube roots of unity show 
that(l + w z ) l = w. By (4.11) 

1 + w s = — w 
(1 + w 2 ) 4 = (— w) 4 = w* = w 3 . w 

(1 + m> 2 ) 4 = w since w 3 = 1 
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Example 2. If w is one of the complex cube roots of unity show that 
(a + wb + w 2 c)(a + w 2 b + wc) = a 2 + b 2 -\- c 2 — ab — be — ca. 
(a + wb + w 2 c)(a + w 2 b + wc) = a 2 + w 3 Z> 2 + w 3 c 2 + aZ>(w + w 2 ) 

+ 6c(w 2 + w 4 ) + ca(w 2 + w) 

= a 2 + 6 2 + c 2 + a6(-l) 

+ bc(w 2 + w) + ca(-l) 
= a 2 + & 2 + c 2 — ab — be — ca 

Exercise 4e 

If w is one of the complex cube roots of unity show that: 

1. (1 + w - w 2 ) 3 - (1 - w + w 2 ) 3 = 0. 

2. (1 — w + w 2 )(l + w - w 2 ) = 4. 

3. (1 + w) 6 = 1. 

4. a 3 + b 3 = (a + b)(a + wb)(a + w> 2 £). 

5. 6xy = (x + jO 2 + (wx + w 2 y) 2 + (vvy + w 2 jc) 2 . 

EXERCISES 4 

1. Express in the form a + ib: 

c\ 3 - i ,..,4 + 3i /I + i\ 2 

2. If (x + z» 2 = a + ib show that x 2 — y 2 = a, 2xy = b. Hence 
evaluate ^/(8 + 6i). 

3. Find the solutions of the equation x 2 + Ix + 20 = 0 in the 
form a + ib. Find the sum and product of the roots. 

4. If z 3 = 1, find the possible values for 1 + z + z 2 . 

z + 1 

5. If z = cos 6 + i sin 0, find the modulus of 7 if 

z — 1 

O<0< = . 
2 

6. If z = x + iy, find the real and imaginary parts of (i) z 3 (ii) . 

7. Show how to represent geometrically the sum of two complex 
numbers z 1 and z a . What is the meaning of \z x + z 2 | ? 

8. Use the result of question 7 to show that \z x + z 2 \ < \z x \ -j- 

z + 1 

9. Find the locus of a point z which moves so that = 3. 



10. If w is one of the cube roots of unity evaluate 

(o (i - m - * 2 ) 

00 (a + b)(wa + w 2 b)(w 2 a + bw). 
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11. Solve the equation x 2 + Ax + 20 = 0 giving the roots in the 
form p ± iq where p and q are real. (J.M.B., part) 

12. If a + ifi = JftA + iB)(C + iD)] show that 

a 2 - P 2 = AC - BD, 2a/S = AD + BC and that 
2a 2 = AC - BD + J[(A 2 + B 2 )(C 2 + D 2 )]. 

13. Express in the form X + iY 

•x3 2 — 3i ..... 2 - i , (4 — i) 2 
(0 (2 - 0 3 00 — — : 0") r— (»«0 v - — 7 ■ 
1 + 3i 3 + i 3 — i 

14. Find two real numbers x and y so that 

x(3 + 4i) - j(l + 20 + 5 = 0. 

15. If (x + iyf = a + ib show that a 2 + b 2 = (x 2 + y 2 f. 

16. If w is one of the complex cube roots of unity show that 
(0 (1 + w 2 ) 12 = 1 

(a) (1 - w)(l - w> 2 )(l - w*)(l - w 5 )(l - w 7 )(l - w 8 ) = 27. 

17. Show that the square roots of unity are equally spaced round 
the unit circle. Show that this is the case for the cube and four roots 
of unity. Where do you suppose the fifth or the sixth roots of unity 
lie in the complex plane? Verify by actual multiplication that the 
complex sixth root in the first quadrant is indeed a sixth root of 
unity. What is this complex sixth root? 

2 + 3/ 

18. (0 Find the real and imaginary parts of ^ ^ . . 

(ii) If the complex number 4 + li is represented by the point P 
on the Argand diagram, write down the complex numbers which are 
represented by (0 the reflection of P in the x-axis (ii) the reflection 
of P in the line y = x (Hi) the reflection of P in the line y = — x. 

(J.M.B., part) 

19. (a) Show that 1 + i is a fifth root of —4 — 4i. 

(b) Show that if a, b, c, d and (a + ib)/(c + id) are real, then 

2 2 + 2z 

ad = be. Hence show that if z = x + iy and — =— ; — j is real, the 

J z 2 + 4 

point represented by z lies on the real axis or on a certain circle. 

(J.M.B.) 

20. Show that 

(a + b + c)(a + wb + w 2 c)(a + w 2 b + wc) = a 3 + b 3 + c 3 - 3abc 
where w is a complex cube root of unity. 
*21. Solve the equation |^-|J = »• 
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*22. P represents the complex number z. Q represents z + iz. 
Show that OPQ is a right angled triangle where 0 is the origin. 

*23. The points A, B, C, D on the Argand diagram correspond to 
the complex numbers a, b, c, d respectively. Prove that 

(0 if a — b + c — d = 0 then ABCD is a parallelogram 

(if) if also a + ib — c — id = 0 then ABCD is a square. 

(J.M.B., part). 

*24 . P represents the complex number z. Q represents the complex 

number z + - . Show that if P moves on the circle |z| = 2, Q moves 
z 

X 2 V 2 1 

on the ellipse 25 + "9" = 4 • 

*25. ABCD is a square in the complex plane. If A represents 
3 + 2/ and D represents 4 + 3/, what complex numbers are repre- 
sented by B and C? 
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THE QUADRATIC FUNCTION AND THE 
QUADRATIC EQUATION 



5.1. THE GENERAL QUADRATIC EQUATION 

We have already used the formula (1.2) in order to solve a quadratic 
equation. The result (1.2) can be obtained as follows: 

For the general quadratic equation ax 2 + bx + c = 0 where a, b, 
c are any real numbers with a at least non-zero, we have after 
division by a and a slight rearrangement of the terms 

2 , b —c 
x + -x — — 
a a 

The addition of the quantity b 2 \4a 2 to both sides makes the left hand 
side a perfect square, viz. [x + (b/2a)f. 



Thus ( X + ±Y * £ 

\ 2a) 4a 2 a 



4ac 



4a 2 



b // b 2 -4ac \ ±J(b 2 -4ac) 
X + 2a~ ± A 4a 2 J 2~a 

-b ± V(fo 2 - 4ac) 

* = \ •-< 5 -'> 

(5.1) enables us not only to solve quadratic equations but also to 
investigate the dependence of the roots on the relative values of 
a, b and c. In particular the type of roots which arise depend on the 
quantity b 2 — 4ac whose square root is involved in (5.1). This 
quantity is called the discriminant of the equation and is often 
denoted by the symbol D: 

D = b 2 — 4ac (5.2) 

lib 2 — 4ac > 0, then the square root in (5.1) will be a real number 
and we shall obtain two real distinct roots of the equation. 
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If b z — 4ac = 0, so is its square root, and both roots of the 
equation will be real and equal. They will both equal — b/2a. 

If £2 _ 4 flC < o s the square root involved in (5.1) is that of a 
negative number. Such a square root cannot be a real number. 
Indeed we have seen that it is a complex number. In this case we say 
that the equation has no real roots or the equation has complex roots. 

Example 1. Find the values of a for which the equation(3a + l)x 2 + 
(a + 2)x + 1 = 0 has equal roots. 
The discriminant 

D = (a + 2) 2 - 4(3a + 1) . 1 

= a 2 + 4a + 4 - 12a - 4 

= a 2 - 8a 

For equal roots D = 0 

a 2 - 8a = 0 
a(a - 8) = 0 

.'. a = 0 or a = 8. 

Example 2. Show that the roots of the equation (x — a)(x — b) = 
k 2 are always real if a, b and k are real. 
We first write the equation in the form 

x 2 - (a + Z>)x + aZ> - & 2 = 0 

The equation has real roots provided its discriminant is not a 
negative number. 

The discriminant D = (a + bf - A(ab - fc 2 ). We require to show 
that D > 0. Now 

D = (a + Z>) 2 - 4(aZ> - fc 2 ) 
= a 2 + lab + b* - 4ab + 4k 2 
= a 2 - 2ab + b 2 + 4& 2 
= (a - Z>) 2 + 4£ 2 

We have been able to express D as the sum of the squares of two real 
numbers. This proves D > 0 which is the condition for real roots. 
(N.B. A standard technique for proving a number to be non- 
negative is to express it as the sum of the squares of one or more 
real numbers.) 

Example 3. Find the values of X for which the roots of the equation 
x 2 - (3A + l)x + X 2 - 1 = 5X are real. 
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The equation can be written in the form 

x 2 - (3A + l)x + A 2 - 5A - 1 = 0 
The discriminant 

D = (3A + l) 2 - 4(1)(A 2 - 5A - 1) 
= 9A 2 + 6A + 1 - 4A a + 20A + 4 
= 5A 2 + 26A + 5 

For real roots 

D > 0, i.e. 5A 2 + 26A + 5 > 0 

(5A + 1)(A + 5) > 0 

This inequality is satisfied if both factors have the same sign. If 
this sign is positive A > — f ; if this sign is negative A < —5. Thus 
the equation has real roots if A < — 5 or A > —\. 

Exercises 5a 

1. Find a if the equation (5a + l)x 2 — 8ax + 3a = 0 has equal 
roots. 

2. If the equation (7p + l)* 2 + (5p — l)x + p = I has equal 
roots find p. 

3. For what values of k does the equation x 2 — (4 + /fc)x + 9 = 0 
have real roots ? 

4. Find the greatest value of A for which the equation (A — l)x 2 — 
2x + (A — 1) = 0 has real roots. 

5. Show that the equation x 2 — 2px + p 2 — q 2 = 0 has real roots 
provided p and q are both real. 

6. Show that the equation x 2 — lax + 3a 2 + b 2 = 0 cannot have 
real roots if a and b are real. 

7. Show that the roots of the equation x 2 + 2x = (2a + 2b + 1) x 
(2a + 2b — 1) are integers if a and b are integers. 

8. The equation x 2 + 2px + p 2 + q 2 = r 2 has real roots. Show 
that r 2 > q 2 . 

9. Find the values of a if the equation (a + 3)x 2 — (11a + l)x + 
a = 2(a — 5) has equal roots. 

10. Show that the roots of the equation x 2 — 2x = (b — c) 2 — 1 
are rational if b and c are rational numbers. 

5.2. THE QUADRATIC FUNCTION 

In this section we shall examine the values of the quadratic 
function y = ax 2 + bx + c as x takes on different real values. 
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First we notice that for large positive or large negative values of x, 
the dominant part on the right hand side is ax 2 . Since x 2 is always 
positive we see that y will have the same sign as a for large positive 
or large negative values of x. 

y = ax 2 + bx + c may be written as 



/ „ , bx , c\ 
y = ax 2 + — +- 
\ a a! 

_ / 2 bx b 2 c b*\ 

= a ^t^h ~nJ 

V a 4a 2 a 4a 2 / 
I h\ 2 b * - 4ac l 

\ x+ 



i.e. y = a 



V(b 8 - 4ac) 



....(5.3) 



2a 



2a 



2a 2a 



4ac) 



y = ax 2 + bx + c a(x — a)(x — /S) 



....(5.4) 



-b + V(6 2 - 4ac) . . -4 - V(6 2 - 4ac) 

v - — - and /? = ^ are the 



where a = ^ ^ 

roots of the equation ax 2 + bx + c = 0. 

Thus we see that y = a(x — a)(x — /S) is zero for the two values 
x = a and x = j? as we would expect. 

We may suppose without any loss of generality that one root say 
a is not less than /J i.e. a > /S. Then for any value of x the sign of y 
is the same as the sign of a(x — a)(x — /S). 

Then (x — a)(x — /?) is positive when x > a since both factors 
are then positive, and (x — a)(x — /S) is also positive for x < 0 
since both factors are then negative. For /J < x < a however, 
(x — a)(x — jS) is negative since one factor is then negative and the 
other positive. To sum up we have the important result: 

The sign of y = ax 2 + bx + c is the same as the sign of a except 
for those values of x which lie between the roots of the equation 
ax 2 + bx + c — 0. 
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This result combined with the procedure for determining the 
nature of the roots enables us to make a sketch of the graph of the 
function y — ax 2 + bx + c. There are six cases to consider (see 
Figure 5.1). 



a >0 

b z -Aac>0 




o < o 
2 

b -4oc>0 




(a) Two real roots 



o>0 

b 2 -Uac= 0 




(b) Two real roots 



ff<0 



b -4crc=0 



(c) Real equal roots 




o>0 

6 2 -4cc<0 




(d) Real equal roots 
m/ 



a<0 

fi 2 -4ac<0 




(e) No real roots 



(f) No real roots 



Figure 5.1 



Example 1. Show that 3jc 2 + 6x + 20 is always positive. 
3x 2 + 6x + 20 = 3(x 2 + 2x + 2£) 

= 3(x 2 + 2* + 1 + ¥) 

= 3[(* + l) 2 + ] 
which, being the sum of two positive quantities, is always positive. 
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Example 2. Show that if a > 0, y = ax 2 + bx + c has a minimum 
b 

value when x = — — . 

2a 

We have seen 



I b\ 2 

Now afx + is never negative, if a is positive, and has a 
o whe - - — 

(4ac - b 2 \ 4ac - b 2 . 
a I — I = when x = — • 

\ 4a 2 / 4a 



minimum value of zero when x - —b/2a. Thus y has a minimum 
value of 



x 2 ^ _|_ J 

Example 3. If x is real show that / = — ^TjT^ — * s either > 1 or 
< -3. 

We have « = ** + * + 1 

x+1 

This we rewrite as a quadratic in x so that 

x 2 + x+ l=xy+y 

i.e. + x(l - y) + 1 - y = 0 

Since x is always real, the discriminant of this equation is greater than 
or equal to zero 

i.e. (1 -j) 2 -4(l -y)> 0 

(1-j)(-3-j)>0 

(y - l)(y + 3) > 0 

Now, the roots of the equation (y — l)(y 4- 3) = 0 are y = 1 and 
j = —3, and the coefficient of y 2 for the function (y — l)(y + 3) is 1. 

•'- (j — l)(y + 3) > 0 (the same sign as 1) for 

y > 1 or y < — 3 
y > 1 or < — 3 whatever the value of x. 
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Exercises 5b 

1. Show that x 2 + 4x + 13 > 0 for all values of x. 

2. Show that 16x 2 - 24x + 10 > 0 for all values of x. 

3. Prove that 6x — 4 — 9x 2 can never be greater than —3. 

4. Show that if a < 0, / = ax 2 + bx + c has a maximum value 
when x = —b/2a. What is this maximum value of yl 

5. Find the maximum value of 5 + 6x — x 2 . 

6. Find the minimum value of 12x 2 + 24x + 13. 

x 2 — 12 

7. Show that if x is real, ^ _ ^ can have no real values between 
3 and 4. 

(x — 2) 2 + 16 

8. If x is real show that — 2 (x + 2) — can take on any real value 
which does not lie between —4(^/2 + 1) and 4(^/2 — 1 ). 

9. If p and q are both real and q > 4, show that x + P x + P 

4 7 * 2 + ?* + ? 

cannot be between p/q and- when x is real. 

x 2 -\- 3x — 4 

10. Find the possible values of k if — — ^ — may be capable of 
taking on all values when x is real. 

5.3. THE RELATION BETWEEN THE ROOTS OF A 
QUADRATIC EQUATION AND THE COEFFICIENTS 

We have seen that the roots of the quadratic equation ax 2 + 

a , a *i. ♦ u -b + J(b 2 -4ac) 

bx + c = 0 are the two numbers ^ and 

-b - J(b 2 - 4ac) TC , , 2a 

2^ • " we denote these roots by a and /S in some 

order we see that 



2a 2a 2a 2a 



a 



and a/? = 



6 | V(fr 2 - 4acX 
2a 2a 



b ^{b 2 - 4ac) ' 
2a 2a 



= /_ Af _ / ft 2 - 4ac \ = 4ac = c 
\ 2a/ I 4a 2 / 4a 2 a 

Thus we have the important results : 



THE ROOTS OF A QUADRATIC EQUATION AND THE COEFFICIENTS 
If a and /? are the roots of the quadratic equation ax 2 + bx + c = 0 

the sum of the roots equals — - ; 

a 

oc + |8 = -- ....(5.5) 
a 

c 

the product of the roots equals - ; 

a|S=- ....(5.6) 
a 

This same result would have been obtained by using (5.4). For 
then we have 

ax 2 + bx + c = a(x — v){x — /S) 

ax 2 + bx + c = ax 2 — a(« + /?)x + ciu.$. 

These two expressions are identical and on equating the coefficient 
of x, and the term independent of x we obtain: 

b = —a(a. + /S) and c = aa/3 

b c 

i.e. a + /3 = , /? = - as before. 

a a 

(We notice that the coefficients of x 2 are both equal to a.) 

Example 1. If a and /S are the roots of the equation ax 2 + bx + 
c = 0 obtain in terms of a, b, and c the values of (i) a 2 + /S 2 (n) 

We express (/), (ii) and (z'n) in terms of a + /? and a/3. 
For (0 a 2 + j8 2 = a 2 + 2 Kj S + ^ 2 - 2a/5 

= (a + ,5) 2 - 2 a( S 
^ 2 2c 



a 2 + /S 2 



a 

ft 2 _2c _ fe 2 - 2ac 

2 2 

a a a 



For (ii) 



a , 0 a 2 + p b 2 - lac lc , . 

— h c = — = 1 — / _ by the previous result 

P a a/S a I a 

a £ _ fc 2 — 2ac 
/5 a ac 
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For (HO « 3 + /3 3 = (a + |S)(a 2 - a0 + p*) 

bib 2 — lac c\ , ... 
= -- ; 1 by(i) 

s , os _ _ £ Q> 2 — 3ac) _ lobe - b 3 

* + P 2 3 

a a a 

Example 2. If one root of the equation px 2 + qx + r = 0 is three 
times the other root show that 7>q 2 = I6pr. 

Suppose the roots are a and 3a(/3). Then from (5.5) and (5.6) 

a + 3a = 4a = — - and a . 3a = 3a 2 = - 
P P 

We eliminate a from these two equations. From the first equation 
« = -(q/4p) 

\4p/ p 

3q 2 _ r 
16/ p 

3q 2 = 16pr 

Example 3. The roots of the equation x 2 + px + q = 0 are y 
and 8. Form the quadratic equation whose roots are y + d and 
l/y + l/<5. 

Let the required equation be x 2 + Px + Q = 0 

By( , 5 > £ = _(^ + i + l) = 4 + , + »!±i) 



By( ,6, 2 = (7 + „(i + i) =(7 + ^_±i) 

_ (r + 3) 2 _p 2 

yd q 

.'. the required equation is x 2 + />/?(l + q)x + p 2 /q = 0 
i.e. qx 2 + + q)x + p 2 = 0 
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Exercises 5c 

1. If a and j8 are the roots of the equation 3x 2 — Ix — 1 = 0 find 
the values of (i) (a - |S) 2 (a) a 2 + p 2 (Hi) a* + /S 4 . 

2. If a and jS are the roots of the equation 5x 2 — 3x — 1 = 0, form 
the equations with integral coefficients which have the roots (i) 
1/a 2 and 1/jS 2 (fl) a 2 /j8 and /S 2 /a. 

3. Find the condition that the roots of the equation px 2 + qx + 
r = 0 should be (i) equal in magnitude and opposite in sign, (ii) 
reciprocals. 

4. One root of the equation px 2 + qx + r — 0 is twice the other 
root. Show that 2q 2 — 9rp = 0. 

5. y and 8 are the roots of the equation px 2 + qx + r — 0. 
Find in terms of p, q and r (i) y — 8, (ii) y 2 — d 2 , (iii) y z — 8 3 
[= (y - ^)(y 2 + yd + <5 2 )], (fo) y* - <5 4 . 

6. One root of the equation x 2 — px + q = 0 is the square of 
the other. Show that p 3 — q(3p + 1) — q 2 = 0 provided ? # 1. 

7. If a and /? are the roots of the equation ax 2 + bx + c = 0, form 
the equation whose roots are a//? 2 and 0/oc 2 . 

8. If one root of the equation px 2 + qx + r = 0 is four times the 
other show that 4q 2 — 25pr = 0. 

9. Find the relationship which must exist between a, b and c if the 
roots of equation ax 2 + bx + c — 0 are in the ratio p\q. 

10. Form the quadratic equation for which the sum of the roots 
is 5 and the sum of the squares of the roots is 53. 

EXERCISES 5 

1. Find in their simplest rational forms the quadratic equations 

whose roots are: (i) 3 ± V 5 > (») _2 ± V 2 > ("0 a ± 2b - 

2. Prove that if a, b and c are real the roots of the equation 
(a 2 + b 2 )x 2 + 2(a 2 + b 2 + c 2 )x + (b 2 + c 2 ) = 0 are also real. 

( x _ \\f x _ 5) 

3. Show that if x is real ; =77 cannot lie between 1 and 

(x - 2){x - 4) 

4. Can it attain these two values and if so for what values of xl 

4. If the roots of the equation px 2 — 6qx — (9p — 10#) = 0 are 
2a — 3 and 2/3 — 3, find the equation whose roots are a and |S. 

(L.U., part) 

5. For what values of k has the equation (x + i)(x + 2) = 
k(3x + 7) equal roots? 

6. Show that the roots of the equation (a — b + l)x 2 + 2x + 
(£» — a + 1) = 0 are both real if a and 6 are real. 

7. If a and /? are the roots of the equation 2p 2 x 2 + 2/?^ + 
qi — 2,p 2 = 0, show that a 2 + /S 2 is independent of p and q. 
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8. Show that the equation (x + l)(x — 4) = mx has two distinct 
roots for all real values of m. 

9. Prove that, for real values of x, the function „ X "j" — —r 

x 2 + 3x + 6 

cannot be greater than nor less than — Find for what values 
of x, if any, it attains these values. (S.U.J.B.) 

10. Show that the roots of the equation 2bx 2 + 2(a + b)x + 
3a = 2b are real when a and b are real. If one root is double the 
other show that a = 2b or 4a = 1 lb. 

11. For what values of k does the equation 10x 2 + 4x + 1 = 
2fcc(2 — x) have real roots ? 

( x _|_ 2) 2 

12. Show that the value of the expression ~ x cannot lie 

between 0 and 4 if x is real. 

13. Find the ranges of values of k for which the equation x 2 + 
(k — 3)x + k = 0 has (i) real distinct roots (ii) roots of the same 
sign. (J.M.B., part) 

a b 

14. Find the condition that the equation — — 1 — r = 5 

X CI X t? 

shall have roots equal in magnitude but opposite in sign. 

15. If a and b are real prove that the roots of the equation 
(3a — b)x* + (b — d)x — 2a = 0 are real. 

16. a and /J are the roots of the equation x 2 + px + q = 0. Form 
the equation whose roots are a. + /3 and a — j8. 

17. Show that for all real values of a and the value of the 

x 2 — olB 

function ^ „ cannot lie between a and 8. 

2x — a — p 

(J.M.B., part) 

18. lip and # are non-zero find the condition that the roots of the 
equation (x — p)(x — q) = fix are both real whatever the value of 
p. 

19. Show that if the roots of the equation 3x 2 + 6x — 1 + 
m(x — l) 2 = 0 are real, then m is not greater than •§ . Find m if one 
root is the negative of the other. 

20. Find the condition that the quadratic equations / x jc 2 + 
m^x + «j = 0 and l 2 x 2 + m 2 x + n 2 = 0 have a common root. 

21. Find the values of A: for each of which the quadratic equations 
x 2 + kx — 6k = 0 and x 2 — 2x — k = 0 have a common root. 

(J.M.B., part) 

22. If the quadratic equations x 2 + ax + b = 0 and x 2 + bx + 
a = 0 (a ^ b) have a common root, show that the solutions of 
2x 2 + (a + b)x = (a + ft) 2 are x = 1 and x = -J. (L.U., part) 
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23. If a and a' are the roots of the equation (x — fi){x — ft) = y, 
show that ft and are the roots of the equation {x — a)(x — a') + 
y = 0. 

24. If the roots of the equation x* + bx + c = 0 are a and /S and 
the roots of the equation x 2 + Vbx + ^ 2 e = 0 are y and d prove 
that: 

(0 (ay + ^)(a<5 + £y) = 2AV(Z> 2 - 2c) 

(ii) the equation whose roots are ay + (id and <x<5 + /3y is 
x 2 - A6 2 x + 2A 2 c(Z> 2 - 2c) = 0. (J.M.B., part) 

25. Find the limits between which k must lie in order that 

£^2 fa _|_ 4 

-7-5 7 — — 7 may be capable of all values when x is real. 
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6 



PROPERTIES OF THE 
TRIGONOMETRIC FUNCTIONS 



6.1. THE MEASUREMENT OF ANGLE 

When a line OP rotates from a position OX to some other 
position OP, the angle POX is said to be positive if the sense of 
rotation is anticlockwise, and negative if the sense of rotation is 
clockwise. Thus in Figure 6.1a zLPOX =115° and in Figure 6.1b 
ZPOX = -49°. 

Angles are generally measured in degrees (360° = one revolution) 
or radians, this latter unit being defined as follows. Let AB be an 
arc of a circle, centre O, equal in length to the radius r of the circle 
{Figure 6.2a). Then ZAOB is one radian. If CD {Figure 6.2b) is 




THE MEASUREMENT OF ANGLE 
an arc of length s, then ZCOD is defined to be 

0 = - radians (6.1) 

r 

From (6.1) one complete revolution is equivalent to lirr/r = 2tt 
radians. Thus we have the relationship between the two units 

277 radians = 360° 

77 radians = 180° ....(6.2) 
1 radian = J= 57-2958° = 57° 17' 45" . . . .(6.3) 

and 1° = — radians (6.4) 

180 

Example 1. Express the following angles in radians: (i) 37° (ii) 
-143° 10'. 
(0 By (6.4), 

37° = 37 X 77 radians = 0-6458 radians 
180 

07) -143° 10' = -143i° = -143-166° 

.-. -143 0 10' = - 143-166 X 77 radians = -2-499 radians 

180 

Example 2. Express the following angles in degrees and minutes 
correct to the nearest minute: (i) 2-1 radians (ii) -ir/12 radians. 
(0 By (6.3), 

2-1 radians = 2-1 X 180 degrees = 120-316° 

77 

= 120° 19' (correct to the nearest minute) 

77 - . / 77 180\° 1C0 

(ii) — radians = — X — =15° 

12 \12 77 / 

Although an understanding of the relationship between the units 
concerned is desirable, in practice the conversions of the examples 
above are best carried out with the aid of tables. 

Exercises 6a 

1. Express the following angles in degrees and minutes correct to 
the nearest minute: (i) 3-2 radians (ii) —1-58 radians (/ii) 77/5 
radians. 
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2. Express in radians (f) 235° (ii) 14° 4' (hi) -128° 10'. 

3. Which is the larger of the following pairs? (i) 129° or 2-16 
radians (ii) 19° or J radian. 

4. Verify the correctness of the following useful equivalents : 

(i) - radians = 90° (ii) - radians = 45° (Hi) - radians = 60° 
2 4 3 

(iv) - radians = 30° (v) — radians = 120°. 
6 3 

5. For which of the following angles will the positions of OP 
coincide? ZPOX = (i) - 120° (ii) 135° (Hi) 600° (iv) 240° (v) -225° 
(vi) 30°. 



6.2. THE TRIGONOMETRIC RATIOS FOR AN ACUTE 

ANGLE 

For an acute angle 6 the trigonometric ratios are defined as follows 
(see Figure 6.3). 



sin 6 = £ . 



cosec 6 — - . 

y 



cos 0 
sec 6 



x 
r 

r 

x ' 



tan 0 
cot 6 



y 

x 

X 

y 



....(6.5) 
....(6.6) 




Figure 6.3 

Thus we have immediately the following relationships between the 
six ratios 



cosec 6 



1 



sin 6 



Also 



and 



sec 6 = 



tan 0 



cot 6 



cote 



1 



cos 9 ' tan 6 

y _ y l x _ sin 8 



....(6.7) 



x rl r cos 0 
x x ly cos 0 



j> rl r sin 0 
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THE TRIGONOMETRIC RATIOS FOR AN ACUTE ANGLE 
Furthermore x 2 + y 2 = r 2 

2 2 
r r 

i.e. cos 2 0 + sin 2 0 = 1 ....(6.9) 

This may be written in either of the forms 

sin 2 0 = 1 - cos 2 0, cos 2 0 = 1 - sin 2 0 ....(6.10) 
In addition we have 

x 2 x x" 

1 + tan 2 0 = sec 2 0 ....(6.11) 

v 2 v 2 4- x 2 r 2 
and l + cot 2 0 = l + ^ 2 = ^^=- 2 

y y y 

1 + cot 2 0 = cosec 2 0 ....(6.12) 

The relationships (6.5) to (6.12), which are true quite generally for 
any acute angle, enable us to calculate all the trigonometric ratios 
if one is known, and are of value in rewriting trigonometric ex- 
pressions in alternative and simpler forms. 

Example 1. If sin 0 = 1/^/3 and 0° < 0 < 90° find the values of 
the other trigonometric ratios of the angle 0. 
From (6.10) 

cos 2 0 = 1- sin 2 0 = l-£ = f 
cos 0 = Vf 

By (6.8) 

^ A sin 0 1 

tan 0 = = — 

cos 6 

and by (6.7) 

sec 0 = 7l» cosec 0= V 3 and cot 0 = V 2 
Example 2. Show that sin 2 0 + (1 + cos 0) 2 = 2(1 + cos 0). 
The left hand side (L.H.S.) = sin 2 0 + (1 + cos 0) 2 

= sin 2 0 + 1 + 2 cos 0 + cos 2 0 
= 2 + 2 cos 0 

(since cos 2 0 + sin 2 0=1) 
= 2(1 + cos 0) 

= right hand side (R.H.S.) as required. 
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Example 3. Show that ( * + (±±sccx_\ = ^ x 
VI + cos xl \1 + cosec xl 

L.H.S. = ( 1 + Sinx ) 
\1 + cos XI 



COS X + 1 




sin x 

1 + sin x 1 + cos x sin x 



1 + cos x cos x 1 + sin x cos x 
Trigonometric identities may often be proved by reducing one 
expression (usually the more complicated) to the second. In other 
cases we may proceed by 

(i) showing that L.H.S. — R.H.S. = 0 or 

L H S 

(ii) showing that r ^ g = 1 • 

Example 4. Show that — S * n ^ — = Li_£2L^ 
1 — cos <f> sin <f> 

L.H.S. _ sin <f> sin <f> sin a <f> _ sin 2 <f> _ 

R.H.S. 1 — cos <f> 1 + cos (j> 1 — cos 2 <f> sin 2 <f> 

L.H.S.=R.H.S. i.e. -**±- = L + £2ii 
1 — cos <f> sin j> 

Exercises 6b 

1. If cos 6 = || and 0° < 0 < 90° evaluate sin 0, tan 6, cot 0, 
sec 0, cosec 0. 

2. If tan 9 = | and 0° < 6 < 90° evaluate sin 0 and cos 0. 

I X 2 W 2 

3. If x = a cos 0, simplify (i) a 2 - x 2 (ii) ^1 - =jj . 

4. If x = a tan 8, simplify (i) -^— 2 (ii) ^1 + 

5. If c = cos 0, express in terms of c (i) 3 sin 2 0 — 2 cos 0, 
(ii) tan 2 0 + 2 cos 0, (Hi) cosec 0 + sin 0. 

6. If 6 cos 2 6 + 2 sin 2 0 = 5 show that tan 2 8 = £. 

7. If a cos 2 0 + 6 sin 2 0 = c show that tan 2 0 = ^— ^ . 

o — c 

8. If cot 2 0 + 3 cosec 2 0 = 7 show that tan 0 = ±1. 
Show that : 

9. tan 0 + cot 0 = sec 0 cosec 0. 
10. 4-3cos 2 0 = 3sin 2 0+ 1. 
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11 



1 + cos 0 sec 0 — 1 



= 1. 



1 — cos 0 sec 0 + 1 

12. (1 + sin d) 2 + cos 2 0 = 2(1 + sin 0). 

13. (sin 0 + cos 0) 2 + (sin 0 - cos 0) 2 = 2. 

14. (cosec # — cot x) (cosec x + cot x) = 1. 

15. cos 4 4 — sin 4 4 = cos 2 A — sin 2 A. 

« , 1 — sin 0 , „. « 

16. — - — ; — - = (sec 0 — tan 0) 2 . 



17. 



1 + sin 0 
1 + tan A 



sec ^4 1 + sec A — tan A 



sec A + tan 4 — 1 sec A + tan 4 + 1 



18. 



cos 0 1 + sin 



■ + 



= 2 sec 0. 



1 + sin 0 ' cos 0 

19. If x' = x cos 0 + y sin 0 and y' — x sin 0 — y cos 0 show that 
x'» + / 2 = x 2 + / 2 . 

20. If x = /• sin 0 cos <f>, y = r sin 0 sin z = r cos 0 show that 
* 2 + J 2 + z 2 = r 2 . 



6.3. THE TRIGONOMETRIC RATIOS FOR ANY ANGLE 

The definitions of the trigonometric ratios given in the previous 
section can only apply to acute angles, since they involve the ratio of 
the sides of a right-angled triangle containing the given angle. In 
this section we shall define the trigonometric ratios in such a way as 




to be applicable to angles of any size. These new definitions, if 
applied to acute angles will of course yield the same results as before. 

We shall measure angles from a fixed line X'OX on the plane. 
Y'OY is a line in the plane perpendicular to X'OX (Figure 6.4). 
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This pair of lines divides the plane into four quadrants, XOY, 
YOX', X'OY', Y'OX (the first, second, third and fourth quadrants 
respectively). Let OP be any line in the plane through O and let 
Z.POX = 0. This is defined in accordance with the sign convention 
of section 6.1. 

Let x and y be the cartesian co-ordinates of P, referred to the 
axes X'OX, Y'OY, also defined with the usual sign conventions. Let 
OP — r be measured as positive for all positions of P. Then the 
trigonometric ratios for ZPOX are defined as 

sin0 = ^, cos0=-, tan0=^ ....(6.13) 

r r x 

and 

cosec0=— ^— , sec 6 = — - — , cot 6 = — - — (6.14) 

sin 0 cos 0 tan 0 




If these definitions are applied to an acute angle, i.e. one which 
lies in the first quadrant, the results are identical with those given in 
section 6.2 (see Figure 6.5). 

For other angles, however, we must take account of the signs of 
x and y. If P is in the first quadrant then x, y and r are all positive, 
so that the sine, cosine and tangent are all positive. If P is in the 
second quadrant y is positive and x is negative, so that the sine is 
positive but the cosine and tangent are negative. If P is in the third 
quadrant x and y are negative so that the sine and cosine are negative 
but the tangent is positive. If P is in the fourth quadrant x is 
positive and y is negative, so that the sine and tangent are negative 
but the cosine is positive. These results may be memorized with the 
aid of the following diagram which shows which of three ratios 
(sine, cosine and tangent) are positive in each quadrant. 



sin 


all 


tan 


cos 
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With the definitions (6.13) and (6.14) it is clear that the identities 
(6.9) to (6.12) will remain valid for angles in either of the four 
quadrants since the relation x 2 + y 2 = r 2 is true whatever the signs 
of x and y. 

The definitions (6.13) and (6.14) enable us to define the trigono- 
metric ratios for any angles. Tables of the trigonometric functions 
only exist for angles in the range 0° to 90°. These tables are however, 
quite sufficient, for the trigonometric ratios of any angle may be 
expressed in terms of the trigonometric ratios of an acute angle. 



Y 




lY' 

Figure 6.6 



The following general relationships proved below are of value in such 
transformations. 

First we observe that if ZPOX = 0 and ZP'OX = -0, then 
P and P' are the mirror images of each other in the line X'OX 
{Figure 6.6). Thus OP = OP' = r, say. 

Also, the abscissae of P and P' are the same, but their ordinates 
though equal in magnitude are opposite in sign, thus by (6.13) 



sin (-0) 



cos(-0) = 



= —sin i 



x 
r 



cos a ) 



tan (-0) 



— - = —tan 
x 



.(6.15) 



If P and P' are the ends of a diameter of a circle radius r, and 
ZPOX = 0, then ZP'OX = 180° + 0. But we can see (Figure 6.7) 
that in this case the abscissae and ordinates of P and P' are equal in 
magnitude but opposite in sign. 
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Thus by (6.13) 



sin (180° + 0) 
cos (180° + 0) 
tan (180°+ 0) 



-y 

r 



'1=1 
-x x 



—sin 0 
—cos 0 
tan 0 



..(6.16) 



p 


Y 




/ TV 
x' / [ \ 




i x 




0 




p\ 


Y' 





Figure 6.7 

If we replace 0 by —0 in (6.16) we obtain, after using (6.15) 
sin (180° - 0) = -sin (-0) = sin 0 
cos (180° - 0) = -cos (-0) = -cos 
tan (180° - 0) = tan (-0) = -tan 
Y 



..(6.17) 




If Z.POX = 0 and ZP'OX = 90° + 0 then P and P' lie on the 
ends of perpendicular radii of a circle centre O and radius r {Figure 
6.8). 
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Thus if P is the point (x, y), P' is the point with co-ordinates 
(— y, x). Thus 

sin (90° + 0)= - = cos0 * 
r 



cos (90° + 0) = — i = -sin 0 
r 



tan (90° + 0) = = -cot 0 



.(6.18) 




If we replace 0 by —0 in (6.18) we obtain after using (6.15) 
sin (90° - 0) = cos (-0) = cos 0\ 
cos (90° - 0) = -sin (-0) = sin 0 1 ... .(6.19) 

tan (90° - 0) = -cot (-0) = cot 6) 
If ZPOX = 0 and ZP'OX = 360° + 0, then P and P' coincide 
and if P is the point (x, y) P' is also the point {x, y) {Figure 6.9). 
Thus 

sin (360° + 0) = sin0' 

cos (360° + 0) = cos 0 ....(6.20) 

tan (360° + 0) = tan & 
If we replace 0 by —0 in (6.20) we obtain 

sin (360° - 0) = sin (-0) = -sin 0 \ 

cos (360° - 0) = cos (-0) = cos 0 j .... (6.21) 

tan (360° - 0) = tan (-0) = -tan 6) 
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Example 1. Evaluate (/) sin 150° (ii) cos 210° 070 tan 300° (iv) 
cos 420° 

(0 sin 150° = sin (180° - 150°) 

= sin 30° = 0-5 
07) cos 210° = cos (180° + 30°) 

= cos 30° = -0-866 I From 
077) tan 300° = -tan (360° - 300°) / tables 

= -tan 60° = -1-732 
(iv) cos 420° = cos (360° + 60°) 
= cos 60° = 0-5 

Example 2. Express in terms of the trigonometric ratios of positive 
acute angles (0 cos - 170° OOtan 210° (m')cos -300° (iv) sin -500°. 

(i) cos -170° = cos 170° = -cos (180 - 170°) = -cos 10° 

07) tan 210° = tan (180° + 30°) = tan 30° 

(iii) cos -300° = cos 300° = cos (360° - 300°) = cos 60° 

(iv) sin -500° = -sin 500° = -sin (360° + 140°) 

= -sin 140° = -sin (180 - 140°) = -sin 40° 

Exercises 6c 

1. Evaluate (0 sin 160° (ii) cos -400° (Hi) tan 520° (iv) sin -200°. 

2. Express in terms of the trigonometric ratios of positive acute 
angles (0 cos 190° (ii) tan -410° (iii) cos 300° (iv) sin -740°. 

3. Show that sin (270° - 0) = -cos 0, cos (270° - 0) = -sin0, 
tan (270° - 6) = cot 0. 

4. Show that sin (270° - 0) + sin (270° + 0) = -2 cos 0. 

5. Show that cos 210° cos 150° - sin 210° sin 150° = 1. 

6. Evaluate (0 sin 37r/2 (ii) cos — 97r/4 (/n)tan 1 l7r/3 (i'y)sin —877-/3. 

7. Evaluate (/) sin 180° (ii) sin 270° (iii) sin 360° (iv) cos 180° (v) 
cos 270° (vi) cos 360°. 

8. If sin 0 = 1/^/3 and 0 is obtuse find cos 0 and tan 0. 

9. tan 0 = f and d is in the third quadrant; calculate sin 0 and 
cos 0. 

10. If A, B and C are the angles of a triangle, show that (/) 
sin (90° + A) = —cos (B + C) and (ii) sin — ^ — = cos 2 • 



6.4. THE GRAPHS OF THE 
TRIGONOMETRIC FUNCTIONS 

For angles in the range 0° to 90° the trigonometric ratios have 
been tabulated. Thus the graphs of these ratios may be plotted very 
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accurately for acute angles. The results of the previous section then 
enable us to plot the graphs for other values of the angle. 

Less accurately we may obtain the graph of the function y = sin x 
as follows. Consider a circle of unit radius with centre O. Let 
X'OX and Y'OY be two perpendicular axes. Then if ZPOX = x 




Figure 6.10 



and P is on the circumference of the circle, sin x is equal to the 
projection of OP on the axis Y'OY. In Figure 6.10 several positions 
of OP corresponding to different angles are shown together with the 
projection of OP on Y'OY. These enable us to obtain the graph 
shown. 



—A 


^ 


/=cos X 

\ , A ,. 


-180° -90° 


0° 


90° 180° 270° 360° 450° 540° 



Figure 6.11 



From Figure 6.10 the maximum value of sin x is seen to be 1 and 
the minimum value — 1 . The graph crosses the x-axis at x = 0°, 
±180°, ±360°, etc. 

The graph for the function y = cos x can be obtained from 
Figure 6.10 by means of the relation 

cos x = sin (90° + x) [From (6.18)] 

Thus the ordinate of the sine curve at x + 90° is the ordinate of the 
cosine curve at x. The cosine curve is thus the sine curve moved 90° 
along to the left. This is shown in Figure 6.11 from which we see that 
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cos x has maximum and minimum value + 1 and — 1 respectively. 
The curve crosses the x-axis at x = ±90°, ±270°, ±450°, etc. 

For the function y = tan x, let C be the centre of a circle of unit 
radius at unit distance from a vertical line Y'OY. Let CP be a 
radius of this circle. Produce CP (or PC) to meet Y'OY at Q. Then 
OQ (with appropriate sign) represents the tangent of angle PCO. 
In Figure 6.12 various positions of P and Q are shown and the graph 
of y = tan x is obtained from this. 



From the graph we see that j> = tan x is unbounded at x — ±90°, 
±270°, etc. and crosses the x-axis at x = 0°, ±180°, ±360°, etc. 

The graphs above, or more accurately the tables of the trigono- 
metric functions, enable us to evaluate the trigonometric ratio of any 
angle. The ratios for the particular angles 30°, 60° and 45° can 
however be obtained exactly from considerations of an equilateral 
triangle and an isosceles right angled triangle. Thus in Figure 6.13 
OPN is an isosceles right angled trianglein which ON = PN = 1 unit. 
Then /_ OPN = 45° and by Pythagoras' theorem OP = y/2 units. 
Thus 



Y 




yztanx 



■x 



Y' 



Figure 6.12 



sin 45° 



ON I 

OP y/2' 



PN 

45° = — 
OP 




tan 45° 



106 



THE ADDITION FORMULAE 

In Figure 6.14 OPQ is an equilateral triangle of side 1 unit, ON 
being an altitude. Thus PN = NQ = i unit and ZOPN = 60°. 
Z PON = 30°. Now ON 2 = OP 2 - PN 2 = 1 - i = |. 



ON 


= V3 




sin 30° 


PN 

= —— = cos 60° 
OP 


1 

~~ 2 


cos 30° 


= — = sin 60 
OP 


_V_3 
2 


tan 30° 


PN 

= = cot 60° 
ON 


1 

V3 


tan 60° 


= cot 30° = 73 





....(6.23) 




Figure 6.13 Figure 6. 



The results (6.22) and (6.23) are often useful and are worth the 
trouble of memorizing. 

Exercises 6d 

1. Plot the graphs of (i) y — sec 6 (ii) y = cosec 6 (iii) y = cot 8 
for all values of d in range -720° to +720°. 

2. Plot the graph of (/) y = sin 2x (ii) y = cos (x + 45°) (iii) 
y = tan (2x + 30°). 

3. Plot the graph of (i) y = 3 cos x + 4 sin x and on the same 
scale (ii)y = 5 sin (x + 36° 52'). What do you notice? 

4. Plot the graph of (i) y = cos x — sin x and on the same scale 
(ii) y = 1/72 cos (x + 45°). What do you notice? 

5. Without using tables write down the values of (i) sin 120° (ii) 
tan —135° (iii) tan 315° (iv) cos —240° (v) sin 3tt/4 (vi) tan — 2tt/3 
(vii) tan — 57r/4 (viii) cos 57r/4. 

6.5. THE ADDITION FORMULAE 

In this tection we shall obtain formulae for the trigonometric 
ratios of the sum and difference of two angles in terms of the 
trigonometric ratios of those angles. 
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We shall prove these results to be valid for any pair of angles A 
and B. We first obtain an expression for cos {A — B) in terms of 
cos A, cos B, sin A and sin B. Suppose P and Q are two points on the 
circumference of a circle centre O and radius r and such that 
ZPOX = A, ZQOX = B. Then from the definitions of the sine 
and cosine (6.13) P is the point (r cos A, r sin A) and Q is the point 
{r cos B, r sin B). 

Figures 6.15a and b show two possible configurations. In 
Figure 6.15a ZPOQ = A - B, in 6.15b ZPOQ = 360° - {A- B). 




Y' Y' 

(a) (b) 
Figure 6.15 



In both cases (and all other cases, as our readers should easily 
verify) cos POQ = cos {A — B) by virtue of (6.20) and (6.21). 
Thus on applying the cosine rule (8.3) to the triangle OPQ, 

PQ2 = OP 2 + OQ 2 - 20P . OQ cos POQ 

= r 2 + r 2 - 2r 2 cos (A - B) = 2r 2 - 2r 2 cos {A - B) 

The triangle PQN obtained by drawing parallels to the axes 
through P and Q has Z.PNQ = 90°, PN = r sin A - r sin B, 
QN = r cos A — r cos B. 
.'. By Pythagoras 

PQ 2 = PN 2 + QN 2 

= r z sin 2 A — 2r 2 sin A sin B + r 2 sin 2 B + r 2 cos 2 A 

— 2r 2 cos A cos B + r 2 cos 2 B 

= r 2 (sin 2 A + cos 2 A) + r 2 (sin 2 B + cos 2 5) 

— 2r 2 (cos A cos 5 + sin ,4 sin 5) 
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On equating these two expressions for PQ 2 we obtain 

cos (A — B) = cos A cos B + sin A sin B (6.24) 

If in (6.24) we replace B by —B (i.e. —B by +B) we obtain 
cos {A + B) = cos (A) cos (— B) + sin A sin (— B) 
which by (6.15) gives 

cos {A + B) = cos ^4 cos B — sin ^4 sin B (6.25) 

In (6.24) replace A by (90° - A) 

:. cos (90° — A — B) = cos [90° - (A + B)] 

= cos (90° — A) cos B + sin (90° - A) sin 5 

.". by (6.19) we have 

sin (A + B) = sin ^ cos B + cos ^4 sin B (6.26) 

In (6.26) replace B by —B 

sin (A — B) = sin A cos (—5) + cos A sin (—5) 
and so by (6.15) 

sin {A — E) = sin ^4 cos B — cos ^4 sin B (6.27) 

From these results we obtain by division the corresponding 
formulae for tan (A + B) and tan {A — B) 

. , . , sin {A + 5) sin ^4 cos B + cos ^4 sin B 
tan (4 + B) = — ■ — - = ■ 

cos (A + B) cos A cos B — sin A sin B 
On dividing numerator and denominator by cos A cos B we obtain 

/ a , r.\ tan /I + tan B . , 

tan (A + B) = — ^— — - . . . .(6.28) 

1 — tan A tan B 

In the same way 

, . „, sin A cos B — cos A sin J3 tan A — tan B 
tan (A — B) = = 

cos A cos B + sin A sin B 1 + tan A tan B 

Example 1. Given sin 45° = cos 45° = 1/^/2, sin 30° = 1/2, 
cos 30° = 73/2, calculate sin 15°. 
By (6.27), 

sin 15° = sin (45° - 30°) = sin 45° cos 30° - cos 45° sin 30° 

= _L Vi_l_ 1 _ V 3 ~ 1 
V2' 2 V2' 2 2V2 
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Example 2. Show that tan (45° + A) = 



1 + tan A 
1 — tan A 



By (6.28) tan (45° + A) 



tan 45° + tan A 
1 - tan 45° tan A 



1 + tan A 
~ 1 — tan A 
since tan 45° = 1 . 



Example 3. Show that sin (x + y) sin (x — y) = sin 2 x — sin 2 y. 
L.H.S. = (sin x cos y + cos x sin y) (sin x cos y — cos x sin y) 
= sin 2 x cos 2 y — cos 2 x sin 2 y 
= sin 2 x (1 — sin 2 y) — (1 — sin 2 x) sin 2 j 
= sin 2 x - sin 2 j = R.H.S. 

Exercises 6e 

1. If sin A = i and cos B = A evaluate without using tables (/) 
sin (^4 + B) (if) cos (^ — B) (Hi) tan (^ + B), if y4 and B are acute. 
Is (^4 + E) an acute angle? 

2. If tan (x + y) = f and tan x = |, evaluate tan j. 

3. Evaluate without tables (z) cos 75° (zi) sin 75°. 

4. Use (6.25) to show that (z) cos (90° + A) = -sin ^ (z'z) 
sin (90° + A) = cos A. 

5. Show that (z) sin (180° - 4) = sin A (z"z) cos (180° - A) = 



—cos ^4. 



6. Simplify (z) sin 40° cos 30° - cos 40° sin 30° 

(zz) cos 50° cos 60° - sin 50° sin 60°. 

7. Simplify (z) cos 40° cos 30° + sin 40° sin 30° 

(zz) sin 150° cos 160° + cos 150° sin 160°. 




Show that: 




cos A cos B 




cot x + cot y 

12. (cos 0 + cos <f>) 2 + (sin 0 + sin </>)* = 2 + 2 cos (0 - <£). 




110 



MULTIPLE AND SUB-MULTIPLE ANGLE FORMULAE 

14. cos (A + B) cos (A — B) = cos 2 A — sin 2 B. 

15. tan + xj tan ^ — x j = 1. 

<zr tfl , ^, .sinO + Mcos© 

16. If tan A = n show that — = tan (0 + X). 

cos 0 — j« sin 6 

17. sin (X — a) = cos (x — a). Show that 



tan x — 1 

tan a = = tan 

tan x + 1 



18. Express in terms of the sines and cosines of A, B and C (/) 
sin (A + B+C) (») cos (A + B + C). 

19. Show that 

tan {A + B + C) = tan ^ + tan £ + tan C — tan A tan £ tan C 
1 — tan A tan B — tan B tan C — tan C tan ^4 ' 

20. If A, B and C are the angles of a triangle show that 

(/) cos A + cos (B — C) = 2 sin 5 sin C 

.... C . v4 — 2? A B 

(«) cos j + sin — ^ — = 2 sm - cos ^ • 



6.6. MULTIPLE AND SUB-MULTIPLE ANGLE 
FORMULAE 

If we put B = A in (6.26) and (6.25) we obtain 

sin 2A = sin A cos A + cos ^4 sin A 

i.e. sin 2^ = 2 sin .4 cos A (6.30) 

and cos 2A = cos 2 A — sin 2 A (6.31) 

Since cos 2 A = \ — sin 2 A and sin 2 A = 1 — cos 2 ^ this result 
can be put in either of the forms 

cos 2A = 2 cos 2 A — I (6.32) 

or cos 2A = 1 - 2 sin 2 A (6.33) 

A , „, . tanvl + tan/1 
Also tan 2A — ■ 

1 — tan A tan A 

i.e. tan 2A= 2 tan A ....(6.34) 

1 - tan 2 A 
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We can use these important results to obtain expressions for 

sin 3A, cos 3A and tan 3A, etc. 

sin 3/4 = sin (2A + A) = sin 2A cos A + cos 2A sin A 

= 2 sin A cos 2 A + (cos 2 ^4 — sin 2 A) sin ,4 
= 2 sin /4 cos 2 /I + sin A cos 2 ^4 — sin 3 A 
= 3 sin A cos 2 ^4 — sin 3 A 
= 3 sin A (1 — sin 2 y4) — sin 3 v4 
sin 3,4 = 3 sin .4 — 4 sin 3 .4 (6.35) 

cos 3 A = cos {2A + A) = cos 2,4 cos A — sin 2A sin ,4 

= (2 cos 2 A — 1) cos ,4 — 2 sin 2 ,4 cos A 
= 2 cos 3 ,4 — cos A — 2 cos A(l — cos 2 ,4) 
= 4 cos 3 A — 3 cos ,4 .... (6.36) 

,„ . , tan 2A + tan A 

tan 34 = tan (2A + A) = - — 

1 - tan 2A tan A 

2 tan A . . . 

+ tan A 



1 - tan 2 A 



2 tan A 

1 — tan A 



1 - tan 2 A 

_ 2 tan A + tan ,4 — tan 3 ,4 

~ 1 — tan 2 A — 2 tan 2 4 

3 tan ,4 — tan 3 A 

tan 3 A = — — — • • • -(6.37) 

1-3 tan 2 A 

If we replace A by x/2 in (6.30), (6.3 1), (6.32), (6.33) and (6.34) we have 

sin x = 2 sin - cos - (6.38) 

2 2 

cos x = cos 2 - — sin 2 - (6.39) 

2 2 

= 2cos 2 *-l ....(6.40) 
2 

= l-2sin 2 - ....(6.41) 
2 

2tan- 

tanx = — ....(6.42) 

1 -tan 2 ^ 
2 
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These results enable us to express sin x, cos x and tan x in terms 
of tan x/2. For with tan x/2 = t we have immediately from (6.42) 

tanx = -^- 9 ....(6.43) 



1 



„ . X X 

sin x =2 sin - cos - 
2 2 



~ • * X 

2 sin - cos - 



2 2 . 2"^t • 2 ^ 



O. X , • 9 X 

cos 2 - + sin 2 - 
2 2 



since cos — \- sin - = 1 



2 sin x/2 

cos x/2 on dividing the numerator and 

1 _l_ sm2 */ 2 denominator by cos 2 - 
cos 2 x/2 2 

sin x = 2f „ (6.44) 

1 + ( 2 

. „ x , sin 2 x/2 

sir - 1 — - 

2 cos x/2 
cos x = 





X 


cos 2 






2 




X 


cos 2 






2 


1 - 


t 2 


1 + 


t 3 



,2 



x i sin x/2 



2 cos 2 x/2 

cos x = ; -„ (6.45) 

1 +t 3 

Example I. If tan 6 = - 7 - and 0 is acute, calculate tan 0/2. 
We have from (6.43) with t = tan 6/2 

24 It 



7 1 -t 2 
24 - 24f 2 = 14/ 
24f 2 + 14* - 24 = 0 
i.e. 12f 2 + It - 12 = 0 

(4/ - 3)(3f + 4) = 0 
(=! or (=-| 
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but since 0 is acute so is 0/2 so that tan 6/2 is positive 

♦ 6 3 
tan - = - 

2 4 

Example 2. Show that — sin20 — _ t an 0. 

1 + cos 20 

, TT „ sin 0 cos 0 2 sin 0 cos 0 siufl . 

L.H.S. = = — = = tan 0. 

1 + 2 cos 2 0-1 2 cos 2 0 cos 0 

Example 3. Prove that cos* A — sin 4 A = cos 2^4. 
L.H.S. = cos 4 A — sin 4 A = (cos 2 ^ — sin 2 y4) (cos 2 ^ + sin 2 A) 

= cos 2 A — sin 2 ^4 

(since cos 2 A + sin 2 ^4 = 1) 
cos 4 A — sin 4 A = cos 2v4 = R.H.S. 
Exercises 6f 

1. If tan 0 = | calculate the possible values of tan 0/2. 

2. Show that tan 22|° = J 2 — 1, without using tables. 

3. If cos A = i find without tables sin 2A, cos y4/2 and tan A/2. 

4. Given cos 30° = V3/2 show that sin 15° = V( 2 - V 3 ) _ 

5. From the values of cos 30° and sin 30° deduce those of cos 60° 
and sin 60°. 

Show that: 

, sin 2A x . 

6. = cot A. 

1 — cos 2A 

7. tan 20 — tan 0 = tan 0 sec 20. 

0 1 + cos x + cos 2x 

8. = cot x. 

sin x + sin 2x 

_ sin 160 . . _ . , , „. 

9. = 16 cos 0 cos 20 cos 40 cos 80. 

sin 0 

10. (cos 0 - sin 0) 2 = 1 - sin 20. 
u 1 + tanM 1 



(1 + tan A) 2 1 + sin 2A 
12. sin 2 2<f> + 2 cos 2 <f> cos 2<j> = 2 cos 2 <f>. 

\4 2/1 



13. tan 2 



+ sin0 
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14. If tan 2 x = 1 + 2 tan 2 y show that cos 2x + sin 2 j> = 0. 

15. Express in terms of t = tan 0/2 (z) 1 + sin 6 («) 1 + sin 6 + 
cos 6 (Hi) sec 6 — tan 0. 

6.7. THE FACTOR FORMULAE 

The sums and differences of sines and cosines may be expressed as 
products of sines and cosines and vice-versa. 
From (6.26) and (6.27) we have 

sin (A + B) = sin A cos B + cos A sin B 

sin (A — B) = sin A cos B — cos ^4 sin B 

so that on addition 

2 sin ^ cos = sin (^ + E) + sin 04 - B) ... .(6.46) 

and on subtraction 

2 cos ^ sin B = sin 04 + #) - sin 04 - 5) ... .(6.47) 

Similarly from (6.24) and (6.25) 

cos (A — B) = cos A cos 5 + sin ^4 sin 5 

cos (A + 5) = cos ^4 cos 5 — sin ^ sin B 

so that 

2 cos A cos = cos 04 + 5) + cos (A - B) ... .(6.48) 

2 sin ^4 sin 5 = cos 04 - B) - cos 04 + B) ... .(6.49) 

These formulae enable us to express a product of sines and cosines 
as a sum or a difference. 

If we put A + B = C and A - B = D, so that A = \(C + 2)) 
and 5 = |(C — D) we obtain 

sin C + sin D = 2 sin i(C + D) cos J(C - D) 

sin C - sin D = 2 cos |(C + D) sin J(C - D) 

cos C + cos D = 2 cos |(C + D) cos |(C — D) 

cos C - cos D = -2 sin J(C + D) sin |(C - D) 

These formulae enable us to express a sum or a difference of two 
sines or cosines as a product. Note the minus sign in the last result. 

Example 1. Show that sin 2^4 cos 4 A + sin 3 A cos 9 A = J(sin 12^4 — 
sin 2A). 
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By (6.46) 

sin 2A cos 4A = \ sin (2A + A A) + \ sin (2A — 4A) 
= J sin 6A + | sin (—2/1) 
= | sin 6/4 — | sin 2/1 

Similarly 

sin 3 A cos 9/1 = £ sin (3 A + 9 A) + | sin (3/4 - 9,4) 
= \ sin 12/1 — | sin 6/1 

On addition we have 

sin 2v4 cos A A + sin 3 A cos 9A = \ (sin VIA — sin 2/1) as required. 

Example 2. Show that sin 7x + sin x — 2 sin 2x cos 3x = 4 cos 2 3* 
sin x. 

L.H.S. = sin Ix + sin x — 2 sin 2x cos 3x 

= 2 sin £(7x + x) cos |(7x — x) — 2 sin 2x cos 3x 

= 2 sin 4x cos 3x — 2 sin 2x cos 3x 

= 2 cos 3x (sin 4x — sin 2x) 

= 2 cos 3x . 2 cos £(4x + 2x) sin \{4x — 2x) 

= 4 cos 2 3x sin x 

Example 3. If sin 0 + sin = a and cos 0 + cos <f> = b show that 
We have 2 sin — = — cos — — 1 = a, 2 cos — ^ cos — — b. 

2 2 2 2 

On squaring and adding we obtain 

4 cos 2 ^i(sin 2 *-±± + cos 2 ^±i) = a 2 + fc 2 
2 \ 2 2 / 



2 4 

Exercises 6g 

Show that: 

1. sin 50° + sin 40° = ^2 cos 5°. 

2. cos 70° + cos 20° = J2 cos 25°. 
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the function a cos 0 + b sin 0 

3. sin 70° + sin 50° = ^3 cos 10°. 

4. cos 75° -cos 15° = -1A/2. 

5. cos 5 A + cos 3 A — 2 cos A cos A A. 

6. sin 6x — sin 2x = 2 cos Ax sin 2x. 

7. cos A — cos 13^4 = 2 sin 7/4 sin 6A. 

8. 2 sin 30 cos 0 = sin 40 + sin 20. 

9. 2 sin 70 sin 0 = cos 60 — cos 80. 

10. 2 cos 50 cos 0 = cos 60 + cos 40. 

.. cos 70 + cos 30 , -„ sin 0 + sin 50 

11. ! = cot 50. 12. = tan 30. 

sin 70 + sin 30 cos 0 + cos 50 

, , cos 70° — cos 50° . . sin 0 + sin <f> 4 0 + 6 

13. = —J3. 14. — = tan -. 

sin 70° - sin 50° v cos 0 + cos </> 2 

., sin 0 — sin 6 ^ 0 — <j> 
15. — = tan r . 

cos 0 + cos <f> 2 

16 cos 70° + cos 20° 
sin 70° + sin 20° _ 

17 sin P + sin 3ft + sin 5ft = tan ^ 
cos ft + cos 3ft + cos 5/3 

. „ cos 2a + cos 5<x + cos 8a A . 

18. = cot 5a. 

sin 2a + sin 5a + sin 8a 

19. tan HA - B) + tan J04 + E) = "° A . 

cos /4 + cos B 

20. cos 2 (a + ft) + cos 2 (a - ft) = 1 + cos 2a cos 2ft. 

21. 4 cos A cos ^/4 + cos ^/4 + = cos 3 A. 

22. sin A cos 3/4 — sin 3 A cos 5/4 = £ (sin 4.4 — sin 8/4). 

23. sin 4/4 sin 5/4 + sin 2/4 sin 1 1/4 = sin 7/4 sin 6/4. 

24. cos x + 2 cos 2x + cos 3x = 4 cos 2 (x/2) cos 2x. 

25. sin a + sin (a + 3x) + sin (a + 5x) + sin (a + 8x) 

. ■ , , ^ 3x 5x 
= 4 sin (a + Ax) cos — cos -y . 



6.8. THE FUNCTION a cos 0 + Z> sin 0 

Expressions of the form a cos 0 + b sin 0 arise in many practical 
problems. We shall show that this expression may be written 
in a form involving either the sine or the cosine of some other 
angle. We saw this in two particular cases (Exercises 6d, numbers 
3 and 4). 

If we set a cos 0 + b sin 0 = R sin (0 + a) then R and a can be 
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found by the following reasoning. We require a cos 0 + b sin 0 to be 
identical with 

R sin 6 cos a + R cos 0 sin a [= R sin (0 + a) by (6.26)] 

This will be so if R cos a = b and H sin a = a. If we square and add 
these equations we obtain 

R* (cos 2 a + sin 2 a) = a 2 + b 2 
i.e. R = V(« 2 + 6 2 ) 

On division we obtain 

R sin a _ a 
R cos a b 

a 

i.e. tan a = - 

b 

.'. a cos 0 + b sin 0 = ,V(a 2 + b 2 ) sin (0 + a) where tan a = - 

b 

. . . .(6.51) 

If we choose R to be positive, then a is determined by the signs of 
sin a and cos a (which are those of a and b respectively) and tan a = 
ajb. 

a b 
sin a - — — — , cos a = 



Alternatively if we set 

a cos 0 + b sin 0 = J? cos (0 — /?) 

= cos 0 cos + R sin 0 sin /S 

then R cos /? = a and i? sin /? = b. 
.'. on squaring and adding we have 

R = V(« 2 + 6 2 ) 

on dividing we have 

tan p = - 
a 

.'. a cos 0 + b sin 0 s= + b 2 ) cos (0 — £) where tan /3 = ^ 

....(6.52) 
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the function a cos 0 + b sin 0 

Example 1. Express in the form R sin (0 + a), 2 cos 0 + 3 sin 0. 
By (6.51) 

2 cos 0 + 3 sin 9 = ^(2 2 + 3 2 ) sin (0 + a) 

where tan « = f , sin * = 2/^/13 and cos « = 3/^/13 so that a is acute 
(See Figure 6.16). 




3 

Figure 6.16 

From tables a = 33° 41' 

2 cos 6 + 3 sin 6 = ^13 sin (6 + 33° 41') 

Example 2. Express in the form R cos (0 — a), cos 0 — 2 sin 0. 
By (6.52) 

cos 0 - 2 sin 0 = 7(1 2 + 2 2 ) cos (0 - a) 

where tan a = — f = —2, sin a = — f , cos a = | so that a lies in 
the fourth quadrant (Figure 6.17). From tables a = —63° 26' 

cos 0 - 2 sin 0 = ^/5 cos [0 - (-63° 26')] 

= V5 cos (0 + 63° 26') 



0 


1 












2 




V5\ 





Figure 6.17 



Example 3. Express in the form R sin (0 — a), cos 6 — sin 0. 
We notice that by (6.27) 

R sin (0 — a) = R sin 0 cos as. — R cos 0 sin a 
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If this is to be identical with cos 0 — sin 0 we need to choose R and a 
so that 

R cos a = — 1 and — R sin « = 1 

On squaring and adding we obtain 

R 2 (cos 2 a + sin 2 a) = (-1) 2 + (l) 2 = 2 

R = ^2 (N.B. We take the positive root) 

On division we have tan a = 1, but since sin a = cos a = — 1/^/2, 
a is in the third quadrant. From tables a = 225° (see Figure 6.18). 

cos 0 - sin 0 = sjl sin (0 - 225°) 





a 


1 I 


0 \ 




j i y 




1 


Aiz 





Figure 6.18 

Exercises 6h 

1. Express cos 0 + sin 6 in the form 
(/) A sin (0 + a) (if) B cos (0 - /J). 

2. Express 3 cos 0 — 4 sin 0 in the form R cos (0 + a). 

3. Express 2 sin 0 — 3 cos 0 in the form R sin (0 — a). 

4. Express 3 cos 20 + 4 sin 20 in the form R sin (20 + a). Hence 
state the maximum value of 3 cos 20 + 4 sin 20. 

5. By expressing sin 0 + 3 cos 0 in the form R sin (0 + a) cal- 
culate the maximum value of this expression. Find an acute angle 
0 for which this maximum is attained. 

6.9. THE INVERSE TRIGONOMETRIC FUNCTIONS 

If sin j = x we say that y is the number of radians in the angle 
whose sine is x. This we write as 

y — Sin -1 x 

y is called the inverse sine of x. The statements 

sin y = x and y = Sin -1 x (6.53) 
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are equivalent. Figure 6.19 shows the graph of the function y = 
Sin -1 *. It is easily derived from the graph jc = sinj. From the 
graph we see that to any value of x there correspond many possible 
values for y. This ambiguity can be avoided (see section 9.1) by 









! 
1 
1 
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2 


1 
1 
1 
1 

v 1 



Figure 6.19 



confining our attention to the value which lies in the range — tt/2 to 
7r/2. This value is called the principal value of the inverse sine and is 
conventionally denoted by sin- 1 x written with a small V. 
In the same way if x = cos y then y = Cos -1 * is the inverse 




■*~x 



Figure 6.20 

cosine of x. y is the number of radians in the angle whose cosine is 
x. The principal value of the inverse cosine is the value of y in the 
range 0 to n and is written cos -1 x with a small 'c'. The graph of 
cos -1 x is shown in Figure 6.20. 
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In the same way y = Tan -1 x is called the inverse tangent of x 
and means that x = tan y. The principal value of y is the value in 
the range —n\2 to tt\2 and is denoted by tan -1 x with a small 't'. 
The graph of tan -1 x is shown in Figure 6.21. 

Care should be taken to avoid confusing the inverse functions 
with the reciprocals of the trigonometric functions which should 
always be written 

1 1 1 
sin x ' cos x ' tan x 




Figure 6.21 



It follows as a direct consequence of the definitions above that 

sin (sin -1 x) = cos (cos -1 x) — tan (tan -1 x) = x (6.54) 

and 

sin -1 (sin y) = cos -1 (cos y) — tan -1 (tan y) = y (6.55) 

provided y lies in the appropriate principal value range. 

Although they are not used so much as the inverse functions 
already defined, it is possible to define the inverse functions Sec -1 x, 
Cosec -1 x, Cot -1 x. The principal value cosec -1 x is taken to lie in 
the range —tt/2 to tt/2, while the principal values sec -1 x and cot -1 x 
are taken to lie in the range 0 to n. 

Example 1. Show that tan -1 x = sin -1 - 



V(i + * 2 )" 

With tan -1 x = a, x = tan a. Now by (6.55) a = sin -1 (sin a) 
so we express sin a in terms of x. Since 

cosec 2 a = 1 + cot 2 a = 1 + -. = 

x 2 x 2 

sin 2 a = — - — - so that sin a = — — - — - . 
1 + x z V(l + x 2 ) 
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The sign of the square root is in accordance with our conventions 
for the principal value. If x is positive a will lie between 0 and 77/2 
so that sin a is positive. If x is negative a will lie between — w/2 
and 0 and so sin a will also be negative. 



a = tan 1 x — sin 1 ( — — - — — ) 



Example 2. Show that sin -1 (— x) = —sin -1 x. 

We consider the cases x positive, x negative and x zero separately. 
If x is positive and a = sin -1 x then a lies in the range 0 to 7r/2 
and sin a = x. 

—x = —sin a = sin (—a) 

sin -1 (— x) = — a = —sin -1 x 

If x is negative put x = — y so that y is positive. Then sin -1 (— y) = 
—sin -1 (y) be the above. Rearranging this we have 

sin -1 (y) = —sin -1 (—y) 

i.e. sin -1 (— x) — —sin -1 (x) 

If x is zero sin -1 0 = 0 = sin -1 (—0). Thus we have proved the 
result for all values of x. 

Example 3. Show that tan -1 x + tan -1 y — tan -1 ^ j . 

Let tan -1 x — ol, tan -1 y = ft so that tan a = x, tan /? = y. 
Now tan -1 x + tan -1 v = a + /? = tan -1 [tan (a + /?)] by (6.55) 



= tan -1 f tana + tan M by (6.28) 
\1 — tan a tan /S/ 



tan" 1 x + tan -1 y = tan -1 (-2-+Z. ) .... (6.56) 

\1 — xv/ 

Exercises 6i 

1. Write down the value of(/)cos -1 (lA/2)(») tan -1 1 (zzi)tan - V3. 

2. Evaluate (z) tan -1 (-1) (z7) sin -1 (-£) (z7z) cos -1 G/3/2). 

2x 

3. Show that 2 tan -1 x = tan -1 ^ 5 . 

1 — x z 

4. Show that sin -1 1 = cos -1 G/3/2). 

5. Show that cos -1 (— x) = n — cos -1 (x). (Consider the 3 cases 
x positive, x negative, x zero and proceed as in Example 2.) 
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6. Show that if cos -1 x, cos -1 / and cos -1 x + cos -1 / are all in 
the range 0 to tt\2 then 

cos -1 x + cos -1 y = cos -1 {xy — ,/[(l — x 2 )(l — y 2 )]} 

7. Find x if tan -1 x + tan -1 (1 — x) = tan -1 f . 

8. Show that 2 sin -1 x = sin -1 [2xJ(l — x 2 )] if sin -1 x < tt/4. 

9. Show that 2 sin -1 ^ = tan -1 iff. 
10. Show that tan -1 i + tan -1 f = tan -1 

6.10. SMALL ANGLES 

From the definition of the radian we see that if s is the length of an 
arc of a circle radius r which subtends an angle 6 at the centre then 

s = rQ (measured in radians) ....(6.57) 

[Cf. (6.1)] 




Figure 6.22 

Also if A is the area of the sector defined by the arc s and the 
bounding radii (See Figure 6.22) then 

A = _0 
area of circle 2ir 

A = nr 2 —=±r 2 d ....(6.58) 
2tt 

We shall use these results to obtain useful approximations to 
sin 6, cos 6 and tan 9 when 8 is small. 

In Figure 6.23 PR is a chord of a circle radius r subtending an 
acute angle 6 at the centre O of this circle. PT is the tangent at P. 

It is clear that area APOR < area sector POR < area A POT. 
Thus since OP = OR = r and PT = r tan 6 

\r 2 sin 6 < \r 2 6 < \r 2 tan 0 

sine <6< tan 6 ....(6.59) 

Thus 1 < < — or 1 > ^jj- > c °s 0, which is equivalent, 
sm 6 cos 6 d n 
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Now let 0 -> 0 when cos 0 -»■ 1 so that we have 
sin P 
0 



1 as 0-*O 



Thus 



sin i 



0 



^ 1 for small values of 0 



i.e. sin0=^0 if 0 is small ....(6.60) 

In practice this approximation is valid to about four decimal 
places for values of 0 less than 6°, although to use the approximation 
we emphasize that the units for 0 must be radians. 




£0 for small values 



Figure 6.23 

Since cos 0 = 1—2 sin 2 £0 and since sin \Q 

of 0 we have cos 0 ^ i _ if Q j s small .... (6.61) 
This approximation is more accurate than the coarser approximation 

cos 0 = 1 if 0 is small .... (6.62) 
From (6.60) and (6.62) we obtain by division 

tan 0 ^ 0 if 0 is small .... (6.63) 

Example 1. Find an approximate value of 0 if sin 0 = 0-48. 

Since sin 0 is nearly 0-5, 0 must be approximately tt/6 radians. We 
can improve on this first approximation by letting 0 = (77/6) — a 
where a is small. Then 



Thus since 



7T 

cos - = 
6 2 

we have 



0-48 = sin ( - — a I = sin - 
\6 / 6 

V3 



7T 1 

sin - = - . 
6 2 



cos a 



cos a : 



TT . 

cos — sin a 
6 



1, 



sin a — a, 



- V3 



1 
2 



a^-rrX 0-02 = 0-0231 radians 
a=^l°19' so that 0^=28° 41' 
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Example 2. The diameter of a halfpenny is one inch. At what 
distance will it subtend an angle of 15 minutes? 
Let AB be a diameter of the halfpenny, C its centre (Figure 6.24). 

Then AB = 1 in. = 20C tan AOC 



But 




Figure 6.24 

Exercises 6j 

1. Use tables to evaluate sin 0 for 0 = 1°, 2°, 3°, 4°, 5°, 10°. 
Convert 0 to radians and compare the values. 

2. Calculate tan 0 for the values of 0 in question 1. Compare the 
values of sin 0, 0 and tan 0 [See (6.58)]. 

3. Find an approximate value for 0 if sin 0 = 0-51. 

4. A hill 15 miles away has an angle of elevation of 30'. Find its 
approximate height in feet. 

5. Find the angle subtended by a building 150 ft. high at a distance 
of 5 miles. 

EXERCISES 6 

1. Show that tan 2 8 — sin 2 0 = sin 2 0 tan 2 0. 

2. Evaluate (/) cos 386° 07) sin - 429° (Hi) tan - 819° (iv) sin 881°. 

3. If 90° < x < 180° and sin x = 0-8 evaluate (/) cos jc (ii) tan x 
(Hi) sin 2x (iv) cos 2x. 

4. If sin 8 = s and 0 is acute express all the other trigonometric 
ratios of 6 in terms of s. 

5. Show that sin 4 8 + cos 4 0 = 1—2 sin 2 0 cos 2 0. 

6. Show that (sec 2 0 + tan 8) (cosec 2 0 — cot 0) = 1 + tan 2 0 + 
cot 2 0. 

7. Prove without tables that sin -1 f — cos -1 £§ = 2 tan -1 \. 

8. Show that sin A + 2 sin 5^ + sin 9 A = 4 cos 2 2A sin 5 A. 

9. If A, B, C are the angles of a triangle show that 
(i) sin A + sin B + sin C = 4 cos \A cos \B cos \C. 
(if) sin 2A + sin IB + sin 2C = 4 sin A sin B sin C. 

10. If tan 0 = 1//) and tan <f> = \jq and pq = 2 show that 
tan (0 + #) = /> + 
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11. Show that 

, , . (1 + tan A) 2 - 2 tan 2 A 
(a) sin 2A + cos 2.4 = 1 + tan2 A 

cos(2P — 30 + cos3Q „ 

(*) • ^ D ^ , • ^ = cot P. (L.U., part) 

w sin (2i> — 30 + sin 3g r 

. „ „ . 1 + sin x + cos x x 

12. Show that -t— — : 1 = cot ^ ■ 

1 + sin x — cos x 2 

13. Show that sin 0 + sin (0 + x) + sin (0 + 2x) + sin (0 + 3x) = 
4 cos (x/2) cos x sin (0 + 3x/2). 

14. Given that sin 2a + sin 2/S = p, cos 2a + cos 2/3 = q prove 

that d/o = tan (a + /3) 1 Prove also that „ , 4 { , - = sin ( a + ^ 
rn pt q* J r 2q cos a cos p 

and deduce an expression for tan a tan ft in terms of p and q. 

(J.M.B., part) 

15. Prove that 

(0 cot A — tan A = 2 cot 2,4 

(w) cot A — tan A — 2t&n2A = A cot 4J. 

16. Show that tan" 1 ^ = 2 tan" 1 §. 

17. If sin 0 = | * show that tan ^ — = Jx. 

„ „ „„ . 1 + sin x — cos x 1 + sin x + cos x 2 

18. Show that j-^—. ; h rT^ Z = ~ 

1 + sin x + cos x 1 + sin x — cos x sin x 

19. If 0 is not a multiple of n/2, and if x, y, z are given as sums of 
the following infinite series 

x = 1 + cos 2 0 + cos 4 0 + . . . 

y = 1 + sin 2 0 + sin 4 0 + . . . 

z = 1 + cos 2 0 sin 2 0 + cos 4 0 sin 4 0 + . . . 

prove that (/) x + y = xy {it) x + y + z = xyz. 

(J.M.B., part) 

20. Given that tan 30 = 2 evaluate without using tables 

sin 0 + sin 30 + sin 50 
cos 0 + cos 30 + cos 50 

(J.M.B., part) 
X + 1 

21. If sin (a + p 1 ) = A sin (a — /S) show that tan a = ^ _ ^ tan p\ 

22. If sin a + sin /? = p and cos a + cos /S = q show that 

(0 sin(a + / S) = -^_ 2) cos(« + ^) = ±(4r J i)- 
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23. If a, /S, y are all greater than irjl and less than 2tt and sin a = 
\, tan /? = y/i, cos y = 1/^/2 find the value of tan (a + + y) in 
surd form. (W.J.C.) 

24. (0 Express tan 3 A and cosec 4^4 + cot A A in terms of tan A. 
(») If cos 6 + cos 36 — k cos and sin 0 + sin 36 = & sin show 
that cos 0 = ± JA: and find the values of tan <j) and cos 2<f> in terms 
of*. (L.U.) 

25. Show that 



(0 



(») 



X v 
2 tan - tan - 
sin x sin y 2 2 

cosx + cos ^~l-tan 2 ^tan 2 ^ 



cos x cos y 
cos x + cos y 



2(1 - tan 2 * tan 2 ^ 



26. If 6 is an acute angle such that cos 6 = 1 — x, where x is 
so small that x 2 is negligible compared with unity, prove that 
cos 26 = 1 — 4x and cos 36 = 1 — 9x approximately. (L.U., part) 

27. Show that tan (B - C) + tan (C - A) + tan (A - B) = 
tan (5 - C) tan (C — ^) tan {A — B). 

28. Evaluate sin- 1 0-QS) + sin" 1 (1/^10). 

29. (0 Prove the identity a sin h0 — 2(a — 1) sin (n — 1)6 cos 6 + 
(a — 2) sin (n — 2)6 = 2 sin 6 cos (n — 1)0. 

(h) Prove that, if 0 < x < 1/^2, 2 sin" 1 x = sin" 1 2x^/(1 — x 2 ). 
(Note sin -1 x means "the principal value of the inverse sine of x", 
and '\/(l — x 2 )" means the positive square root.) State the corre- 
sponding formula if 1/^2 < x < 1. 

Express 2 cos -1 x as an inverse cosine, considering all values of x 
between 0 and 1. (S.U.J.B.) 

30. If tan 2<f> — sin 2(f> = x and tan 2$ + sin 2<j> — y show that 
(a) x\y = tan 2 <f> (b) (x 2 - j> 2 ) 2 = 16xy. (L.U.) 

31. Prove that 4 tan" 1 \ - tan" 1 = 77/4. 

32. Find x if tan" 1 2x + tan" 1 3x = tt/4. 

33. Express the functions 6 cos 2 6 + 8 sin 6 cos 6 in terms of 
cos 26 and sin 26. . Deduce an expression for the function in the 
form ^ + 5 cos (26 — a) where A and a are constants. Hence 
write down the greatest and least values of the function and find 
correct to the nearest minute, one value of 6 corresponding to each. 

(J.M.B.) 
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(if) cos 28 + cos 2<j> a 



EXERCISES 

34. If sin 6 + sin <f> = p and cos 6 + cos </> — q prove that 
( 0 tan e + tan^= (/ + ^_ 4/ 

(g 2 - P 2 )(P 2 + q* - 2) 
P a + 4 a 

35. If sin x = a sin 8 where a =£= 1, show that x ^ 0 + (a — 1) 
tan 0. 

36. Show that sin 3A = 3 sin ^ — 4 sin 3 ^. Deduce that sin 3 ^ + 
sin 3 (120° + A) + sin 3 (240° + A) = -f sin 3.4. 

(J.M.B., part) 

*37. If sin 0 + sin a> = a, cos 0 + cos co = b, and cos 8 cos co = 
c, show that (a 2 + 6 2 )(a 2 + b* - 4c) = 4a 2 . 

*38. If A, B, C are the angles of a triangle show that 

sin 3 A + sin 3 B + sin 3 C = 3 cos — cos - cos — 

2 2 2 

3A 3B 3C 
+ cos — cos — cos — . 
2 2 2 

*39. If A, B, C are the angles of a triangle show that 

A B C A , B C 

cot — cot — cot — = cot h cot — h cot — . 

2 2 2 2 2 2 

*40. Prove that sin (a + /S) sin (a — /S) = sin 2 a — sin 2 /J. By 
using this result or otherwise, prove that 

sin (a + B + y) sin (B + y — a) sin (y + a — /?) sin (a + B — 

= (a + 6 + c)(6 + c - a)(c + a - b){a + b - c) - 4a 2 Z> 2 c 2 

where a = sin a, b = sin /S, c = sin y. (J.M.B.) 
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TRIGONOMETRIC EQUATIONS 



7.1. THE GENERAL EXPRESSION FOR ANGLES WITH 
A GIVEN TRIGONOMETRIC RATIO 

In this chapter we shall consider equations in which the trigono- 
metric ratios of the unknown quantity occur. We shall show that 
the solution of such equations can be reduced to the solution of 
one or more equations of the type sin x = a, cos x = a, or tan x = a 
where a is known and x is to be found. We first consider these 
particular equations. 

As an example consider the equation tan x = 1. One solution 
is x = 45°, but this is not the only solution. From (6.16) 

tan (0 + 180°) = tan 0 

so that tan (45° + 180°) = tan 45° = 1 

Thus x = 225° is also a solution. Again tan (225° + 180°) = 
tan 225° = tan 45° = 1 so that x = 405° is also a solution. It is 
clear that we can proceed indefinitely in this way and obtain as 
solutions x = 45°, x = 45° + 180°, * = 45° + 2 x 180°, * = 
45° +3 X 180°, etc. From (6.17) 

tan (19 - 180°) = -tan (180° - 0) = tan 0 

so that 

tan (45° - 180°) = 1, tan (45° - 2 x 180°) = 1 etc., 

so that x = 45° - 180°, x = 45° - 2 x 180°, 

x = 45° - 3 X 180°, etc. 

are also solutions. All the solutions above may be expressed in the 
one form 

x = 45° + «180° 

where n is an integer, either positive, negative or zero. By giving n 
different values we obtain the different solutions of the equation. 
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ANGLES WITH A GIVEN TRIGONOMETRIC RATIO 

For the equation tan x = a suppose that 6 is any angle such that 
tan 6 = 0!.. (In practice 6 is found with the aid of tables of tangents.) 
Then any angle x = 6 + «180° where n is an integer will satisfy 
tan x = tan 6 = a. 

Thus all solutions of the equation tan x = a are of the form 

jc = 0 + »18O° ....(7.1) 
where n is an integer, positive, negative or zero. 
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Figure 7.1 

Reference to the graph y = tan x which is reproduced in Figure 
7.1 may help to clarify this. The horizontal line y = a is drawn on 
the same scale and intersects the tangent curve at points A, A', B', 
A", B" etc. 

If the abscissa of A is 6, that of A' is 0 + 180°, of A", 6 + 2 x 
180°, etc. and that of B', 6 - 180°, of B" 6 - 2 x 180° etc. If the 
angles are expressed in radians (7.1) assumes the form 

x=6 + ri7T ....(7.2) 

where n is an integer, positive, negative or zero. 

For the equation cos x — a we first observe that if a is numerically 
greater than one no solution will exist. If a is numerically less than 
one we proceed as follows. Figure 7.2 shows the graph of y = cos x 
and y = a drawn on the same scale. The abscissae of the points of 
intersection will give the solutions of the equation cos x = a. 

If 6 is an angle (the smallest) for which cos 6 = a the abscissa 
of A is 6. The abscissae of A', A", A'" etc. are 360° - 6, 360° + 6, 
2 X 360° - 6, 2 X 360° + 6, etc. The abscissae of B', B", B'" etc. 
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are —6, —360° + 0, —360° — 0 etc. These are all particular cases 
of the formula «360° ± 0 where n is an integer. Thus the general 
solution of the equation cos x = a (= cos 0) is 

* = «36O°±0 ....(7.3) 

or x = 2ms ± 0 (if angles are measured in radians) where n is an 
integer, positive, negative or zero. 
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We treat the equation sin x = a in the same way. Figure 7.3 
shows the graph y = sin x and y = a (— 1 < a < 1). From the 
graph we see that if sin 8 — a (0 is the abscissa of A) the other 
solutions are given by the abscissae of A', B', A", B" etc., i.e. 
180° - 0, -180° - 0, 360° + 0, -360° + 6, 540° - 0, -540° - 0 
etc. These are particular cases of the formula «180° + (— l) n 0 
where n is an integer. 




X 



Figure 7.3 



Thus if sin 0 = a, the general solution of the equation sin x = a 

is 

x = «18O o + (-l)"0 ....(7.4) 

ot x = mr + (— 1)"0 (if angles are measured in radians) where n 
is an integer, positive, negative, or zero. 
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ANGLES WITH A GIVEN TRIGONOMETRIC RATIO 

Example 1. Find the solutions of the equation sin x = 0-515 which 
lie in the range 0° to 360°. State the general solution. 

From tables sin 31° = 0-515, hence x = 31° is a solution. Thus 
by (7.4) the general solution is x = «180° + (-1)" 31°. With n = 0 
or 1 we obtain the solutions in the range 0° to 360°, 

i.e. x = 31° or x = 180° - 31° = 149° 

Example 2. Solve the equation tan x — — giving the general 
solution and the solutions which lie in the range 0° to 360°, 
From tables, or by (6.23), tan 60° = y/3. Thus by (6.17) 

tan (180 — 0) = —tan 0 so that tan 120° = — ^3 

.". one solution is 6 = 120°. By (7.1) the general solution is 

x = 120° + "180° 

With n = 0 or 1 we obtain solutions in the range 0° to 360°. 

i.e. x = 120° or x = 300° 

Example 3. Find in radians the general solution of the equation 

cos 2d = cos - 
From (7.3) the general solution is such that 

28 = 2/J7T ± ^0 — ~j where n is an integer 
Thus with the positive sign we have 

+ »- 4 



2d = 2mr + " w 



so that 6 = 2ti7T 

4 

With the negative sign we have 

26 = 2mr - 0 + - 
4 

so that 6 — 

3 12 

6 = 2nn — — or + — where n is any integer 
4 3 12 
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Example 4. Solve the equation sin 20 = cos 30 giving the general 
solution and solutions in the range 0° to 360°. 
Since cos 30 == sin (90° — 30) the equation is 

sin 26 = sin (90° - 30) 

so that by (7.4) 

26 = wl80° + (-1)"(90° - 30) where n is an integer 
6 [2 + 3(- 1)"] = wl80° + (- 1)"90° 
»180° + (-l)"90° . 
6 = — 2 + 3(— 1)" — (where n is an integer) 

Solutions in the range 0° to 360° are obtained by giving n particular 
values. 

With n = 0, 0 = *A = 18° 

With n = 2, 6 = = 90° 

With n = 4, 0 = *F = 162° 

With n = 6, 0 = = 234° 

With « = 8, 0 = = 306° 

Other positive values of n (all the odd values) lead to solutions 
outside the range 0° to 360°. 

180° 90° 

With n = —1,0 = — j = 270° but other negative values 

of n lead to solutions outside the range 0° to 360°. The required 
solutions are thus 18°, 90°, 162°, 234°, 270°, 306°. 

Exercises 7a 

Find the general solutions of the following equations. (Find all 
solutions in the range 0° to 360°.*) 

1. sin x = 0-831. 2. cos x = 0-7125. 

3. tan x = 2-1155. 4. cos x = —0-5577. 
5. sin x = -0-4775. 6. tan x = -0-300. 
7. sin 3x = 0-500. 8. tan 6x = -1-23. 

9. cos \x = ^-. 10. cos (2x - 30°) = 0-564. 

11. sin(x+ 18° 3') = 0-813. 

12. sin 4x = sin 2x. 13. tan 60 = tan 0. 
14. cos 3x = —cos x. 15. cos 2x — sin 3x. 
16. tan 2x = cot 3x. 17. sin 20 cos 30 = 0. 

* At first reading it is suggested that only solutions in the range 0" to 360° be 
considered. 



134 



TRIGONOMETRIC EQUATIONS INVOLVING DIFFERENT RATIOS 

18. tan 20 cot 40 = 0. 

19. (i) cos 6 = -I (if) tan 0 = J3. 

20. From the result of question 19 find the general value of 0 and 
the values in the range 0° to 360° which satisfy simultaneously 
tan 0 = cos 0 = —\. 

7.2. TRIGONOMETRIC EQUATIONS INVOLVING 
DIFFERENT RATIOS OF THE SAME ANGLE 

Trigonometric equations which involve more than one ratio of the 
same angle are generally solved by obtaining an equation which 
involves just one trigonometric ratio. This generally calls for the use 
of some of the identities (6.5) to (6.12). This latter equation is 
then solved for the particular ratio involved. This will result in one 
or more equations of the type considered in the previous sections. 
The following examples will illustrate some of the techniques 
commonly used. 

Example 1. Find the general solution and all solutions in the range 
0° to 360° of the equation 2 cos x — 3 sin x = 0. 
We have 2 cos x — 3 sin x = 0 

sin x _ 2 
cos x 3 

(Provided cos x ^ 0, which is so for our solutions but we must 
check this point.) 

tan x — | (= tan 33° 41' from tables) 

x = 33° 41' + /zl80° 
.". the solutions in the range 0° to 360° are, with n = 0 and 1 , 
33° 41' and 213° 41'. 

Example 2. Find x in the range 0° to 360° if 2 cos 2 x = 2 — sin x, 
Since cos 2 x = 1 — sin 2 x we have 

2 — sin x = 2 — 2 sin 2 x which involves only sin x 
2 sin 2 x — sin x = 0 
sin x (2 sin x — 1) = 0* 
sin x = 0 or 2 sin x — 1 = 0 i.e. sin x = J 
x = 0, 180°, 360° . . . «180° 
or x = 30°, 150°, . . . «180° + (-1)"30° 

.'. the required solutions are thus 0°, 30°, 150°, 180°, 360°. 

* Note that we do not divide by sin x since we should then lose the solutions 
which result from sin x — 0. 
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TRIGONOMETRIC EQUATIONS 
Example 3. Find 0 in the range 0° to 360° if 
2 sin 20 + 3 cosec 20 = 7. 
3 

We have 2 sin 26 + . = 7 which involves only sin 26 
sin 20 J 

2 sin 2 26 - 7 sin 26 + 3 = 0 

(2 sin 26 - l)(sin 26 - 3) = 0 

2 sin 20 — 1 = 0 or sin 20 — 3 = 0 
i.e. sin 26 = J or sin 20 = 3 

The second alternative gives no values for 6. If sin 26 = \,26 — 30°, 
180° - 30°, 360° + 30°, 540° - 30°, 720° + 30°. Since we require 
values of 6 in the range 0° to 360° we must find all values for 26 
in the range 0° to 720°. From the above we see that the required 
values for 6 are 15°, 75°, 195°, 255°. 

Example 4. Solve for 6, 3 sec 2 6 = 2 tan 6 + 4 
We have 3 sec 2 6 — 2 tan 6 — 4 = 0 

.". 3(1 + tan 2 6) — 2 tan 6 — 4 = 0, which involves only tan 6 

3 tan 2 6 - 2 tan 6 - 1 = 0 

(tan 6 - 1)(3 tan 6 + 1) = 0 

tan 6=1 or tan 6 = — $ 

If tan 6 = 1 = tan 45°, 

0 = 45° + Hi 80° 
If tan 6 = - J = tan (-18° 26')(tan 18° 26' = $ from tables) 
0 = «180° - 18° 26' 

Example 5. Solve for x in the range 0° to 360° 

3 cos 2 x — 3 sin x cos x + 2 sin 2 x = 1 . 
On division by cos 2 x we have 

3 — 3 tan x + 2 tan 2 x = sec 2 a: 
(We must check that our solutions do not give cos x = 0.) 
.'. 3 — 3 tan x + 2 tan 2 x = 1 + tan 2 x which involves only tan x 
tan 2 x — 3 tan x + 2 = 0 
(tan x — l)(tan x — 2) = 0 
tan x = 1 or tan x = 2 
x = 45° + nl80° or x = 63° 26' + «180° 
.-. the required solutions are thus 45°, 225°, 63° 26', 243° 26'. 
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Exercises 7b 

Find the general solution, together with all the solutions in the 
range 0° to 360° of the equations:* 

1. 2 tan 2 x — 3 tan jc + 1 = 0. 

2. 7 tan 2 x — 3 sec 2 x = 9. 

3. 8 sin 2 0 - 6 cos 0 = 3. 

4. 9 cos 0 = 4 sin 0. 

5. 4 cos jc = 3 tan x + 3 sec x. 

6. 3 sin 2 0 = cos 2 0. 

7. 4 cos 2 0 + 5 sin 2 0 = 5. 

8. tan x cosec jc = 5. 

9. cot 2 x + 2 cosec 8 jc = 6. 

10. 9 sin 2 x + 10 sin x cos x — 2 cos 2 x = 1. 

11. 7sec 2 0 = 6tan0 + 8. 

12. 2 tan 20 + 3 sec 20 = 4 cos 20. 

13. sin 20(1 + 2 cos 20) = 0. 

14. 6 sin 0 = tan 0. 

15. 3 sin 30 — cosec 30 + 2 = 0. 

7.3. TRIGONOMETRIC EQUATIONS 
INVOLVING MULTIPLE ANGLES 

If the equation for x involves trigonometric ratios of 2x, 3x, 
etc. we still seek an equation involving a single trigonometric ratio 
of a single angle be this x, 2x, 3x etc. This will generally require us 
to use the identities of sections 6.6 and 6.7. 

Example 1. Find x if tan 2x + 3 tan x = 0. 
From (6.34) we have 

^ tan X (- 3 tan x = 0 which involves only tan x 

1 — tan x 

2 tan x + 3 tan x — 3 tan 3 x = 0 

3 tan 3 x — 5 tan x = 0 

tan x (3 tan 2 jc — 5) = 0 

tan x = 0 or 3 tan 2 x — 5 = 0 

tan x = 0 or tan x = ^/f or tan x = — ^/f 

x = 0°, 180°, -180° etc; in general x = «180° if tan x = 0. 

* At first reading it is suggested that only solutions in the range 0° to 360° 
be considered. 
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If tan x = 71 = 1-291 = tan 52° 14' 

x = nl80° + 52° 14' 
If tan x = -VI = -1-291 = tan (-52° 14') 
x = «180° - 52° 14' 
The general solution is thus «180° or «180° ± 52° 14'. 

Example 2. Find all values of 0 in the range 0° to 360° for which 
cos 20 — cos 0 — 2 = 0. 

We have 2 cos 2 0 — 1 — cos 0 — 2 = 0 which involves only 
cos 0 

2 cos 2 0 — cos 0 - 3 = 0 
(2 cos 0 - 3)(cos 0 + 1) = 0 
2 cos 0 — 3 = 0 or cos 0 + 1 = 0 
cos0 = f or cos 0 = — 1 
cos 0 = —1 gives 0 = 180°, cos 0 = f gives no solution for 0. 

Example 3. Find 0 if sin 0 + sin 50 = sin 30. 
We have by (6.50) 

o • 9 + 5d 50-0 

sin 50 + sin 0 = 2 sin cos 

2 2 

= 2 sin 30 cos 20 

.'. The equation becomes 

2 sin 30 cos 20 = sin 30 

sin 30(2 cos 20 - 1) = 0 

sin 30 = 0 or cos 20 = I 

If sin 30 = 0, 30 = 0, 180°, 360°, 540° etc. (in general «180°). 
If cos 20 = \, 20 = ±60°, 360° ± 60°, 720° ± 60° (in general 
«360° ± 60°). Thus the general solution of the equation is 0 = «60° 
or 0 = «180° ± 30° where n is an integer. 

Example 4. Find all values of x in the range 0° to 360° for which 
sin 3x sin x = 2 cos 2x + 1. 
By (6.49) 

sin 3x sin x = £[cos (3x — x) — cos (3x + x)] 
.'. the equation becomes 

cos 2x — cos 4x «= 4 cos 2x + 2 
cos 4x + 3 cos 2x + 2 = 0 
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the equation a cos 0 ± b sin 0 = c 
But cos Ax = 2 cos 2 2x — 1 

.'. 2 cos 2 2x + 3 cos 2x + 1 = 0 which involves only cos 2x 

(2 cos 2x + l)(cos 2x + 1) = 0 

2 cos 2x = — 1 or cos 2x = — 1 

If cos 2x = -J = cos 120°, 2x = «360° ± 120° 

x = «180° ± 60° 

If cos 2x = - 1 = cos 180°, 2x = n360° ± nl80° 

x = nl80° ± 90° 

.-. the solutions in the range 0° to 360° are 90°, 270°, 60°, 120°, 
240°, 300°. 

Exercises 7c 

Find the general solution together with all solutions in the range 
0° to 360° of the equations:* 

1. cos 2x + sin 2 x = 1. 

2. 2 cos 2 6 - 3 sin 26 - 2 = 0. 

3. 2 cos 26 + 2 sin 6 cos 6 = 1. 

4. tan 29 - 1 = 6 cot 29. 

5. cos 6 + cos 50 = cos 26. 

6. sin x + sin 3x = sin 2x + sin 4x. 

7. cos fx cos £x = 1 + cos x. 

8. 2 cos 3x cos x = cos 2x + sin 2x + 1. 

9. sin 36 = cos 20 — 1 + sin 0. 

10. tan 20 tan 40 = 1. 



7.4. THE EQUATION a cos 0 ± b sin 0 = c 

Equations of the type a cos 0 ± sin 0 = c where a, b, c are 
constants may be solved by first expressing a cos 0 ± b sin 0 in the 
form ^ cos (0 =F «) [see (6.52)] or ^ sin (0 ± /?) [see (6.51)]. If we 
always write the equation with a positive, we need only use the first 
form. Alternatively, by expressing cos 0 and sin 0 in terms of 
/ = tan 0/2 [see (6.44), (6.45)] we can obtain an equation for tan 0/2 
from which 0 may be found. 

* At first reading it is suggested that only solutions in the range 0° to 360° be 
considered. 
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Example 1. Solve the equation 3 cos 0 — 4 sin 0 = —2-5. 
We have 

3 cos 0 - 4 sin 6 = J (3* + 4 2 )(| cos 6 - i sin 0) 
= 5(1 cos 0 - | sin 0) 
= 5(cos 0 cos a — sin 0 sin a) 

where tan a = I [cf. (6.52)] 

= 5 cos (0 + a) 

where a = tan" 1 1 = 53° 8' 

5 cos (0 + 53° 8') = -2-5 

cos (0 + 53° 8') = -i (= cos 120°) 

6 + 53° 8' = w360° ± 120° 

0 = k360° + 66° 52' or 0 = «360° - 173° 8' 

If we tackle this problem by the second method we have with 
t = tan 0/2 

3(1 ~ t 2 ) _ = _ 2 . 5 

1 + t 2 1 + t* 

3 — 3r 2 — 8/ = -2-5 - 2-5t 2 
6 - 6t 2 - 16* = -5 - 5t 2 
< 2 +16*-ll=0 

-16 ± V(256 + 44) -16 ± ^300 -16 ± 17-321 
~ 2 ~ 2 _ 2 

t = tan - = 0-6605 or -16-6605 
2 

- = nl80° + 33° 26' or - = nl80° - 86° 34' 

2 2 

.-. 0 = n360° + 66° 52' or 0 = n360° - 173° 8' as before 

An alternative method is to proceed as follows. We have 

4 sin d = 3 cos 0 + 2-5 
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the equation a cos 0 ± b sin 0 = c 
On squaring both sides 

16 sin 2 6 = 9 cos 2 0 + 15 cos 0 + 6-25 
i.e. 64 sin 2 0 = 36 cos 2 0 + 60 cos 0 + 25 

64(1 - cos 2 0) = 36 cos 2 0 + 60 cos 0 + 25 
100 cos 2 0 + 60 cos 0 - 39 = 0 

-60 ± J(3600 + 15600) 

cos 0 = — 

200 

_ -60 ± V19200 
~~ 200 

-6 ± 13-856 

_ 20 

cos 0 = 0-3928 or cos 0 = -0-9928 

0 = «360° ± 66° 52' or 0 = «360° ± 173° 8' 

In fact, as is readily verified, only the solutions 

0 = «360° + 66° 52' and 0 = «360° - 173° 8' 

satisfy the equation 3 cos 0 — 4 sin 0 = —2-5. The two other 
solutions are solutions of the equation 3 cos 0 + 4 sin 0 = —2*5, 
equivalent to —4 sin 0 = 3 cos 0 + 2-5 which on squaring gives 
16 sin 2 0 = 9 cos 2 0 + 15 cos 0 + 6-25 as before. 

Thus if we adopt this method for solving this type of equation we 
must check our solutions (cf. section 1.2). 

Exercises 7d 

Find the general solution together with all solutions in the range 
0° to 360° of the equations : 

1. 2 cos 0 + sin 0 = 1. 

2. 3 cos x + 4 sin x = 5. 

3. 24 cos x — 7 sin x = 12-5. 

4. 2 cos 0/2 + 3 sin 0/2 = 2. 

5. 5 cos 2x — sin 2x = 2. 

6. cosec 0 = 3 + 4 cot 0. 

7. sin 3x — cos 3x = 1. 

8. 5 cos 20 - V2 sin 20 = 3. 

9. sin 30 — 4 cos 30 = 4. 
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10. cos 6 + sin 6 + 1 = 0. (Write cos 6 and sin 6 in terms of 
/ = tan 0/2 and notice how part of the solution is lost if this method 
of solution is used.) 

EXERCISES 7 

1. Find all solutions in the range 0° to 360° of the equations: 
(/) sin 20 = 0-8799 

(ii) cos 40 = 0-5659 
(Hi) tan 6 = -1-7699 

(iv) sin 3x = sin 2x 

(v) cos 3x = sin x. 

2. Find all angles in the range 0° to 360° which satisfy (i) tan 6 + 
sec 6 = 2 (ii) cos 6 — cos 26 = J. 

3. Find x if 3 sin 2x = 7 - 8 cos 2 x. 

4. Find 6 in the range 0° to 360° if 

3(cos 26 — 1) = 4 sin 6 cos 2 6 

5. Find the values of x between 0° and 180° for which (i) sin 3x = 
sin x (ii) 2 cos 2 x — sin 2 x = 1 (Hi) sin 2x + cos x = 0. 

6. Find the general value of 6 if 3 tan 2 6 - 7 sec 6 + 5 = 0. 

7. If 3 cos 6 — 4 sin 6 — 2 = 0 find all values for 6 which lie in 
the range 0° to 360°. 

8. Find the general solution and all solutions in the range 0° to 
360° of the equations (/') sin 6 + cos 6 = sin 26 + cos 26 (ii) 
3(sec 6 - tan 6) = 1. 

9. Solve completely the equation cos 36 = 2 cos 26. [First use 
(6.36) to express cos 36 in terms of cos 6.] (W.J.C., part) 

10. Solve the following equations, giving all solutions within the 
range0°<x< 360°: 

(i) 2 sin 2 x = 2 + cos 2x (ii) 3 sin 2 x = 1 + sin 2x 
(Hi) sin (x + 30°) + sin (x + 60°) = cos (x + 45°) + 

cos (je + 75°). (L.U.) 

1 1 . Find the general value of x if 3 tan 2 x — 5 sec x + 1 = 0. 

12. Express the equation 2 cos 3^4 + 3 cos 2 A + cos A = 0 as a 
cubic equation in cos A. If one of the roots of this cubic is cos A = 
— 1, find general expressions for all values of A satisfying the 
equation. 

13. (i) Express tan 2x and tan 3jc in terms of tan x, and solve the 
equation tan x + tan 2x + tan 3x = 0. 

(ii) Solve the equation cos x + cos 2x = sin 3x. (In each equation 
give all solutions between 0° and 180° inclusive.) (S.U.J.B.) 
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14. State and prove a formula for sin A — sin B in terms of the 
angles %(A + B) and — B). [You may, if you wish, quote 
formulae for sin (x ± y).] 

Prove that sin Ix cos 2x — sin 5x cos 4x = sin 2x cos 3x and 
obtain a similar simpification of the expression 

sin Ix sin 2x — sin 5x sin 4* 

Give all the solutions between 0° and 180° of the equation 

sin Ix cos 2x = sin 2x cos 3x (S.U.J.B.) 

15. Find the values of 0 in the range 0° to 360° which satisfy the 
equation tan 0 — 3 cot 6 = 2 tan 30. 

16. Solve the equation cos x + cos 5x = cos 3x. 

17. Solve the equations (i) 3 sin x — 4 cos x = 2 (//) 24 sin x + 
7 cos x = 5. 

18. Find the general solution of the equation tan 2x = 2 sin x. 

(J.M.B., part) 

sin 50 

19. Prove that 4 cos 6 cos 36 + 1 = -7—5- . Hence find all the 

sin 6 

values of 6 in the range 0° to 180° inclusive for which cos 6 cos 36 = 

(J.M.B., part) 

20. Find the general solution of the equation 

sin (30 - Jtt) - sin (0 + \tt) = 2 cos 20 

21. Find all values of 0 in the range 0° < 6 < 360° for which 
tan 2 0 = 5 + sec 0. 

22. Solve the following equations, giving the general solutions : 
(0 cos 2x + 3 cos x = —2 

(i7) cos 3x = sin x 

(iii) sin (2x + 30°) cos (2x - 20°) = \. (S.U.J.B.) 

23. Find in the range — 180° < x < 180° the solutions of the 
equation 

cos 5x = cos x (J.M.B., part) 

24. Given that 5 cos 0 + 12 sin 0 = R cos (0 — a), where R and 
a are independent of 0 and R is positive, obtain the values of R and a. 
Hence find the values of 0 between —180° and 180° which satisfy 
the equation 5 cos 0 + 12 sin 0 = 3-25, giving the answers to the 
nearest minute. (J.M.B., part) 

25. Find the complete solution of the equation 

16 tan x + 6 cot x + 17 sec x = 0. 

26. Solve the equation 5 cos 0 — 12 sin 0 + 10 = 0. 
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TRIGONOMETRIC EQUATIONS 

27. Solve for x, tan" 1 x + tan" 1 (x - 1) = tan" 1 3 [use (6.56)]. 

28. Find all angles between 0° and 360° for which 

3 sin 36 + 2 cos 26 — sin 6 = 2 

29. Find the values of 6 in the range 0° to 360° for which 

sin 56 + 2 cos 2d + sin 8 = 0 

30. Find x if tan" 1 (2x + 1) - tan- 1 (2x - 1) = tan" 1 i 

31. Find to the nearest minute the values of 6 between 0° and 
360° that satisfy the equation 

4 cos 26 + sin 6 = 4 sin 2 6 + 3 (J.M.B., part) 

32. Solve the equation 

5 sin (x + 60°) - 3 cos (x + 30°) = 4 

giving all solutions between 0° and 360°. (L.U., part) 

33. If sin (a + 6) sin (/S + <j>) = sin (a + c£) sin + 6) prove that 
either a and /? or 6 and differ by a multiple of 77. (L.U., part) 

34. By putting t = tan 8 find the general solution of the equation 

(1 - tan 6)(1 + sin 26) = 1 + tan 6 

35. The acute angle 6 satisfies the equation 

sin (26 + a) = 73 cos (6 — a) 

If a is zero show that 6 = 77/3. If a is so small that its square may 
be neglected and 6 = 7r/3 + X, prove that X is approximately 4a. 

(J.M.B., part) 

36. (a) Find two values of 6 between 0° and 180° satisfying the 
equation 6 sin 2 6 = 5 + cos 6. 

(b) Find a value of x between 0 and 77 satisfying the equation 

sin (x + = cos — j j (J.M.B.) 

*37. Show that the equation a cos 6 + 6 sin 6 = c will have in 
general two solutions in the range 0° to 360° if a 2 + fo 2 > c 2 . a 
and /3 are two roots of the equation 8 cos 6 — sin 6 = 4 and both 
lie in the range 0° to 360°. Form the quadratic equations whose 
roots are sin a and sin /S. 

*38. If a and /? are two unequal values of 6 which satisfy the 
equation a cos 6 + b sin 6 = c show that 

(i) sin K* + P) sec H£ — «) = 

c — a 

(ii) tan ioc tan i/? = — ; — . 

c + a 
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EXERCISES 

*39. Show that the equation 

p cos 2 x + 2q cos x sin x + r sin 2 x = s (r ^ s) 

has a real solution only provided q 2 > (s — p)(s — r) and that in 
this case there are in general two solutions which are in the range 
0° < x < 180°. 2 q 
If 0 and <f> are these solutions show that tan (6 + <f>) = _ f . 

*40. If / = tan 6/2, write down expressions for sin 0 and cos 6 
in terms of t. Use these to show that the equation 

a cos 2 0 + b sin 2 6 + 2g cos 6 + 2/ sin 6 + c = 0 

can be written as a quartic equation in t. Write down an expression 
for tan + 6 2 + 0 3 + in terms of tan \d, tan |0 a , tan £0 3 and 
tan J0 4 . Deduce that the sum of the values of 0 which satisfy the 
equation above is an even multiple of tt. 



I 

6 
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8 

THE SOLUTION OF TRIANGLES 



8.1. THE SINE FORMULA 



The usual notation for a triangle is used. A, B, C denote the angles ; 
a, b, c, the sides opposite these angles. R is the radius of the circle 
through the points A, B, C, the circumscribed circle, and 
2s (= a + b + c) the perimeter of the triangle. 



Let R be the radius and O the centre of the circumcircle of 
A ABC. Draw the diameter BOD and join CD. 
In ABDC, 

ADCB = 90° (angle in a semicircle) 

LKDC = A or 180° -,4 (see Figure 8.1a and b) 

since ABDC is a cyclic quadrilateral. Thus 



c 




B 



Figure 8.1 



BC 
BD 
BC 



sin A or sin (180° - A) 



BD sin A 



a 



2R sin A 



(BD is a diameter) 



a 



2R 



sin A 
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THE COSINE FORMULA 



Similarly 



sin B 



= 2R, 



sin C 



= 2R 



Hence 



sin A sin B sin C 
a result generally known as the sine formula. 



2R 



....(8.1) 



8.2. THE COSINE FORMULA 

In AABC draw a perpendicular AL from A to meet BC, or BC 
produced at L. Consider these two cases separately: 




thence 




Figure 8.2 



Figure 8.2a 
BC = BL + LC 

BC = c cos B + b cos C 

a = c cos B + b cos C 



Figure 8.2b 

BC = BL - LC 
thence 

BC = c cos B — b cos (180° — Q 
i.e. 

a = c cos B + b cos C 



This result is common to both cases. 

By drawing the perpendiculars from B and C to the opposite 
sides two similar results can be obtained. Collecting these together 



we have 



a = b cos C + c cos B\ 
b = c cos A + a cos C ) 
c = a cos B + b cos A > 



....(8.2) 
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THE SOLUTION OF TRIANGLES 



By multiplying these equations by —a, b, c, respectively and 
adding them we obtain 





b 2 + c 2 


— a 2 = 2bc cos A 


which gives 


a 2 = b 2 - 


f c 2 — 2bc cos A \ 


Similarly 


b 2 = c 2 - 


fa 2 — 2ca cos B , 


and 


c 2 = a 2 - 


f b 2 - 2abcos C) 


These results are known as the cosine formula. 



Note that any one of the formulae (8.2) or (8.3) generates the 
others by a cyclic permutation of 




Example 1. The point P divides the side AB of a triangle ABC 
internally in the ratio m:n. If ^ACP = a, Z.BCP = /S and 
Z.BPC = 6 prove that m cot a — n cot /3 = (m + n) cot 0. 




Referring to Figure 8.3 and using the sine formula for the triangles 
ACP, BCP we have 

AP CP . AP sin a 

= , hence — = - — . . . . (i) 

sin a sin A CP sin A 

BP CP . CP sinB 

and = , hence — = .... (n) 

sinjS sinB BP sin/S 
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THE COSINE FORMULA 

From (i) and (//) 

m AP AP CP sin a sin B 
n _ PB _ CP PB _ sin A sin 0 
Also 6 = A + a and 6 = 180° -5-/3 

Eliminating ^4 and i? from (iii) by means of (iv) we have 

m _ sin a sin (180° — /? — fl) 
n sin (0 — a) sin /? 

_ sin a sin (/? + 6) 
sin (0 — a) sin /? 

_ sin a(sin /? cos 6 + cos ft sin 9) 
sin /?(sin 0 cos a — cos 6 sin a) 

Dividing above and below by sin a sin ft sin 6 we obtain 

m cot 6 + cot /? 

n cot a — cot 6 

i.e. m cot a — m cot 6 = n cot 0 + « cot /? 

so that m cot a — n cot j8 = (w + n) cot 0 

Example 2. In a triangle ABC when b, c and Z C are given there 
may be none, one or two solutions. Obtain rules for discriminating 
between the three cases giving a geometrical explanation each time. 
Which of the two following cases is ambiguous? Find the two 
possible values of a in the ambiguous case. 

(0 b = 406-3, c = 289-4, C = 37° 44' 

07) b = 355-7, c = 564-9, C = 68° 14' 

Since b, c and C are given we note that 

b = c 
sin B sin C 

so that 

sinB = -sinC ....(8.4) 
c 

Generally there are two values of LB less than 180°, the one 
obtuse, the other acute. Three cases need to be considered. 
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....(iv) 



THE SOLUTION OF TRIANGLES 



(a) b sin C > c 

Hence sin B = b sin C/c > 1 which is impossible 
.'. no solutions exist. 

Geometrically 

b sin C is the length of the perpendicular from A and is greater than 
the side c. Hence the circle centre A radius c does not cut CP 
(Figure 8.4). 



A 




C p 

Figure 8.4 

(b) b sin C = c 

. „ b sin C . 
sin B = = 1 

c 

and so B = 90°. Thus there is only one possible value for B. 

(i) If C < 90° the triangle exists and is right angled. 
.'. one solution exists. 

(U) IfC> 90° then B + C > 180°. 
.". no solution exists. 

Geometrically 

Since b sin C = c the circle centre A radius c touches CP at P 
(Figure 8.5). 
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THE COSINE FORMULA 

Hence there are two possible values of LB; one acute and the 
other obtuse [see (7.4)]. 

(0 Ifb<c then B < C and hence B can only be acute, because 
if B is obtuse (>90°) then C is obtuse (>90°) and B + C > 180°. 
.'. one solution exists. 

Geometrically 



(if) Ifb>c then B > C and provided C < 90°, B can be acute 
or obtuse. 

.". two solutions exist. 

If C > 90° neither value is admissible since B> C> 90°. 
.'. no solutions exist. 

Geometrically 



(Hi) b = c then B = C or 180° — C. For this latter value two 
sides of the triangle are coincident. Hence B = C gives the only 
solution, but it is only admissible if C < 90°. 
.'. one solution exists. 



A 




Figure 8.6 




b sin C<c, b>c, C<90° 



Figure 8.7 
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THE SOLUTION OF TRIANGLES 



Summary 



If b sin C > c 






no solutions 


b sin C = c 


and 


C < 90° 


one solution 






C > 90° 


no solutions 


/) <;i"n C <C r 


and 


ft < c 


one solution 


55 55 )> 


)) 


ft = c C<90° 


one solution 


55 5? 55 


5 5 


ft = c 0 90° 


no solutions 


55 55 >) 


55 


ft>c C<90° 


two solutions 


55 5) >> 


S J 


ft > c C> 90° 


no solutions 



In both the given cases ft sin C < c, but only in the first case 
is ft > c. Therefore the first case ft = 406-3, c = 289-4, C = 37° 44' 
is the ambiguous case. 




Figure 8.8 



sin B = 



b . _ 
- sin C 
c 

406-3 



Hence 

Now 

Hence 



sin 37° 44' 
289-4 

= 0-8590 

B = 59° 12' or 120° 48' 

^ = 83° 4' or 21° 28' 

c sin A 

a = 

sin C 

a = 469-5 or 173-1 



No. 


Log. 


406-3 
sin 37° 44' 


2-6088 
T-7867 


289-4 


2-3955 
2-4615 


0-8590 
289-4 

sin 37° 44' 


T-9340 
2-4615 
T-7867 


sin 83° 4' 


2-6748 
1-9968 


469-5 


2-6716 


sin 21° 28' 


2-6748 
T-5634 


1731 


2-2382 
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THE COSINE FORMULA 

Example 3. Given a triangle whose sides are in the ratio 4:5:6 
prove, without use of tables, that one angle is twice another angle. 

Since the sides are in the ratio 4:5:6 their lengths are 4k, 5k, 6k 
(a, b, c say) where A: is a constant. 

Formulae (8.3) can be rewritten 

b 2 4- c 2 — a 2 

cos A — ■ with similar results for cos B, cos C 

2bc 

Hence cos A = — ' """„ = - 

4 

„ , .~.v 9 

cos B = = — 

16 



25k 2 


+ 36k 2 - 


16k 2 




60k 2 




36k 2 


+ 16k 2 - 


25k 2 




48k 2 




16k 2 


+ 25k 2 - 


36k 2 


40k 2 



cos C 

Consider the smallest angle A 

cos 2A = 2 cos 2 A — 1 
= 2(f) 2 - 1 

= 4 

= cos C 

Hence 2A = 2mr ± C 

but since A and C are angles of a triangle 

2A = C is the only solution 

Example 4. A vertical tower stands on a river bank. From a point 
on the other bank directly opposite and at a height h above the 
water level, the angle of elevation of the top of the tower is a and 
the angle of depression of the reflection of the top of the tower is p. 
(Assume the water is smooth and the reflection of any object in the 
water surface will appear to be as far below the surface as the object 
is above it.) Prove that the height of the top of the tower above the 
water is h sin (a + /?) cosec (/? — a) and the width of the river is 
2h cos a cos /3 cosec (/9 — a). 
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THE SOLUTION OF TRIANGLES 



Refer to Figure 8.9. AB is the tower, O the observer, OP, OQ 
the horizontal and vertical through O. Let x be the height of the 
tower, and y the width of the river. 

A'B = AB = x, OP = BQ = y 

In AAPO AP = PO tan a 

x — h =y tan a ••••(!) 

In AA'PO A'P = PO tan p 

x + h = y tan P (ii) 




Figure 8.9 



Subtracting equation (i) from equation (ii) (to eliminate x) 
2h = y(tan P — tan a) 



Hence 



sin a \ 
cos a/ 



NCOS P 

_ I sin P cos a — sin a cos f} \ 
\ cos a cos p ) 

^ sin (fl - a) • 
cos a cos P 

y = 2h cos a cos p cosec (p — a) 
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To obtain the length of the tower x, multiply equation (i) by tan ft, 
equation (ii) by tan a and subtract 

x tan ft — h tan ft — x tan a — h tan a = 0 
x(tan ft — tan a) = 7i(tan a + tan ft) 
x I sin ft sin a \ ^ / sin a sin ft \ 
\cos ft cos a/ \cos a cos ft/ 
/ sin ft cos a — sin a cos ft \ _ j / sin a cos ft + cos a sin ft \ 
\ cos a cos ft / \ cos a cos ft / 

x sin (ft — a) = h sin (a + ft) 
whence x = A sin (a + ft) cosec (ft — a). 

Exercises 8a 

1. The point P divides the base AB of a triangle ABC in the ratio 
m:n. If ZBPC = 0, prove that 

7Z cot ^4 — m cot 2? = (m + n) cot 0. 

2. Without using tables prove that there is a triangle whose 
angles are cos -1 If, cos -1 i, cos -1 (— i). 

3. The median AD of a triangle ABC makes angles ft, y respec- 
tively with AB, AC and ZADB = 0. Show that 2 cot 0 = cot y - 
cot ft. If AD = 15 ft, ft = 35°, y = 30° find B, C, a as accurately 
as the tables permit. (W.J.C.) 

4. If in any triangle ABC 

cos A cos B + sin A sin B sin C = 1 

prove that ^ = B = 45°. 

5. In a triangle ABC the angle C is 60°. Show that c 2 = a 2 - 
a6 + 6 2 . If a, 6 are the roots of the equation 4x 2 — lOx + 3 = 0 
find the value of c and show that the length of the perpendicular 
from C to AB is (3V3)/16. (N.U.J.M.B.) 

6. In the triangle ABC the perpendiculars AL, CN from A, C to 
the opposite sides intersect at H. R is the circumradius and O is the 
circumcentre of the triangle ABC. 

(i) Prove that NA = b cos A, and ZNHA = B, and hence that 
AH = 2R cos A. 

(ii) Prove that ^OAH = C — B and hence by using the result 
in part (i) and applying the cosine rule to AOAH prove that OH 2 = 
^ 2 (1 — 8 cos A cos B cos C). 

7. Starting from the sine formula for a triangle ABC or otherwise, 

♦u r i b-e sin j(B - C) 

prove the formula = • 

a cos \A 
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A, B and C are three towns. C is due south of A, and the bearing of 
B from A is 30° west of south. B is 50 miles from C, and 10 miles 
nearer to A than C. Calculate the bearing of B from C. 

(S.U.J.B.) 

8. In the tetrahedron ABCD the three angles at A are each 60° 
and AB, AC, AD are of lengths 2, 3, 4 in. respectively. Find the 
angles of the triangle BCD. 2 _ .2 • ( A __ m 

9. Prove that, in any triangle ABC, = ^ 

' c 2 sin(A+B) 

10. Where possible solve the following triangles: 

(i) c = 2-718, b = 3-142, LC = 56° 18' 

(ii) c = 4-13, b = 5-62, LC = 61° 23' 
(i/O c = 5-62, b = 5-62, LC = 67° 54' 
(10) a = 651, c = 792, LC = 73° 22' 
(v) a = 58-7, c = 63-2, LA = 60°. 



8.3. THE AREA OF A TRIANGLE 

In triangle ABC let AD be the perpendicular from A to BC. 
Let A denote the area of the triangle. Referring to Figure 8.10 we 
have, since AD = c sin B, 




A = £BC . AD = \ac sin B ....(8.5) 

From (8.1) 

• r> b 

sin B = — 
2R 

and hence on substituting in (8.5) we have 

a abc 

A=- ....(8.6) 

The area of the triangle can be found in terms of the sides alone. 
From (8.5) „ . 

lac sin B = 4A 

and from the cosine formulae (8.3) 

2ac cos 5 = c 2 + a 2 — b % 
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THE AREA OF A TRIANGLE 
On squaring and adding noting that cos 2 B + sin 2 B = 1 we have 

4a 2 c 2 = 16A 2 + (c 2 + a 2 - b 2 ) 2 
or 16 A 2 = 4a 2 c 2 - (c 2 + a 2 - b 2 ) 2 
.-. 16A 2 = (2ac -c 2 -a 2 + b 2 )(2ac + c 2 + a 2 - b 2 ) 
= [b 2 -(a- c) 2 ][(a + c) 2 - b 2 ] 
= (-a + b + c)(b + a- c)(c + * + c)(a - b + c) 
Now if we let a + 6 + c = 2s 

16A 2 = (2s - 2a)(2j - 2c)(2s)(2s - 24) 
A 2 = s(j - a)(s - fe)(s - c) 
A = V[s(a - «)(* - - c)] .... (8.7) 

(Hero's formula) 

Example 1. Given that the sides of a triangle are of length a = 
3-57 in., b = 2-61 in., c = 4-72 in. find its area and the radius of its 
circumcircle. 





No. 


Log. 


2s = a + b + c = 3-57 + 2-61 + 4-72 


5-45 


0-7364 


= 10-90 


1- 88 

2- 84 


0-2742 
0-4533 


s = 5-45 


0-73 


T-8633 


Hence using formula (8.7) 




1-3272 




4-609 


0-6636 


A = V[5-45(5-45 - 3-57)(5-45 - 2-61)(5-45 


- 4-72)] 




= V( 5-4 5 X 1-88 x 2-84 x 0-73) 






= 4-609 in. 2 


No. 


Log. 


From (8.6) 


3-57 


0-5527 


^ abc 


2-61 


0-4166 


~ 4R 


4-72 


0-6739 


R = 9h 




1-6432 


4A 

3-57 X 2-61 X 4-72 
4 X 4-609 


18-436 


1-2656 


2-385 


0-3776 



R = 2-385 in. 
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Example 2. In the triangle ABC, b, c and B are given and have 
such values that two distinct solutions are possible. Show that the 
difference between the two possible values of the third sides of the 
two triangles is ly/(b 2 — c 2 sin 2 E). Also show that the difference 
between the areas is c sin By/(b 2 — c 2 sin 2 B). 
From the cosine rule for a triangle 

b 2 = a 2 + c 2 — lac cos B 

and since b, c and B are given this is a quadratic in a giving two 
possible values a l5 a 2 . Rewriting the equation as 

a 2 — lac cos B + (c 2 - b 2 ) = 0 




Figure 8.11 

we have a x + a 2 = 1c cos B (sum of the roots) 

a t a 2 = c 2 — b 2 (product of the roots) 
Hence a x — a 2 = ^/(^ — a 2 ) 2 

= VtOi + a a) 2 - 4 «i«2l 
= >/[4c 2 cos 2 B - 4(c 2 - b 2 )] 
= 2y/[b 2 - c 2 (l - cos 2 B)] 
= ly/(b 2 - c 2 sin 2 B) 

The two areas are (see Figure 8.11) given by \a 2 c sin B and J^c sin B. 
Hence the difference in areas is given by \(a x — a 2 )c sin 5. On using 
the above result we can write this as c sin ByJ(b 2 — c 2 sin 2 E). 

Exercises 8b 

1. In a triangle ABC, b, c and C are given and have such values 
that two distinct solutions are possible. The areas of the two triangles 
are in the ratio 2:3. Prove that 15(b 2 — c 2 ) = 24Z» 2 cos 2 C. (Hint: 
refer to section 8.3, Example 2.) 
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MISCELLANEOUS APPLICATIONS 

2. The median CC of a triangle ABC meets the side AB in the 
point C. If 0 is the angle AC'C prove that 

2c cos 6 _ c sin 6 _ 1 ,j 
a 2 - b 2 ~~ 2A ~ CC' 

3. If A is the area and R the radius of the circumcircle of the 
triangle ABC prove that cos A + cos {B — C) = 2A/ai?. 

4. If E is the middle point of the side CA of the triangle ABC and 
if A is the area of the triangle prove that 

cot AEB = BC * ~ BA * (L.U.) 
4A 

5. If px, Pi, p a are the lengths of the altitudes of a triangle and R 
the radius of its circumcircle prove that (i) 8A 3 = p 1 p 2 pa abc and 
(n) A = JdRpiPzPa). 

8.4. MISCELLANEOUS APPLICATIONS 

We shall end the chapter with some typical examples. 

Example 1. Show that, in any triangle ABC, tan \{B — C) = 

b — c 

7— — cot \A. Use this formula, rather than the cosine formula 
b + c 2 

(8.3), to solve the triangle in which b = 15-32, c = 28-6 and A = 
39° 52'. 

From the sine formula (8.1) we have that b = 2RsinB, c = 
2R sin C. Hence after cancelling 2R 

b — c sin B — sin C 



b + c sin B + sin C 

= 2 cos KB + C) sin \{B - C) . (g 
2 sin KB + C) cos |(B - C) 

= cot KB + C) tan KB - C) 

Hence tan KB - C) = tan KB + C) 

o + c 

But since \{B + C) = 90° — this can be rewritten 

tan KB - C) = cot ^ .... (8.8) 

b + c 
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THE SOLUTION OF TRIANGLES 
Since b = 15-32, c = 28-6 it is better to write the formula as 
b 



tan |(C - B) = 
Hence 
tan |(C - B) = 



c + b 



cot \A 



28-6 - 15-32 



28-6 - 
13-28 



15-32 
cot 19° 56' 



cot 19° 56' 



so that 



.(i) 



Also 



43-92 
= 0-8337 

B) = 39° 49' 

B) = 90° - \A 

= 90° - 19° 56' 

= 70° 4' ....(ii) 

From (i) and (ii), C = 109° 53', B = 30° 15'- 
Now 

= fr sin.4 = 15-32 sin 39° 52' 
sin B sin 30° 15' 

= 19-50 

and the required solution is B = 30° 15', C = 



No. 


Log 


13-28 
cot 19° 56' 


1-1232 
0-4405 


43-92 


1-5637 
1-6427 


0-8337 


T-9210 


15-32 
sin 39° 52' 


1-1853 
T-8069 


sin 30° 15' 


0-9922 
T-7022 


19-50 


1-2900 



109° 53', a = 19-50. 



Example 2. A, B are two points on the same level. The distance 
AB is c. The angles of elevation of the top T of a vertical tower from 
A and B are a and fi respectively. If T', the foot of the tower, is on 
the same level as A and B then ZT'AB = y and ZlT'BA = d. 
Find an expression for the height of the tower in terms of c, y, d 
and either a or /S. Also prove that sin d tan a = sin y tan fi. 
From the triangle ABT' (Figure 8.12) 



AT 



BT' 



AB 



sin d sin y 
Since the angle AT'B is 180° — y 
AT BT 



sin AT'B 
d then 



sin d sin y sin (y + 6) 



■--(i) 
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MISCELLANEOUS APPLICATIONS 
From the right angled triangle AT'T 

TT' = AT' tan a 



Hence from (i) 



TT' = 



c sin 6 tan oc 
sin (y + S) 



. . . .(ii) 




Hence from (i) 



TT' = 



- cm) 



Figure 8.12 

Similarly from the right angled triangle BT'T 

TT' = BT' tan /S 

c sin y tan 
sin (y + <5) 

Equating (ii) and (iii) and simplifying 

sin <5 tan a = sin y tan /3 

Example 3. A point Q is in a direction 6° N of E from a point O. 
P is a point between O and Q such that OP = x. R is due north of 
Q and QR subtends angles a and /S at O and P respectively. Prove 
that 

_ x sm a s ^ n ft 
~ sin (/3 — a) cos 8 

Refer to i^wre 5.75. In AORP 

OP _ RP 
sin ORP sin a 

but ZORP = jS — a 

x sin a 



Hence 



PR 



sin (/? — a) 
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In A PRQ 



THE SOLUTION OF TRIANGLES 
QR PR 



sin P sin PQR 
Now ZPQR = 180° - ZOQS = 180° - (90° - 6) 
= 90° + 0 

PR sin 0 



Hence 



sin (90° + 0) 



..07) 




From (i) and (ii) 



QR 



Figure 8.13 



_ x sin « sin P 
sin (P — a) cos 6 



Example 4. Prove that in any triangle ABC (i) cot B cot C + 
cot C cot A + cot A cot B = 1 and («') assuming 



A 

tan 2 : 



- fr - b)( s - c y 

s(s—a) 



where 2s = a + b + c prove that if the cotangents of the half-angles 
are in arithmetical progression then the sides will also be in arith- 
metical progression. 

(/) cot B cot C + cot C cot A + cot A cot 5 



. „/cos B , cos 
= cot C 



+ 



\sin B sin 



:os A \ 
in A/ 



+ cot A cot B 



x „ sin (A + B) , , „ 

= cot C ^ — — - 1 + cot A cot B 

sin A sin B 
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MISCELLANEOUS APPLICATIONS 
which, since C = 180° — A - B, 

A _ sin C , cos A cos B 

= cot C 1 

sin A sin B sin A sin B 



1 



sin /I sin B 

= 1 
sin A sin B 

= 1 
sin A sin £ 

= 1 
sin A sin B 

= 1 



(cos C + cos A cos 2?) 
{cos [180° - {A + B)] + cos A cos B} 
[—cos (A + B) + cos j4 cos 2?] 
(sin A sin B) 



(ii) Since tan : 



/ Rs - b)(s - c) 
V L s(s — a) 



s(s — a) tan — = s(s — o) 



Similarly 



Hence 



or 



Therefore 



(s - b)(s - c) " 
s(s — a) 

= V[s(s - a)(s - b)(s - c)] 

= A (Hero's formula) 

s(s — fr) tan — = A 
2 



s(s — c) tan — = A 
2 

^4 B 
s(s — a) tan — = s(s — b) tan — = s(s — c) tan 

(s — a) (s — b) (s — c) 



cot — cot - 
2 2 



cot • 



y4 B C 
(s — a) : (s — b) : (s — c) = cot — : cot — : cot — 
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But cot A/2, cot Bj2, cot C/2 are in arithmetical progression (given), 
hence (s — a), (s — b), (s — c) are in arithmetical progression. 
Hence —a, —b, —c or a, b, c, are in arithmetical progression. 

EXERCISES 8 

1. The sides a, c of a triangle ABC are of length 3 cm and 7 cm 
respectively, and the angle C is 76°. Find the angles A and B and 
the side b. Can there be two solutions ? 

2. Prove that for a triangle of area A 

ab = 2A cosec C, a 2 + b 2 = c 2 + 4A cot C 

(You may assume the cosine formula for a triangle.) Find the re- 
maining sides of a triangle in which one side is 5 in., the opposite 
angle is 45°, and the area is 15 in. 2 (L.U.) 

2Jbc 

3. If in any triangle ABC sin 6 = ^ cos \A prove that 
(b + c) cos 0 = a. b + c 

For the case b = 123, c = 41-2, A = 40° 50', find the value of 
sin 6 and hence the value of a. 

4. Two triangles ABC, PBC stand on the same side of the base 
BC of length 10 cm. If the angles ABC, PBC, ACB, PCB, are 
respectively 60°, 45°, 30°, 60°, calculate the distance AP. 

5. In a triangle ABC, b = 20-3 in., c = 15-8 in., B = 94° 12'. 
Show that there can be only one such triangle. Calculate the values 
of a, A, C and find the area of the triangle. 

6. If p is the altitude from A to BC of a triangle ABC, prove that 

(b + cf = a 2 + 2ap cot \A 
(b — cf = a 2 - 2ap tan \A 

Hence, or otherwise, given a = 80, p = 50, A = 37°, calculate 
b, c. (W.J.C.) 

7. The length of the sides of a cyclic quadrilateral ABCD are 
given by AB = 3, BC = 4, CD = 5, DA = 6. Calculate the angles 
B and D and the length of the diagonal AC. (N.U.J.M.B., part) 

8. A column is h ft. high. A man is standing at a horizontal 
distance a ft. from the base of the column, his eye level being at b 
ft. He notices that a statue on top of the column subtends an angle 
6 at his eye. Find the height of the statue. 

9. An observer O standing on top of hill finds that the angles of 
depression to two points A and B on the same horizontal level are 
a and /? respectively. If he is 300 ft. vertically above AB and the 
angle AOB is y, find the distance AB in terms of a, /?, y. 
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for the triangle in which a + b =18-5 in., A = 12° 14', B = 
45° 42'. 

11. In a triangle ABC the angle A is 60°, and the side a is the 
arithmetic mean of the sides b and c. Prove that the triangle is 
equilateral. 

12. Prove that in any triangle ABC 

(i) a = b cos C + c cos 5 

(ii) sin — B) = — - — cos \C 

{Hi) sin 2 B + sin 2 C = 1 + cos {B - C) cos A. (J.M.B.) 

13. In a triangle ABC, the lengths of the sides BC, CA, AB, are in 
the ratio 8:5:9. A point P is taken on BC such that BP : PC = 1:3. 
Prove that angle ACP = 2x angle APC. 

14. In the triangle ABC, the sides AB, AC are equal and contain 
an angle 26. The circumscribed circle of the triangle has radius R. 
Show that the sum of the lengths of the perpendiculars from A, 
B, C to the opposite sides of the triangle is 



15. The side BC of the triangle ABC is divided internally at a 
point Ai such that BAj = s — b, where s = \{a + b + c). Show that 
AjC = s — c. 

Points B x and Q are taken on CA and AB such that CB X — s — c 
and AC X = s — a respectively. Show that Z B^Ci ~ \{B + C) 
and prove that if Aj is the area of the triangle A^Cx 



Deduce that if A is the area of the triangle ABC 

s 2 A\ = A 4 sin A sin B sin C sin \A sin \B sin \C 



16. If the area of the triangle ABC is A and 2s = a + b + c prove 



2R{\ + 4 sin 6 - sin 2 6-4 sin 3 6) 



(J.M.B., part) 



A x = 2(j — b)(s — c) sin \B sin \C cos \A 



(J.M.B.) 



that 



A = 



cot \A + cot |B + cot \C 



Hint: assume 



tan 
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17. The medians AD, BE, CF of the triangle ABC meet at G. 
Prove that 

cot ZAGF + cot Z.BGD + cot Z.CGE = cot A + cot B + cot C 

18. A sloping plane bed of rock emerges at ground level in a 
horizontal line AB. At a point C on the same level as AB and such 
that BC = 1200 ft. and the angle ABC is 60° a vertical shaft CD of 
depth 300 ft. is sunk reaching the rock at D. Calculate the inclination 
of the plane of the rock to the horizontal. Another vertical shaft is 
sunk at M, the mid-point of BC, and reaches the rock at N. Given 
that AB is 1000 ft. calculate the inclination of AN to the horizontal. 
(Give answers to the nearest degree.) (J.M.B.) 

19. Solve completely the triangle ABC in which a = 2-818, 
b = 3-162, A — 56° 18'. Show that there are two solutions and find 
the area in each case. 

20. D and E are points dividing the side BC of triangle ABC 
internally and externally in the ratio p:q. If ZADC=0 and 
ZAEC = prove that (p + q)cotd — qcotB — p cot C, and 
write down the corresponding result for cot <f>. Hence prove that 
ZDAE = 90° only ifp:q=e:b. (S.UJ.B) 

21. If A, B, C are the angles of a triangle and the products 

cos 2A cos IB cos 2C,sin 2A sin 2B sin 2C 

have given values p, q respectively, prove that 

p — q cot 2 A = cos 2 2A 

and deduce that tan 2A, tan 2B, tan 2C are the roots of the equation 

(pt - q)(t* + 1) = t 

Show that if p = | and q = 0, then the angles of the triangle are 
in the ratios 1:3:4. (L.U.) 

22. In the triangle ABC, AC = 5, BC = 7 and angle CAB is 
60°. Prove that AB = 8. If D is a point on the circumcircle of the 
triangle on the side of BC away from A, and the angle CBD is 30°, 
show that sin ABD = H and find AD. (J.M.B.) 

23. Without using tables show that there is a triangle ABC whose 
angles are such that tan \A = f, tan \B = tan \C = J. 

24. Establish the sine rule for a triangle. 

A vertical tower AB stands on top of a hill which may be assumed 
to be a plane inclined at 8° to the horizontal. BCD is the line of 
greatest slope of the hill through B, the foot of the tower. The 
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angles of elevation above the horizontal of A from C and D are 
29° and 20° respectively and the length CD is 125 ft. Find the 
height of the tower. (L.U.) 

25. R is the radius of the circumcircle of a triangle ABC of area A. 
Show that A = \bc sin A and that R = aZ>c/4A. D is the mid-point 
of BC and P and Q are the feet of the perpendiculars from D to AC 
and AB respectively. Find the area of the triangle DPQ in terms of 
a, A and R. Show that the area of the triangle APQ is 

7^71 ( 3fe2 + c2 - fl2 X3c 2 + & 2 - a 2 ) (L.U.) 
16o c 

26. A point P is due south of a wireless mast and the angle of 
elevation of the top of the mast from P is a. A second point Q is 
due east of P and the angle of elevation of the top of the mast from 
Q is /?. The horizontal distance between P and Q is c and the vertical 
height of P above Q is h. If x is the height of the top of the mast 
above P, prove that 

x 2 (cot 2 0 - cot 2 a) + 2hx cot 2 £ + h 2 cot 2 /S - c 2 = 0 

Calculate the height to the nearest foot when 

a = 16°, /S = 16°, h = 35 ft., c = 340 ft. (J.M.B.) 

27. The base of a pyramid of vertex V is a square ABCD of side 
2a. Each of the slant edges is of length Oy/3. Find 

(i) the angle between a slant face and the base 
(h) the perpendicular distance of D from the edge VA 
(iii) the angle between two adjacent slant faces (J.M.B.) 

28. If a + /? + y = 90° prove that 

1 — sin 2 a — sin 2 /5 — sin 2 y — 2 sin a sin 0 sin y = 0 

A convex quadrilateral ABCD is inscribed in a circle of which DA 
is a diameter. If a = AB, b = BC, c = CD, d = DA prove that 
d 3 - (a 2 + b 2 + c 2 )d - 2abc = 0. (J.M.B.) 

29. Points P, Q and R are taken on the sides of a triangle ABC 
(P on BC, Q on CA, R on AB) and lines are drawn through these 
points at right angles to the sides on which they lie. Prove that they 
will be concurrent if 

B p 2 _ p C 2 + C Q2 _ Q A 2 _|_ AR 2 _ Rfi 2 = Q 

Hence or otherwise prove that the altitudes of any triangle are 
concurrent. 

If the altitudes of the triangle ABC are AD, BE, and CF and if 
A', B', and C are the mid-points of BC, CA and AB respectively, 
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prove that A'D . BC + B'E . CA + C'F . AB = 0, where the prod- 
ucts are counted plus or minus according to the directions indicated 
by the order of the letters. (S.U.J.B.) 

30. From a mountain peak P, 2000 ft. above sea level, observa- 
tions are taken of two further peaks, A and B. The horizontal 
distance of A from P is 3 miles, its angle of elevation from P = 10°, 
and its bearing from P is N 20° E. The horizontal distance of B 
from P is 1 mile, its angle of depression from P is 15°, and its bearing 
from P is N 80° E. Find 

(0 the horizontal distance of A from B 
(ii) the heights of A and B above sea level 
(in) the angle of elevation of A from B (J.M.B.) 

31. A tent covers a rectangular piece of ground of length / and 
breadth b. Each of the long sides of the tent is a trapezium inclined 
at <x to the ground and each of its ends is an isoceles triangle inclined 
at /S to the ground. Prove that 

(0 the height of the tent is \b tan a 

(if) the length of the top edge is / — b tan « cot /?. 

Find the total area of the tent. (J.M.B.) 

*32. The lengths of the sides AB, BC, CD, DA, of a quadrilateral 
ABCD are a, b, c, d respectively. The lengths of the diagonals 
AC, BD are x, y respectively. The sides AB, DC produced meet 
at an angle 0. Prove that b 2 + d 2 = x 2 + y 2 — lac cos 6. 

Further if P, Q, R, S, are the mid-points of the sides in the above 
order and if p = PR, q = QS, prove that p 2 — q 2 = bd cos <j> — 
ac cos 0, where <f> is the angle of intersection of the sides BC, AD 
produced. 

*33. From a point on the side line of a football field at a distance 
2h from the corner flag the angle between the directions to the goal 
posts at the same end as the flag is a. Denoting the angle between 
the directions to the nearest post and the flag by 6, show that 

tan 2 6 + -- tan 6 + 1 - - - cot a = 0 
2h 2h 

where d is the distance between the posts. If, when the distance 2h 
is changed to h, the angle a changes to 2a, determine d in terms of h 
and tan a. (J.M.B.) 

*34. A long square peg with cross section of side a and with flat 
ends perpendicular to its axis is placed in a round cylindrical hole of 
diameter d (>a^j2) and uniform depth h. The peg rests with its 
axis making an angle 6 with the axis of the hole. The edge CD of the 
end face ABCD of the peg rests on the bottom of the hole, and 
the corners A and B are in contact with the wall of the hole. Also 
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the long edges through C and D rest against the upper rim of the hole. 
Show that the depth of the hole is given by the equation 

h tan 0 = vV 2 -a 2 ) -a cos 0 (J.M.B.) 

*35. Two vertical cliff faces are at right angles and intersect in 
the line AOB, with B above A. A thin plane stratum of rock passes 
through O and intersects the cliff face in lines OL and OM respectively, 
each of which makes an acute angle 0 with OB. Prove that 

(i) the angle between the two lines of intersection is cos -1 (cos 2 0) 

(ii) the angle of inclination of the stratum to the horizontal is 
tan- 1 (y/2 cot 0). (J.M.B.) 
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THE FUNDAMENTAL IDEAS OF 
THE DIFFERENTIAL CALCULUS 



9.1. FUNCTIONS 

The calculus has at its foundations the notion that the value of one 
quantity may depend on the value of another quantity. For example, 
the volume of a sphere depends on the radius of the sphere, the 
relationship between the two quantities being expressed by the 
formula V = itrr 3 , where r is the radius in some units of length 
and V is the volume, measured in appropriate units. The area, A 
square units, of a square is related to the length / units of one of the 
sides by the formula A = P. These are two fairly simple examples 
and our readers will probably be able to provide many more. 

When the value of one quantity depends on the value of a second 
quantity we shall say that the first quantity is a function of the second 
quantity. For the above examples we would say that V is a function 
of r, and A is a function of /. In both the examples given, the two 
quantities have been related by means of a mathematical formula, 
expressing one in terms of the other. This will often be so when one 
quantity is a function of another but it is not essential. The weight 
W lb. of an individual depends on the age a years of that individual 
and so W is a function of a, but it is not possible to express W in 
terms of a. Other examples of this type of situation could be given, 
and we emphasize the point that the real criterion for saying that 
one quantity is a function of another, is that the first depends in 
some way on the second quantity. 

Unless we are dealing with a particular example we shall generally 
use the symbols y and x to denote the two related quantities. The 
statement "y is a function of x" is expressed mathematically by 

Witing v = f(x) ....(9.1) 

The "f" is used to indicate dependence on the bracketed quantity 
(x). Other letters can be used to distinguish between different 
functions, the more commonly used symbols being ¥(x), <f>(x), <I>(x). 
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As the value of x varies the value of y varies in a way determined 
by the particular function. The value of y depends on the value of x. 
For this reason y is called the dependent variable, x is called the 
independent variable. The value of y or f(x) when x has the value 2 
say is denoted by f(2), and in general when x has the value a the 
value of f(x) is denoted by f(a). If f(x) is expressible as some formula 
involving x, these values can be calculated by substitution into this 
formula. 

Example 1. If f(x) = x* - 3x evaluate f(2), f(3), f(-5), f(a). 

f(2) = 2 a - 3 x 2 = -2; f(3) = 3 2 - 3 X 3 = 0; 

f(_5) - (-5)2 - 3 x (-5) = 40; f(a) = a 2 - 3a. 

As we have indicated above x is called the independent variable 
and may be given any value. It does not, however, necessarily 
follow that to each and every value of x there corresponds a value for 
y. A function y = f(x) is said to be defined for a certain value a, 
of x, if a definite value of y = f(a) corresponds to this value of x. 

Example 2. For what values of x are the following functions 

defined? (/) i(x) = 2x - 5; (») f(x) = j-jjjj . 

(/) y = f(x) — 2x — 5 is defined for all values of x since to any 
value of x we obtain a value of y. 

(ii) y = f(x) = ^_ is defined for every value of x except x = 2 

since if we try to evaluate y when x = 2 we obtain £ which is meaning- 
less since division by zero is not a valid operation.* 

If the functional relationship between y and x is expressed by a 
formula giving y in terms of x we say that y is an explicit function 
of x. The functions just considered, y = x 2 — 3x, y = 2x — 5, 

j = — ^ are all cases where y is an explicit function of x. It 

may be that the relationship between the quantities y and x is 
expressed by means of an equation of the type for example 3y + 
4x — 5 = 0 or x s + y 3 = 27. In this situation we say that y is an 

* Our readers will soon convince themselves that it is not possible to obtain a 
consistent arithmetical system if division by zero is allowed. Paradoxes such as 

1x0=2x0 

1=2!! 

result if division by zero is valid which, we repeat, it is not. 
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implicit function of x. It is in fact possible to express y as an explicit 
function in both these cases. Thus for the first example y = £(5 — 
Ax), and for the second example y = -^(27 — x 3 ). This will not, 
however, always be the case. If j 5 + xy + x 3 = 3 is the equation 
which defines y as an implicit function of x, then to express y explicitly 
in terms of x we should have to solve the quintic equation y 5 + 
xy + * 3 — 3 = 0, and this is not possible for a general value of x. 

We shall call a function a single valued function of x if to any 
given value of x there is one and only one value for y. Thus y = x 2 
is a single valued function of x since to any value of x, say x = 9, 
there is just one value for y, (y = 9 2 = 81). This is not true of the 
function y = y/x since corresponding to x = 9 say, there are two 
possible values for y, y = +3 or y = -3. We call the function 
y = \J X a two-valued function of x. In general, if to a value of x 
there corresponds more than one value of y, we shall say that y is a 
many-valued function of x. It is clear that serious ambiguities can 
arise in dealing with many valued functions. There is no way of 
telling for example when dealing with the function / = whether 
the positive root or the negative root should be chosen. To avoid 
this type of confusion mathematicians prefer to work with single- 
valued functions. In the example given we would work with either 
of the two single-valued functions of x; y = +Jx or y = —Jx. 
It is conventional that the square root sign on its own refers to the 
positive square root. We shall adhere to this, so that y — yfx will 
mean the positive root of x, and so, with this convention, is a single- 
valued function of x. 

Exercises 9a 

1. A rectangular enclosure is made using 100 yd. of fencing. The 
fencing is used on three sides only the fourth side consisting of a 
stone wall. If the length of wall used for the enclosure is x yd. find 
the area of the enclosure A yd. 2 as a function of x. 

2. A cylindrical can open at one end is constructed so that its 
combined length and girth is 20 cm. If the height of the can is h 
cm, express the volume of the can as a function of h. If the radius of 
the can is r cm, express the surface area of the can as a function of r. 

3. In the triangle ABC, AB = AC = 10 cm. If ZABC = x°, 
express the height h of the altitude from A to BC as a function of x 

4. f(x) = x 3 - 3x. Evaluate f(l), f(2), f(-l). 

5. <f>(x) = x 2 - 5x + 6. Evaluate <£(0), ^(1). For what values of 
x is <f>(x) = 0? 

6. F(0) = cos 6 - sin d. Evaluate F(0), F(tt/2). For what values 
of0isF(0) = O? 
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7. For what values of x is the function (f>(x) = 2x/(x — l)(x — 2) 
defined ? 

8. For what values of x is the function (x — 3)(x — 7) negative? 
For what values of x is the function y/[(x — 3)(x — 7)] defined? 

9. Define y as an explicit function of x (if possible) when (i) 
xy + 4y = x 3 ; (») x + _y + y 2 = x 2 ; (iii) x B + J 5 + xj = 3. 

10. If y is defined as an implicit function of x by the relations 
(/) xy + y 2 = 2; (ii) xj 2 + j 4 + 1 = 0, evaluate y when x = 1 and 
when x = 2 (if possible) in each case. 

9.2. GRAPHICAL REPRESENTATION OF A FUNCTION 

It is very helpful to represent the variation of a function by 
drawing its graph. The graph of the function y = x 2 , with which 
our readers are probably familiar, is shown in Figure 9.1. 



The graph of the function y = x 2 is a smooth continuous curve 
over the range of values of x for which the function is defined (in 
this case for all values of x). We say that the function y — x 2 
is a continuous function of x. 



Figure 9.2 shows the graph of the function y = \/x. There is a 
break in the curve when x = 0. Indeed the function is not defined 
when x = 0. The graph is discontinuous at this point, and we apply 
this same description, discontinuous, to the function at this point. 




Figure 9.1 




Figure 9.2 
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The function is of course continuous for any range of values of x 
which does not include zero. 

The word "smooth" was applied to the curve in Figure 9.1. 
However, continuity does not necessarily imply a smooth curve. 
Consider the following function of x defined as "y is the positive 
number having the same magnitude as x" (i.e. y = |x|, the modulus 
of x. See section 1.4). This function may be expressed in the form 
y = x if x > 0, y = — x if x < 0. Its graph is shown in Figure 9.3. 
The graph is not smooth near the point on it where x = 0, but it is 
continuous. 




Figure 9.3 



9.3. THE RATE OF CHANGE OF A FUNCTION 

If j is a function of x, as x changes y will in general change. 
We relate the change in y to the corresponding change in x by 
defining the average rate of change of the function to be the change 
in the function divided by the corresponding change in x. If x x and 
x 2 are two values of x, the corresponding values ofy beings and y 2 
then the average rate of change of the function as x changes from 
Xi to x 2 is 




....(9.2) 



Example 1. Find an expression for the average rate of change of the 
functions (i) y = 2x + 5 (//) y = x 2 in the interval x x to x 2 . 

(i) For y = 2x + 5 by (9.2) the average rate of change is 

( 2x 2 + 5) - (2x t + 5) = 2(x 2 - Xl ) = 2 
X 2 Xj x 2 x^ 

We notice that this is the same for each interval x 1 to x 2 . 

(ii) By (9.2) the average rate of change is 

x z x i (x 2 — x t )(x 2 + x t ) 

— — Xj x 2 

X 2 Xj X 2 Xi 

which is different for different intervals. 
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If we represent the function graphically the average rate of change 
of the function in the interval x x to x 2 may be interpreted geometrically 
as being the gradient of the chord joining the points on the graph 
with abscissae x x and x 2 . For the function^ = 2x + 5 the graph is a 
straight line (Figure 9.4a) and the gradient of any chord is always 2. 
ON O'N' 

^ = ^rr77 - 2. But for the graph of y = x\ (Figure 9.4b), the 
gradient of the chord PQ is different from the gradient of P'Q' etc- 




Figure 9.4 



A practical application of this idea arises in connection with 
"space-time" graphs. Suppose a body moves so that the distance s 
moved after time t is s = f(f). Then the average rate of change of s 
as t changes from t x to i 2 , viz. (s 2 — j,)/(f 8 — t x ), is just the average 
velocity of the body in the interval i x to i 2 and is the gradient of the 
appropriate chord on the space-time graph. 

Equation (9.2) expresses algebraically the gradient of the chord 
joining the points with abscissae x x and x 2 on the graph of y = f(x). 
Can the gradient of the tangent to the curve be given a similar 
algebraic interpretation? Geometrically we feel no difficulty in 
drawing the tangent to a curve at a particular point, but in order to 
interpret this process algebraically we need to consider the process in 
some detail. 

Suppose we consider the definite problem of finding the gradient 
of the tangent at the point with abscissa 1 on the curve y = x 2 . The 
gradient of the chord joining the points on this curve with abscissae 
1 and x 2 is from the result of Example l(ii) equal to 1 + x 2 . Consider 
the chords PQ, PQi, PQ 2 , PQ 3 where P has abscissa 1 and Q, 
Q 2 , Q 3 have abscissae 1-5, 1-1, 1-01, 1-00001. These chords (pro- 
duced) are becoming nearer and nearer to being the tangent to the 



175 



THE FUNDAMENTAL IDEAS OF THE DIFFERENTIAL CALCULUS 

curve at P (Figure 9.5 shows the curve in the region of P magnified 
many times). Indeed we can imagine that as we try to draw the 
tangent at P we rotate our ruler through the positions of these 
chords before finally drawing the tangent at P. 

Geometrically as Q approaches P so PQ approaches the position 
of the tangent at P. Algebraically the gradient of the chord is 
1 + x 2 (x 2 the abscissa of Q) and as x a gets nearer and nearer to the 
value 1, this expression will become nearer and nearer to the gradient 




Figure 9.5 



of the tangent at P. The gradients of the chords PQ, PQ^ PQ 2 , 
PQ 3 are 2-5, 2-1, 2-01 and 2-00001. These are approaching the value 
2 which we say is the gradient of the tangent at P. 

Quite generally the gradient of the chord joining the points R and S 
with abscissae x t and x 2 on the curve y = x 2 , is x x + x 2 . If we allow 
the abscissa of S to approach the abscissa of R, the chord RS 
becomes nearer and nearer to being the tangent at R. Algebraically 
the expression Xi + x 2 takes values closer and closer to the value 2x t 
as x 2 takes values closer and closer to the value x u and so the 
gradient of the tangent to the curve y = x 2 at the point with abscissa 

is 

The same procedure enables us to find the gradient of the tangent 
at the point with abscissa x t on the graph of the function y = f(x). 
The gradient of the chord joining the two points with abscissae x t 

and x 2 is — — — . This expression will depend on x x and x 2 and 

X 2 Xj 

on the particular function f(x) being considered. As x 2 takes values 
which approach x 1; so the chord approaches the tangent at the 
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point with abscissa x v The gradient of this tangent is then the 
value approached by (y 2 — y-^{x 2 — x t ) as x 2 takes values nearer and 
nearer to x t . 

An immediate application of the gradient of the tangent occurs in 
connection with space-time graphs. Just as the gradient of a chord 
on such a graph represents the average velocity in a certain time 
interval so the gradient of the tangent represents the velocity at a 
particular instant. 

Example 2. Find the gradient of the chord joining the points with 
abscissae 2 and x 2 on the curves (i) y — l/x and (if) y = 3/x 2 . What 
is the gradient of the tangents at the points with abscissa 2 on these 
two curves ? 
(0 y = l/*. 

By (9.2) the gradient of the chord is 
1__ 1 

X2 2 2 X2 1 
x% 2 2^2(^2 2) 2x2 

As x 2 approaches the value 2, — l/2x 2 approaches the value — ^ = 
1 

— ^ which is the gradient of the tangent as required. 
(h) By (9.2) the chord has gradient 

2_ 3 

x\ 4 3(4 - xl) 



4^2(^2 2) 

3(2 - x 2 )(2 + x 2 ) 

4^2(^2 2) 
-3(2 + x t ) 



-3 (2 + x 2 ) 

As x 2 approaches the value 2, ^"i approaches the value 

—3 x 4 3 2 

— - = — - which is the gradient of the tangent as required. 

4 X (2) 4 

Example 3. The distance s ft. of a particle (which moves along a fixed 
line X'OX) from the point O, after time t sec is given by s = t + 

— ]— r . Find its speed after 1 sec. 
t+ 1 F 



7 
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The average speed of the particle in the time interval 1 to t sec 
is given by 

, + -L_-(i + -L_) -i— ! 

t + 1 V 1 + 1/ _ t - 1 + t + l 2 
t — 1 / — 1 / — 1 

2-t-l 



1 + 



2(t + 1)0 - 1) 



= 1 ft/sec 

2( f + l) 

As t approaches 1 this approaches the value 

1 13 

1 = 1 - - = -ft/sec 

2(1+1) 4 4 

The speed of the particle after 1 sec is thus f ft/sec. 
Exercises 9b 

1 . Plot the graph of the function A — f(x) obtained in question 1 
of Exercise 9a. From your graph determine the value of x which 
maximizes A. What is the maximum value of A ? 

2. Plot the graphs of the functions y = 2x 2 — 4x — 3 and y = 
x — 5 on the same scale. Hence solve the equation 2x 2 — 5x + 2 = 
0. Verify the correctness of your solutions. 

3. Plot on the same scale the graphs of the functions y = tan x 
and y = l/x. Hence find an acute angle jc so that x tan x = 1 (x 
measured in radians). 

4. Find the gradient of the chord joining the points with abscissae 
3 and x 2 on the curve y = jc 2 + 5x. What is the gradient of the 
tangent to the curve at the point with abscissa 3 ? 

5. A particle moves so that the distance s ft. travelled after t sec 
is given by s — t 2 + 5t. Find the average speed of the particle 
during the 4th second and its speed after 3 seconds. 

6. Find the gradient of the chord joining the points with abscissae 
1 and x a on the curve y = (x + l) 2 . Find the gradient of the tangent 
to the curve at the point with abscissa 1. 

7. Find the gradient of the tangent at the point with abscissa 1 
on the curve;; = 3(x + l) 2 — 2(x + 1). 

8. Verify by multiplication that x% — x\ = (x 2 — Xj){xl + x x x 2 + 
x\). Hence show that the gradient of the chord joining the two 
points with abscissae x 1 and x t on the curve y = x 3 is x\ + x x x 2 + x\. 
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What is the gradient of the chord joining the two points with abscissae 
xj_ = 1 and x 2 = (i) 2 («) 1-1 (Hi) 1-01 (iv) 1-00001? What is the 
gradient of the tangent to the curve at the point with abscissa (i) 1 
(ii) xl 

9. Show that the gradient of the chord joining the points with 
abscissae x t and x 2 on the curve y = - is — - . Deduce the gradient 

X *^1"^2 

of the tangent at the point with abscissa (/) 1 (ii) x. 

10. A particle is dropped from the top of a tall tower. The 
distance s ft. fallen after t sec is given by s = 16* 2 . Find its speed 
after 1 sec and after it has fallen 64 ft. 



9.4. LIMITS AND LIMIT NOTATION 

We have just seen that the gradient of the tangent at the point 
with abscissa x, on the curve y = f(x) is the value approached by 
(jz — Ji)/(*2 — *i) as x 2 takes values closer and closer to x v A 
notation has been developed which enables us to avoid rather 
cumbersome expressions like "x 2 takes values closer and closer to 

Xi'. This we write as x 2 -> x v The value approached by — — — 

X 2 Xi 

is called the limiting value or the limit as x 2 tends to x x of this 
expression. This we abbreviate to 

IimhJVzJLi or Limit . . . .( 9 . 3 ) 

X2-*X1 X 2 Xl X2-+X1 X 2 — Xi 

which is read as the limit (or the value approached by) — — — 

(f(x ) — f(x )\ X2 — 

i.e. — J as x 2 gets nearer and nearer to x x and this is the 
x 2 — Xi ] 

gradient of the tangent at the point with abscissa x x . 

It is convenient to use the values x and x + 6 x for the abscissae of 
the end points of a chord instead of x x and x 2 . The symbol dx(Delta x) 
represents the change or the increment in x and dx -> 0 is equivalent 
to x 2 —*■ x v (Note dx is one symbol. It is not x multiplied by some 
quantity 8.) In the same way we use y and y + 8 y instead of y x 
and y 2 where by represents the change or increment in y. The 
gradient of the chord joining the points with co-ordinates (x, y), 
(x + Sx,y + dy), i.e. the average rate of change of the function is 
then 

y + Sy-y = f(* + dx) - ffr) = 6y 

x + dx — x dx dx 
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and the gradient of the tangent at the point with abscissa x is 

T . . f(x + dx) — f(x) _ . . 6 v .„ 
Limit - — - — = Limit — .... (9.5) 

dx->o dx dx-*o dx 

The limiting value of dy/dx is called the differential coefficient of y 
with respect to x and is denoted by the one symbol dy/dx. The 
process of finding this limiting value is called differentiation. The 
form of (9.5) will depend on the function f(x) and for this reason 
the differential coefficient of y with respect to x is sometimes called 
the derived function or the derivative of f(x) and may be written 

f[f(x)] orf'(x). 
ax 

Thus we have the following equivalent expressions 

dy d rc , . 7 . , T . . f(x + dx) — i(x) 

-f = — [f(x)] = f '(x) = Limit -f- ^ 

dx dx sx->o ox 

= Limit— ....(9.6) 

6x-*0 dx 

i'{x) represents the rate of change of the function f(x) at the value 
x or the gradient of the tangent to the curve y = f(x) at the point 
with abscissa x. The gradient of the tangent at the point with 
abscissa a is f '(a) and is best obtained by substituting x = a in f'00. 
It can of course be calculated by evaluating 

Limit f(a+^)-f(a) 
sx-*o dx 

Example 1. Find the derivative of the function y = 3x 2 and the 
gradient of the tangent to the curve y = 3x 2 at the point with 
abscissa 3. 

f'(*) = Limit 3(*+*c) 2 -3* 3 



Sx->o dx 

6xdx + 3(&Q 2 



Limit 



dx 



= Limit (6x + 3dx) 
f '00 = 6x 
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Thus the gradient of the tangent at the point with abscissa 3 is just 

f'(3) = 6 X 3 = 18 

This could have been calculated by evaluating 

. . 3(3 + dx) 2 -3 . 3 2 
Limit - — ■ — j 

However exactly the same algebra would be used to evaluate this 
limit as in the general case and it is clear that once we have f '{x) = 6x, 
the rate of change of the function or the gradient of the tangent for 
any value of x is easily obtained without considering the limiting 
process again. 

It can happen that the derivative of a function although it is 
defined to the right or to the left of a particular point, is not defined 
at the point itself. The function y = i(x) = |jc| whose graph was 
shown in Figure 9.3 is an example of this. For values of x < 0, 
f'(x) = —1, for values x > 0, f (x) = 1 and for x = 0, i'(x) does 
not exist. 

The difficulty is fairly obvious geometrically. To the left of the 
value x = 0, the graph has gradient —1, and to the right its gradient 
is +1, but at the point where x = 0 the situation is ambiguous. In 
terms of the definition in terms of limits 

T . . f(<5x) - f(0) . , 
Limit exists and equals — 1 

sx-*o dx 

from the left 

This limit is often written 

Limit W 

Sx->o- dx 

The limit from the right 

Limit W~f(0) =+1 

3->o+ dx 

It is not possible, however, to discuss 

L . mit W-f(0) 

sx->o dx 

since as dx approaches zero, we obtain one of the numbers —1 or 
+ 1 according as dx is just less than or just greater than zero. The 
derivative f'(x) is in this case discontinuous at the point with 
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abscissa x = 0, although as we have mentioned f(x) itself is con- 
tinuous at this point. The graph of f'(x) is shown in Figure 9.6. 
There is no value of f'(x) when x = 0, not a possible two. 



1 



-1 



Figure 9.6 



9.5. THE CALCULATION OF THE DERIVATIVE FOR 
SOME COMMON FUNCTIONS 

The process of calculating the derivative or differential coefficient 
is called differentiation. More specifically the process of calculating 
the derivative directly from (9.6) is called differentiation from first 
principles. The need for this phrase may puzzle our readers. For 
the time being we remark that in the next chapter we shall develop 
techniques which enable us to differentiate a function without having 
to deal directly with the expression (9.6). We shall, however, need 
certain standard results some of which we shall derive now. 
The Derivative of ax n where a is a Constant and n is a Positive Integer. 
Ify = ax n 

y + by = a(x + dx) n 
which by the Binomial Theorem 



= a 



x n + nx n-ld x + I^B 1) X n ~\6xf + ... (dx) n 



by subtraction 



by = anx"- 1 bx + aw( " ^ 1} x n ~\bxf + ... a(dx) n 

& = anx"-* + an{n - l) x^bx + ... a(bxy-i 
bx 2 

by 

.'. Limit j- = anx n_1 since all the other terms on the right contain 

3x^0 ox 
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positive powers of <5x which approach zero as dx approaches zero. 
Thus for y = f(x) = ax n where a is a constant and n a positive 
integer 

^=/'(x) = anx"- 1 ....(9.7) 
dx 

We have only proved this result for n a positive integer, the proof for 
other values of n is deferred to the next chapter. 
The Derivative of sin x. If y — sin x 

V + dy = sin (x + dx) 

.'. dy — sin (x + dx) — sin x 

= 2 cos |x + sin ^ by (6.50) 

/ , dx\ . dx 

2 cos I x H 1 sin — 

dy = \ 2/ 2 

<5x dx 

. dx 
sin — 
2 

cos " 



hi) 



dx 
2 



. dx 
, sin — 

dy j . . dy T . . t / , dx\ 2 

— = Limit — = Limit cos 1 ^ 1 — 1 



h d 1) 



dx &s->o dx sx->o \ 2 ' dx 

2 

dx 



d \ Sm 2 

= Limit cos I x -\ ) Limit — - — 

dx-*o \ 21 ix^a ox 

2 



We have assumed the result that the limit of a product is the pro- 
duct of the two limits (The proof of this apparently obvious result is 
beyond the scope of this course). 

. dx 
sin — 

The Limit cos I x + — I = cos x and for Limit 



sx->o \ 2 J as-i-o dx 

2 
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we obtain the value 1. [Refer to (6.59) and sequel to (6.60).] 

d y 

— = COS XXI 

dx 

Thus if y = sin x 

— = cosx ....(9.8) 
dx 

The Derivative of cos x. If y = cos x 
dy — cos (x + dx) — cos x 

= -2 sin (x + y j sin y by (6.50) 

. <5x 



= Limit — = Limit — sin , 
dx 3x-*o dx dx-*o \ 2 1 dx 



(-!) 



dy 
dx 



2 

= —sin x (9.9) 



Example 1. Differentiate from first principles y = x 2 + 3x. 
y + dy = (x + dx) 2 + 3(x + dx) 

dy = (x + dxf + 3(x + dx) - x 2 - 3x 
= 2xbx+ (dx) 2 + 3dx 

^ = 2x + 3 + dx 
dx 

^ = Limit^ = 2x+3 
dx dx->o dx 

We note that the differential coefficient of the sum of the two functions 
x 2 and 3x is just the sum of their separate differential coefficients, a 
result which we shall prove to be true quite generally, in the next 
chapter. 
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Example 2. Differentiate from first principles sin 3x. If y — sin 3x 

dy = sin 3(x + dx) — sin 3x 

. 3dx 

\ sin 

dy I 3 dx\ 2 

— — 2 cos ( 3x 1 — 1 



dy 



3 cos 1 3x + 



(= 

( 3 - 3 f) 



dx \ 2 I dx 

3 dx 



sin 



dx \ 2 1 3_dx 

2 



(N.B. We adjust the final part of the expression sin —r- / 1 — J to 
be of the form sin 0/0 which tends to 1 as 0 -> 0 ~> 2 / \ 2 / 



be of the form sin 0/0 which tends to 1 as 0 -> 0.) 

. 3dx 

(, sm 
- . 3dx\ 2 
3x H 1 
2 / 3 dx 

2 

= 3 cos 3x X 1 = 3 cos 3x 

Exercises 9c 

(x ~\~ dx¥* — x 3 

1. By considering Limit 5 , show that the derivative 

&t— 0 ox 

of the function y = f(x) = x 3 is f'(x) = 3x 2 . Evaluate f'(2) and 
check your results by calculating the appropriate limits. 

2. The function y = f(x) is defined as follows: y = — x 2 for 
x < 0, y = 2x for x > 0. Sketch the graph of y = f(x). Is f(x) 
continuous at x = 0? 

Evaluate Limit f ( * + 8x) ~ f (x) for x < 0, and for x > 0. 

Sx-*o dx 

Evaluate Limit f < fa > ~ f <°> and Limit f ^> ~ f < 0 > . 

3o:->0- ox ax-+o+ ox 

Sketch the graph of f'(x). Is f'(x) continuous at x = 0? 

3. The function y = f(x) is defined as follows: y = — x 2 for 
x < 0, y = x 3 for x > 0. Sketch the graph of y = f(x). Is f(x) 
continuous at x = 0 ? 

f( x _|_ $ x \ _ f( x ) 
Evaluate Limit 5 — for x < 0 and for x > 0. 

Sx-*Q OX 
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. f(<5x)-f(0) JT . . f(fo)-f(0) 
Evaluate Limit j and Limit -» . 

Sketch the graph of i\x). Is f'(x) continuous at x = 0? 

4. Differentiate from first principles: (i) lx 2 (ii) x* — 2x 2 (in) 
sin 2x (iv) cos 3x (v) sin x — x 2 . 

1 —2 

5. Show that the derivative of is and the derivative of 

— is — . (The two derivatives obtained here show that the result 
x 3 x l 

dv 

y = jc", -j^ = nx n ~ x , which we have proved for n a positive integer 
is also true for n = —2 and n = —3.) 



EXERCISES 9 

1. An isosceles triangle is circumscribed about a circle of radius r. 
Express the area A of this triangle as a function of 8 one of the 
equal angles of this triangle. 

2. A right circular cone of semi-vertical angle 6 is circumscribed 
about a sphere of radius r. Show that the volume V of the cone is 
given by 

V = iTT-r 3 (1 + cosec Of tan 2 0 

3. f(x) = xtan- 1 x. Evaluate f(0), f(l), f(-l). 

4. <f>(x) = log 10 x. Evaluate <£(10), ^(100). For what value of x 
is 0(jc) = -3? 

5. Express y explicitly as a function of x if (i) xy + 4x + y = 3 
(ii) x 2 + 2xy + y* = 0. 

6. Express y explicitly as a function of x if x*j> + 3xy — 6x = 0 
and evaluate 7 when jc = 1. 

I. y — f(x) is a quadratic function of x. If f(0) = —2, f(l) = —2 
and f(2) = 0 calculate f(x) explicitly and evaluate f(3). 

8. Find the gradient of the chord joining the points with abscissae 
x 1 and x 2 on the curve y — x 3 + 3x. Deduce an expression for the 
gradient of the chord joining the points with abscissae 1 and x and 
the gradient of the tangent at the point with abscissa 1. 

9. The distance s ft. travelled by a particle after t sec is s = t 2 — t. 
Find the average speed of the particle in the time interval from 3 
to 3 X \ sec. Find the speed of the particle after 3 sec. 

10. For what value of x is the tangent to the curve y = 2x 2 — 
8jc + 3 parallel to the x-axis ? 

II. Calculate the gradient of the curve y = x{x — l)(x — 2) at 
each of the points where it crosses the axis of x. 
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12. The distance s ft. travelled by a particle after t sec is given by 
s = ut + iat*. Show that the speed of the particle after time t 
is v = u + at. What is the initial speed of the particle? What 
is the acceleration of the particle ? 

13. Find the value of the constant a such that the tangent at the 
origin to the curve y = ax(l — x) makes an angle of 60° with the 
jc-axis. 

14. Differentiate from first principles (i) x 2 + x + 1 («) l/* 4 . 

15. Differentiate from first principles (i) sin ax Qi) cos ax where a 
is a constant. 

16. Differentiate from first principles (/) tan x (ii) sin 2 x. (Hint: 
express sin 2 x in terms of cos 2x.) 

17. Show that the gradient of the chord joining the points with 
abscissae x and x + feon the curve/ = <Jx can be expressed in the 

form -77 — ; — r-^— — j- . Deduce that the derivative of this function 

y/(X + OX) + y/X 

1 

18. Show from first principles that if y — then ^ = • 

dy 

These last two examples show that the result y — x n , ^ = nx"- 1 , 

proved for n a positive integer, is also true for n = \ and n = — \. 

19. If f(x) = logaX where a is a constant show that f(x x x 2 ) = 
f(^) + f(x 2 ). 

20. If f(x) = a x where a is a constant show that f(nx) — [f(x)] n 
where n is a positive integer. 
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10.1. INTRODUCTION 

In the previous chapter we have shown how to calculate the 
derivative of a function by evaluating dy/dx and then calculating the 
limiting value of this quantity, as dx approaches zero. This method 
was quite satisfactory for the simple functions considered. It could, 
however, be extremely laborious if we happened to be dealing with a 
rather complicated function. Fortunately it is possible to prove 
several general theorems, which, together with a knowledge of the 
derivatives of a comparatively few basic functions, enable us to 
differentiate most functions without having to use the method of 
differentiation from first principles. 

10.2. DIFFERENTIATION OF A CONSTANT 

If y = c, a constant, whatever the value of x, then y + dy = c, 
and so dy is identically zero. Hence dy/dx is identically zero, and so 
dy/dx its limiting value is also zero. 

If y=c, dy/dx =0 ....(10.1) 

The differential coefficient of a constant is zero. 

Geometrically, the graph of the function y = c is a straight line 
parallel to the x-axis and so has zero gradient. 

10.3. DD7FERENTIATION OF THE SUM OR DD7FERENCE 
OF FUNCTIONS 

If y = u + v where u and v are both functions of x, then if x is 
increased to x + dx, u and v will change to u + du and v + dv 
respectively. Hence y will change to y + dy where 

y + dy = u + du + i; + dv 

dy = du + dv 

dy du ^ dv 

dx dx dx 
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Thus for the limiting values as dx -> 0 

dy du j dv 
dx dx dx 

(We have assumed that the limit of a sum is the sum of the limits). 

The above work could be carried out for the difference of two 
functions, y = u — v and the result 

dy _ du dv 
dx dx dx 

obtained. Thus if y = u ± v, 

^ = ^±^ ....(10.2) 
dx dx dx 

The differential coefficient of the sum or difference of two functions is 
the sum or difference of their differential coefficients. 

It is straight-forward to extend this result to deal with sums and 
differences of three or more functions. 

If u, v, w, . . . s, t are all functions of x and 



y = 


u ± V ± w ± . . . 


s ± t 


dy = 


du ± dv ± dw ± 


...±ds±dt 


§y = 

dx 


du ^ dv dw 
dx dx dx 


ds_ ± dl 
dx dx 


dy = 
dx 


du dv _j_ dw 
dx dx dx 


ds dt 
dx dx 



and so — = — ± — ± — ±...— ±— ....(10.3) 



Example 1. Find the differential coefficient of x 6 — 7x 3 — 6x + 4. 
The differential coefficient of ax n is nax n_1 . Thus (10.3) gives 

± (x * _ 7x 3 - 6x + 4) = -f (x 6 ) - j-(7x 3 ) - f(6x) + f (4) 
dx dx dx dx dx 

= 6x 5 - 21x 2 - 6 

Example 2. Find the derivative of cos x — sin x. 

(10.2) and the basic results for the derivatives of cos x and sin x 
give for the derivative — sin x — cos x. 
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10.4. DIFFERENTIATION OF A PRODUCT 

If j = uv where u and v are both functions of x, then if x is given 
the increment dx, u, v and y will receive the increments du, dv and 
dy where 

dy — (u + du)(v + (3d) — uv 

dy = udv + vdu + <5u <5u 

<5y dv . , . <5u 

— = m h (y + oy) — 

<5x dx dx 

Now as «5ac approaches zero, dv approaches zero, and ^ , 

and ^ tend to their limiting values , , and ^ respectively. 
ox ax ax ax 

„ dy dv , du .... 

Hence — = u 1- 1> — (10.4) 

dx dx dx 

The differential coefficient of the product of two functions is equal to 
the first multiplied by the differential coefficient of the second plus 
the second multiplied by the differential coefficient of the first. 
In the particular case when one of the functions say u is a constant 
du 

u — c, ^ = 0 and so for y = cv where c is a constant and v a 
function of x 

dx dx 

The differential coefficient of a constant multiple of a function is that 
same constant multiple of the differential coefficient of the function. 

(10.5) can be combined with (10.3) to give the result: if a, b, ... c 
are constants and u, v, . . . w functions of x* and y = au + bv -f 
. . . cw then 

dy du , , dv . dw ... 
f = a— +b— +...c— ....(10.6) 
dx dx dx dx 

The differential coefficient of the sum of constant multiples of a finite 
number of functions is the sum of the same constant multiples of the 
differential coefficients of these functions. 

* It is conventional to denote constants by the letters at the beginning of 
the alphabet and variables by letters near the end of the alphabet. 
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The result (10.4) can be extended to deal with the product of three 
or more functions. If y — uvw we may consider / as the product of 
the two functions (uv) and w. Thus by (10.4) 

dy dw d , 

— = uv h w — (uv) 

dx dx dx 



I dv , du\ 

I u \-v — I 

\ dx dx/ 



dw 

= uv — + w 
dx 

dw , dv , du 

= uv h «w h vw — 

dx dx dx 



In general if y = uvw . . . s 

dy ds , dw , dv , du 

= UVW ... \- . . . UV . . . S \- UW . . . S (-DW...S — 

dx dx dx dx dx 

.... (10.7) 

The differential coefficient of the product of any number of functions 
is obtained by differentiating each function in turn, multiplying by the 
remaining functions and summing the results. 

Example 1. Find the differential coefficient of (i) 6 sin x (if) 8 cos x + 
3 sin x 

(i) — (6 sin x) = 6 — (sin x) = 6 cos x by (10.5) 
dx dx 

(ii) — (8 cos x + 3 sin x) = 8 — (cos x) + 3 — (sin x) 
dx dx dx 

= —8 sin x + 3 cos x by (10.6) 

dv 

Example 2. Find ^ if (i) y = x 6 cos x (ii) y = sin 2 x 

(i) y = x 6 cos x 
.-. by (10.4) 

i d , . d , 6 , 

— = x — (cos x) + cos x — (x ) 
dx dx dx 

= —x 6 sin x + 6x 5 cos x 
= x 5 (6 cos x — x sin x) 
(if) y = sin 2 x = sin x sin x 
/. by (10.4) 

dy . d , . s.. d.. 
— = sin x — (sin x) + sin x — (sin x) 

dx dx dx 

= 2 sin x cos x 
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dy 

Example 3. Find -r- if y = 6x 2 sin x cos x 
By (10.7) ax 

^ = 6x 2 sin x — (cos x) + 6x 2 cos x — (sin x) 
dx dx dx 



+ sin x cos x — (6x 2 ) 
dx 



= — 6x 2 sin 2 x + 6x 2 cos 2 x + 12x sin x cos x 
= 6x 2 (cos 2 x — sin 2 x) + 12x sin x cos x 
= 6x 2 cos 2x + 6x sin 2x 
= 6x(sin 2x + x cos 2x) 

Exercises 10a 

Differentiate with respect to x 
1. 7x 5 - 3x 4 + x 2 . 2. 8x 3 - sin x + 6. 

3. 6 cos x - 8(x 2 + x). 4. (x 3 + l)(x 4 + 1). 
5. sin x (1 — cos x). 6. x(3x + 4 cos x). 

7. (x 2 + x + l)(2x 2 + 3x + 1). 

8. 8x 2 (1 + sin x)(l + cos x). 

9. x cos x + 3(x + l)(x — 1). 

10. 4x 2 sin x — 3x 2 cos x. 

11. (x 2 + l) 2 . 12. (x 2 + l) 2 (2x + 1). 
13. (x 2 — l) 3 . 14. 3xsinxcosx. 

15. 3x(x 2 + 1) sin x cos x. 



10.5. DIFFERENTIATION OF A QUOTIENT 

If y = u\v where u and v are both functions of x, an increment <5x 
in x will result in increments du, dv and dy in u, v, and y respectively. 

_ u(m + <3m) — u(v + ^f) 
d(« + dv) 

vdu — udv 

v(v + 5d) 
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DIFFERENTIATION OF A QUOTIENT 



therefore 



du dv 

v u — 

dy _ dx dx 

dx v(v + dv) 



,du du dv dv 
As dx — »■ 0, so Sv — >- 0 and -5 — >■ 3- , ■» — >-r~ 

dx dx ox dx 



du dv 

v u — 

dy dx dx 



dx v 

The differential coefficient of the quotient of two functions is equal to 
the denominator multiplied by the differential coefficient of the 
numerator minus the numerator multiplied by the differential coefficient 
of the denominator all divided by the square of the denominator. 

In the case where u = 1, i.e. y = \jv is the reciprocal of the 
function v, dw/dx = 0 and so we have 

dv 

M±)=^¥ ••••(10.9) 

dx\v! v 

The differential coefficient of the reciprocal of a function is minus the 
differential coefficient of that function divided by the square of the 
function. 

Example 1. Find the derivative of 

x sinx 1 

(0 y = — — 00 y = t~, y = 



x + 1 x 2 + cos x x 2 + 4 



(0 y°= 



X + 1 



j (x + l)-f (x)-x-f (x + l) 
dy dx dx 

dx ~ (x + l) a 

x + 1 - x 1 



by (10.8) 



(x + l) 2 



(x + l) 8 
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(ii) y 
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sin x 



x 2 + cos x 



d d 

(x 2 + cos x) — (sin x) — sin x — (x 2 + cos x) 

f = dj ^7TZ ^ b ^ ia8 > 

dx (x + cos xy 

_ (x 2 + cos x) cos x — sin x(2x — sin x) 
(x 2 + cos x) 2 

_ x 2 cos x + cos 2 x — 2x sin x + sin 2 x 
(x 2 + cos x) 2 

1 + x(x cos x — 2 sin x) , . . 2 , „ . . 

= — ! — ; ' (since sur x + cos 2 x = 1) 

(x + cos x) 

1 



(iii) y -- 

X- -f- 4 

by (10.9) 



dx (x^ + 4) 
Example 2. Find 



du 0 cos 0 0 cos 0 

He lf u = « T+J 00 (e + i) sine 

, 0 cos 0 
(i) u = 

0 + 3 

(0 + 3)-^(0cos0)-0cos0-^(0 + 3) 

. ^ = d0 

d0 (0+3) 2 >k ; 

= (0 + 3)(cos 0 - 0 sin 0) - 0 cos 0 (1) 
(0 + 3) 2 

= 3 cos 0 - (0 + 3)0 sin 0 
(0 + 3) 2 
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DIFFERENTIATION OF A QUOTIENT 
0COS 0 



(0 + 1) sin 0 



(0 + 1) sin 0 — (0 cos 0) - 0 cos 0 — [(0 + 1) sin 0] 
du dQ dO 

d0~ (0 + l) 2 sin 2 0 

(0 + l)sin0(cos0-0sin0) 

= - 0 cos 0[(0 + 1) cos 0 + sin 0] 

~~ (0 + l) 2 sin 2 0 

(0 + 1) sin 0 cos 0 - 0(0 + 1) sin 2 0 :] 
= - 0(0 + 1) cos 2 0 - 0 sin 0 cos 0 

~ (0 + l) 2 sin 2 0 

sin 0 cos 0 - 0(0 + 1) 
(0 + l) 2 sin 2 0 

x 2 



Example 3. Find the gradient of the tangent to the curve y = 211 

at the point with abscissa 1. x 

We first find the general expression for -7- = f '(x) with y = 
2 

X 2 + 1 

dy = , (f _ (x 2 + l)2x - x 2 . 2x = 2x 
dx -JW- (x « + 1) » ~(x 2 + l) 2 

2 1 
/'(I) = 4 = £ 
' W 2 2 2 

.*. the gradient of the tangent is 

Exercises 10b 

Differentiate with respect to x: 

2. Y 



x + 1 x + sin x 

^ x + sin x ^ 1 
1 + cos x sin x 

5.— 6. 3 



1 + cos x (x + 1) 
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x sin x x 3 + 3x 



cos x + sin x (x + l)(x + 2) 

9 * 2 sin x 1Q x 

' (x + l)(x 2 - 1) ' " (x + 1)0 + 2)(x + 3) ' 

n sin 2 x x(x + 1) 

cos x (cos x + sin x) (x + 2)(x + 3) 

z 3 

13. Find the gradient of the tangent to the curve w = 3 at the 
point with abscissa 3. z ^ 

14. Find the gradient of the tangent to the curve v = ^— ; — r— „ 

° cos 6 + sin 0 

at the point where 0 = - . 

3 3x 

15. Find the gradient of the tangent to the curve y = ^-q— j at the 

point with abscissa 2. At what points on the curve is the tangent to 
the curve parallel to the line y = 3x + 7 ? 

10.6. DIFFERENTIATION OF THE TRIGONOMETRIC 
FUNCTIONS 

The results of the preceding section enable us to obtain the 

derivatives of the remaining four basic trigonometric functions: 

viz. tan x, cot x, sec x and cosec x. We already have the results 

dy dy 
that if y = sin x, ^ = cos x, and if y = cos x, ■— = —sin x. Thus 

for y — tan x = sin x/cos x 



dy _ cos x . cos x — sin x(— sin x) 
dx cos 2 x 



by (10.8) 



sin x 



cos x cos x 

— (tan x) = sec 2 x (10.10) 

dx 

cos X 

y = cot x = , p is treated in just the same way. 

By (10.8) ^ = - sin2 *-cos a x = -1 

dx sin 2 x sin 2 x 

— (cot x) = —cosec 2 x (10.11) 

dx 
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SECOND AND HIGHER DERIVATIVES 

The derivatives of sec x and cosec x are obtained by treating them 
as the reciprocals of cos x and sin x respectively and using (10.9). 

Thus — (sec x) = — ( — — ) 

dx dxxcosx/ 

(— sin x ) _ 1 sin x 

cos 2 x cos x cos x 

— (sec x) = sec x tan x ....(10.12) 
dx 

We leave it to our readers to show that 

— (cosec x) = —cosec x cot x ... .(10.13) 

dx 

(N.B. Of the six basic trigonometric functions those which begin 
with "co" have a negative sign in their derivatives.) 

10.7. SECOND AND HIGHER DERIVATIVES 

If y = f(x) is a function of x then in general the derivative 
dj/dx = f '(x) will be some other function of x. The derivative 
expresses the rate of change of f(x) with respect to x, as a function of 
x. We might well enquire what is the rate of change of this derivative 
with respect to x, i.e. calculate the differential coefficient of dy/dx 
orf'(x). 

An immediate application of this situation arises if we are dealing 
with a space-time graph, s = f(t). Then dsjdt represents the velocity 
of the body at any time t, and the rate of change of dsjdt, the 
acceleration of the body. 

The derivative of dy/dx is called the second derivative or the 
second differential coefficient of y with respect to x and is written 
d 2 j/dx 2 . d 2 j/dx 2 will in general be a function of x and so may be 
differentiated to form the third differential coefficient of y with 
respect to x, or the third derivative of y which is denoted by d^/dx 3 , 
and so on. The nth differential coefficient of y with respect to x is 
denoted by d n j/dx". If the notation f(x) is used, the first, second, 
third . . . nth derivatives are denoted by f '(x), f "(*)> f "'(*) • • • 

In general the process of calculating the nth derivative of a 
function is a tedious business and can only be achieved by calculating 
the successive derivatives in turn. It is generally worth while to 
consider briefly whether it is possible to simplify the function 
dj/dx before calculating d 2 j/dx 2 and in turn to try to simplify this 
before calculating d^/dx 3 etc. 



197 
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d 2 y d 4 y 
Example 1. If y = sin x show that = —y, = y. 

y = sin x 



dx 
d^y 
dx 2 
d*y 
dx 3 
d*y 
dx* 



cos x 



-sin x = —y as required 



= —cos x 



= — (— sin x) = sin x = y as required 



Example 2. Find the second derivative of y = f(0) = - — S ' D ^ „ 
r J v ' 1 + cos 0 

dy _ . , _ (1 + cos 0) cos 9 — sin 0(— sin 9) 

d0 (l+cos0) 2 

_ cos 2 0 + cos 0 + sin 2 0 

~~ (1 + cos 0) 2 
1 + cos 0 1 



(1 + cos 0) 2 1 + cos 0 

d 2 y = ,„, 0 , = _ (-sin 0) = sin 0 
d0 2 (1 + cos 0) 2 (1 + cos 0) 2 

d 2 y 

Example 3. If / = tan 0 show that = 2y (1 + 

j> = tan 0 
dj 
d0 



sec 2 0 = sec 0 . sec I 



By (10.4) = sec 0 . sec 0 tan 0 + sec 0 . sec 0 tan 0 

d0 2 

= 2 tan 0 sec 2 0 

= 2 tan 0(1 + tan 2 0) 

2X1 + /) 



d0 2 
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DIFFERENTIATION OF A FUNCTION OF A FUNCTION 

Exercises 10c 
Differentiate with respect to x 

I. secx + tanx. 2. sec x tan x. 3. cos x cot x. 
4. sec 2 x + tan x. 5. sec 2 x + tan 2 x. 

6. (cos x + sin x)(sec x + tan x). 

sec x sec x ^ 1 — tan x 

^' sin x + cos x ' 1 + sec x ' 1 + tan x ' 

10. A particle moves so that the distance s ft. travelled after t 
sec is given by s = f(t). Find expressions for the velocity and 
acceleration of the particle after time t sec, and the velocity and 
acceleration after 1 sec if (i) s = 4t 2 — 3t and (») s = cos 2-nt + 
sin 2iri. 

d 2 v cos x 

II. Find ^ if (0 y = cos 2 x (ii) J = ■ 

12. If 7 = 0" where n is a positive integer show that (/) 0 ^ = ny 

and (fi) 0 2 § = »(» - 

w d0 2 " d « y 

13. If j = w" where n is a positive integer show that — ^ = «!. 

d 2 v 

14. if ^ = sec 0 show that ^~ = j(2y 2 - 1). 

15. If y = sin x show that 

(0g — (. + =) 

d"y 

What is the value of ^ ? 



10.8. DIFFERENTIATION OF A FUNCTION OF A 
FUNCTION 

The function y = (2x + If is a function of 2x + 1 which in turn 
is a function of x. More specifically 7 is the cube of the function 
2x + 1. We say that y is a function of a function in this case. As a 
second example consider the function sinx 2 ; y is the sine of the 
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function x 2 , and so is another example of a function of a function. 

Functions of this type frequently occur in mathematics and in this 
section we shall develop rules for evaluating their derivatives. In 
general a function of a function is expressible as follows: y is a 
function of some quantity which in turn is a function of x. In 
symbols 

y = F(v) where v = {(x) 
y = (2x+ l) 3 ; y = v 3 where v = 2x + 1 

y = sin x 2 ; y = sin v where v = x 2 

The general rule for differentiating a function of a function can 
be obtained as follows. 

If y = F(v) where v = f(x), then if x is given the increment dx, 

v will be given the increment dv [since v = f(x)] which in turn 

generates the increment dy in y [since y = F(v)]. It is convenient 

dy . , - dy dv 
to write ^ in the form -—^ X ^ which is possible provided <5u 0. 

Then 

dj> T . . dy . dy dv 
— = Limit — = Limit x — 

dx sx^o dx dx-K) dv dx 

j ■ -idy t ■ .Js 

= Limit — X Limit — 

dx->o dv 6x->o dx 

(We have again used the result mentioned earlier, viz. the limit of a 

product is the product of the limits.) 

Now as dx -*■ 0, dv -> 0 so the first term of the above is equivalent 

T • • dy ■ dv 
to Limit ~ , i.e. -f 

s v -+o ov av 

dy dv dv 

a = a'T ..-.(10.14) 

dx dv dx 

We shall apply this rule to the two examples already considered. 
Thus for y = (2x + l) 3 = v 3 where v = 2x + 1 

dy ' dx 

^ = 3t> 2 X 2 = 6(2x + l) 2 
dx 
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DIFFERENTIATION OF A FUNCTION OF A FUNCTION 
We can verify this particular result by writing 

y = (2x + l)(2x + l)(2x + 1) 
and using (10.7). In this way we obtain 

^ = (2x + l) 2 -f (2x + 1) + (2x + l) 2 (2x + 1) 
dx ax ax 

+ (2x + 1) 2 t-(2x + 1) 
dx 

= 3(2x + l) 2 X 2 = 6(2x + l) 2 as before 
For y = sin x 2 = sin v where v = x 2 

dy dv . 

— = cos v, — = 2x 
dv dx 

dy ~ 2 

— = 2x cos x 

dx 

Example 1. Find ^ when (z) j = (3x 2 - 4) 4 (ii) j = (j^-J J- 
(/) j = (3x 2 - 4) 4 = t> 4 where i> = 3x 2 - 4 

dv . 3 dv , 
— = 4tr, — = 6x 

dt> dx 



dy 
dx 



4(3x 2 - 4) 3 X 6x = 24x(3x 2 - 4) 3 



(ii) v = ( | = v 2 where v = - 

\x + 1/ x + 1 

a (x + l)-f (x-l)-(x-l)j-(x + l) 
dy ~~ V ' dx ~ (x + l) 2 



by (10.8) 



(x + 1) - (x - 1) 
(x + l) 2 

2 

(x + l) 2 



= 2(x - 1) x 2 _ 4(x- 1) 
dx (x + 1) (x + 1) 2 (x + 1) 3 
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d d 
Example 2. Find (f) [sin (4x 2 + 3x)] (h) ^ (sec 2 40). 

(i) Let v = 4x 2 + 3x. Then 

— [sin (4x 2 + 3x)] = — (sin v) = — (sin r) X — 
dx dx dv dx 

= cos »(8x + 3) 

= (8x + 3) cos (4x 2 + 3x) 

(i7) With y = sec 2 46, y = » 2 where « = sec 40 

dj> _ dy du _ 2^ du 
d0~du d0 _ "d0 

r is still a function of a function; u = sec u where u = 40. 

dv dv du . . 

— = — . — = sec u tan u x 4 

dO du dd 

— = 2 sec 46 x sec 40 tan 40 x 4 
d0 

= 8 sec 2 40 tan 40 

We have here an example of a function of a function of a function, 
j is a function of v, which in turn is a function of u which is a function 
of 0. The extension of (10.14) which enables us to deal with this 
situation is 

& = & x d? x d« ....(10.15) 
d0 dv du d6 

Our readers will find as they gain experience that they do not need 
to introduce the auxiliary variables v or u specifically. However, at 
first it is probably wise (even at the cost of a little time) to use them. 

Exercises lOd 

Differentiate with respect to x 

1. (x - l) 8 . 2. (2x - l) 5 . 3. (2x 2 - 3x) B . 

4. (x 2 + 2x + l) 4 . 5. sec 3x. 6. tan 5x. 

7. x sin 4x. 8. x 2 cos 3x. 9. sin 3 x. 

10. sin x 3 . 11. sec (3x 2 + 1). 12. tan 3 (3x - 4). 

13. sin 2 (x 2 + 1). 14. (x + l)(2x - l) 4 . 
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THE DERIVATIVE OF X n WHERE n IS NEGATIVE OR A FRACTION 
15. sin 3 xtan2x. 16. (1 + sin 2 x)(l — sin 2 *). 

1? / cos* \ 3 18 / i-x 2 \ 2 

• \1 + sinx/" • \l + x 2 / , sin2x \2 

19. (1 - cos* x)(l + cos* x). 20. [ TT ^ C ) ■ 

21 . sm * . 22. sec 3 (tan 2 3x). 

2 + sm 2 x 

23. Find d«/d0 if w = (i) sin" 0 (n) cos™ 0 (Hi) sin" 0 cos m 0 
where w and n are positive integers. 

24. If / = sin md show that d^/dS 2 + m 2 j = 0. 

25. y — (sec 0 + tan 0) n where n is a positive integer. Show that 
dy/d0 = ny sec 0. 



10.9. THE DERIVATIVE OF x n WHERE n IS 
NEGATIVE OR A FRACTION 

In the previous chapter we saw that if n is a positive integer then 
the derivative of x n is nx"- 1 . We shall show this result to be true for 
all values of n. 

(0 If 7i is a negative integer, let n = — m so that m is a positive 
integer. Then if y = x n , we have 

y = x~ m = — 
x m 

.-. by (10.9) / = — = -rax m 

dx x 

= nx" -1 (since — m = n) 

Thus — (x") == nx n ~ 1 if n is any integer 

dx 

(») If n is a fraction, let n = p/q where /> and q are integers (not 
necessarily positive). Then 

y = x^ 9 = (x 1 ' 1 )* 

With x 1/8 = «, y = u p where x = u q so that 

^ = pu 1 - 1 and — = qu«- 1 by (i) 
du du 
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These two results enable us to obtain dy/dx, for, by the rule for 
differentiating a function of a function 

dy _ dy dx 
du dx du 

pu*- 1 = & X qu"- 1 
dx 

dx q q 

dx q 

= nx"" 1 since n = pjq 



Thus for all values of n 

d 



, (x n ) = nx n ~ x . . . .(10.16) 

dx 



Example 1. Find (/) ^ (Jx) (//) ^ . 

(0 -d(Vx) = f (x i/2 ) = l - 1/2= 1 

dx dx 2 2^/x 

^ ^ dx (x 4 ) dx ^ ^ x 5 

Example 2. Find ^ when (f) j = (x 2 - (ii)y = y (]"T^) 

2 

(i) v = i> 2 where v = x 2 ; = x 2 — 2x~ 2 

x^ 

^=2i> and — = 2x - (2)(-2)x~ 3 = 2x + - 
du dx x 3 
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DIFFERENTIATION OF INVERSE FUNCTIONS 



X 

(ii) y = y/v = v 1/2 where v = j _j_ x 

^ = !tr 1/2 = — and dv - (x + 1)1 ~ * ' 1 - 1 
d» 2 27« dx (x + l) 2 (x + l) 2 



djj = 1 // l+x \ 1 = 1_ 

dx 2N \ x /(1+x) 2 2y/x(l +x) 3/2 



Exercises lOe 



Find dj/dx when j = 

1. x 3 / 2 . 2. fx. 3. (fx) 7 . 

7. (x 2 + 1) 3/2 . 8. 1/V(x 2 + 1). 

9. (1 + x)V(l - x 2 ). 10. ,/x(l + *) 3 - H- sec V*. 

12. Vsecx. 13. 7(1 + sin *)• 14. /f^Tl) • 

15. /(i±^). ^ 
V \1 — COS X] 



10.10. DIFFERENTIATION OF INVERSE FUNCTIONS 

We have already encountered in Chapter 6 the inverse trigono- 
metric functions y — sin -1 x, y = cos -1 x, y = tan -1 x etc. (which 
mean x = sin j, x = cos y, x = tan j respectively). These functions 
do not fall into any of the categories (product, quotient) so far 
considered in this chapter and we shall develop a new technique in 
order to calculate their derivatives. 

This we shall do for the general inverse function and then apply 
the technique to the inverse trigonometric functions. It is important 
to realize that the notion of an inverse function is not confined to the 
trigonometric functions. In general if y = f(x) then the value of x 
will depend on the value of y and so x is a function of y ; x — g{y), 
the inverse function to f(x). (E.g. if y = x 2 then x = jy, and the 
square root function is the inverse to the square function; if y = 
sin x, then x = sin -1 y and the inverse sine function is the inverse 
to the sine function.) 

Thus in general, if y = f(x), x — g(y) and we shall show how to 
find the derivative dx/dy of g(y) in terms of the derivative dy/dx of 
f(x). 
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We may regard y = f(x) where x — g(y) as being a function of a 
function. Thus on differentiating with respect to y we obtain 

^ = -f [/(*)]• ^ * (10.14) 
dy dx dy 

dx dy 

dy = 1 /^ or dx = 1 /dy ....(10.17) 
dx I dy dy I dx 



y 




x 



Figure 10.1 



Geometrically if we draw the graph of y = f(x) then at the same 
time we draw the graph of x = g(y) (Figure 10.1). 

If PT is the tangent at any point P on this curve and PT makes an 
angle y> with the positive direction of the x-axis and an angle <f> 
with the positive direction of the j-axis, then: 

dy . dx 

— == tan ip; — = tan <f> 
dx dy 

_ . , 77 , 1 

But since <f> = - — w, tan J> — cot w = 

2 r tan v 

— = 1 /— as before 
dy / dx 

(N.B. This result is only true for the first derivative.) 

We shall now apply the general result (10.17) to the inverse 
trigonometric functions. 
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DIFFERENTIATION OF INVERSE FUNCTIONS 
If y = tan -1 x, 



x = tan y 
dx 
dy 



sec 2 y 



If y — sin -1 x, 



.(10.19) 



= 1 + tan 2 y 
= l+x 2 

dJ! =1 /^ = _J__ ....(10.18) 

dx I dy 1 + x 2 

x = sin y 
dx 

— = cos v 
dy 

= V(l-sin 2 jO 

= V(i-* 2 ) 

dy _ 1 

dx VC 1 - * 2 ) 
If j = cos" 1 x, x = cos y 

^ = -sin y = -J(l - cos 2 y) = -^(1 - x 2 ) 
dy 

^ = =L- . . . .(10.20) 

dx V(l-x 2 ) 

N.B. The results (10.19), (10.20) are in accordance with our con- 
vention regarding the square root sign and principal values of the 
inverse trigonometric functions. Reference to Figure 6.19 and 6.20 
shows that the gradient of y = sin -1 x is everywhere positive and 
the gradient of cos -1 x is everywhere negative. 

d 

Example 1. Find ^ (sec 1 x). 
If y = sec -1 x, 

x = sec y 
dx 

— = sec y tan y 
dy 

= sec y,/(sec 2 y — 1) 
= xV(x 2 - 1) 

d(sec~ 1 x) _dy 1 

dx _ dx x^C* 2 — 1) 
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SOME TECHNIQUES OF DIFFERENTIATION 
du 

Example 2. Find if (/) w = sin -1 3d («) u = tan -1 (30 3 ). 
(0 u - sin -1 30 = sin -1 v where v = 38 

du du dv 1 j 

dd ~ dv ' dd ~ 7(1 - p*) ' 

_ 3 

(») « = tan -1 (3d 3 ) = tan -1 v where v = 30 3 
d« du dt> 1 



d(9 du dd 1 + i; 2 
90 2 



90 2 



Example 3. Find 



dx 



sm M r 

\1 + x 2 / 



1 +90' 

+ 



(1 — X 2 \ 1 — X 2 

iqrp ) = sin_1 " where M = i + X 2 



dy dy du 



1 



___ (1 + x 8 )(-2x) - (1 - x 2 )(2x) 

dx du ' dx 7(1 - m 2 ) ' (1 + x 2 ) 2 

1 -4x 



X 



V[l - (1 - x 2 ) 2 /(l + x 2 ) 2 ] (l+x 2 ) ; 



-4x 
(1 + x 2 ) 2 



(1 + x 2 ) 2 



(1 + x 2 ) 2 
Exercises 10/ 



4x (1+x 2 ) 

x v — — ' 



L(l + x 2 ) 2 - (1 - x 2 ) 2 J 
-2 



2x 



(1 + x 2 ) 
-1 



1 . Show that -r- (cot -1 x) = - , 

dx 1+x 2 

2. Show that ± (cosec- x) = ^ ^ . 

3. Use the technique employed in this section to show that if 

>> = V*(i.e.x=j 2 )theng = 27x". 



208 



DIFFERENTIATION OF IMPLICIT FUNCTION 



dy 1 

4. Show that if y = tyx, then j- = by the method of this 
section., dx ix 

Find —\iy — 



dx 

5. sin -1 x 2 . 
8. sec -1 * 2 . 



11. sin- 1 



6. cos -1 6x. 
9. tan- 1 x 2 . 



7. tan- 1 (x + 1). 
10. x sin -1 x. 



(l +*)' 

12. tan -1 j- (Can you explain this result?) 



13. Show that if a is a constant 
tan" 1 



(0 
(») 



_d 
dx 



d_ 
dx 



sin - 



Q] _ a 2 + x 2 
1 («)] = V(a 2 - x 2 ) • 



d d 
14. Show that ^ (2 tan" 1 6) = 



tan~ 



(l - 0 2 )_ 



the two results equal ? (j v 
15. If y = V(l - 0 2 ) sin- 1 6 show that (1 - 0 2 ) ^ 
Ay- 



Why are 



10.11. DIFFERENTIATION OF IMPLICIT FUNCTIONS 

The rules which we have established in this chapter have been 
applied thus far only to explicit functions. In this section we shall 
develop the techniques necessary for the differentiation of implicit 
functions. 

Suppose for example that y is denned as an implicit function of x 
by the equation 

x 2 + y 2 = 1 

We differentiate each term of the equation above with respect to x 
and so obtain 



dx 



(/)+-r (* a ) = -r (D 



dx 



dx 



dx 



(y 2 ) + 2x = 0 
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SOME TECHNIQUES OF DIFFERENTIATION 
Now y* is a function of y which is itself a function of x. Thus by 

( 10 - 14 ) A AAA 

dx dy dx dx 

2y^+2x = 0 sothat 

dx dx y 

In this particular example it is possible to express y explicitly 
in terms of x; y = ,/(l — x 2 ), i.e. y = w 1/2 where « = 1 — x 2 

dy^dy du = l J_ ( _ 2x) 
dx dw dx 2 ^/u 

= — = — - as before 

V" ? 

Generally however, when it is not possible to express y explicitly 
in terms of u we shall have to use the first method. 

Example 1. Find dj/dx if x 2 + y 2 + sin y = 3. 
We have on differentiating the equation with respect to x, 

2x+-j-(y , ) + j-(sinj,) = 0 
dx dx 

2x + A. (f) *y + A isiay) *y ==0 

dy dx dy dx 

2x + 2y ^ + cos y ^ = 0 
dx dx 

dy 2x 

dx 2y + cos y 

Example 2. Find dy/dx and d 2 j/dx 2 if x + J + sin y = 3. 

On differentiating the equation above with respect to x, we obtain 

1 +T +J-(sin>-) = 0 
dx dx 

dx dx 

1 +^(1 +cos v) = 0 
dx 

dy -1 



dx 1 + cos y 
210 



DIFFERENTIATION OF IMPLICIT FUNCTIONS 
To find d 2 yjdx 2 we differentiate this expression with respect to x. 

d*y = d_(dy\ = d / -1 \ = d / -1 \dy 
dx 2 dxxdx/ dx\l+cosy/ dy \1 + cos yl dx 

dV _ -![(-!)( -sin y)] „ -1 _ sin y 
dx 2 (1 + cos yf 1 + cos y (1 + cos yf 

Alternatively we may find d 2 j>/dx 2 by differentiating with respect to 
dy dy 

x the equation 1 + ^ + ^ cos y = 0 which we obtained earlier. 
In this way we obtain 

dx 2 dx\dx 1 

:. ^ + ^ A (cosy) + co A(^) =0 by (io.4) 

dx dx dx dx\dx/ 

d*y . dy d . . dy , d^ . 
—7 + — . — (cos y) . — + cos y —4 = 0 
dx dx dy dx dx 

d 2 y . /djA 2 , d 2 y n 
^-sm,y +cos,- = 0 

(dx) 

dx 2 1 + cos y (1 + cos yf 

I . dy -1 \ 

I since — = 1 . 

\ dx 1 + cos yl 

Example 3. Find dyjdx and d a j/dx 2 at the point (1,1) on the curve 
x 3 + f = 2. 

On differentiating the equation with respect to x we have 

3x 2 + f(y 3 ) = 0 
dx 

dy dx 

3x 8 + 3.^ = 0 ....(i) 
dx 

211 



, 2 sin y ■ , , 
d y \dx/ sin y 



as before 



SOME TECHNIQUES OF DIFFERENTIATION 

dv 3dy 
Thus when x = 1, y = 1, ^ is such that 3 + = 0 

— =-1 at the point (1, 1) 
dx 



If we differentiate (i) with respect to x we obtain 

d (3/^=0 

: \ dx/ 



dx \ dx/ 



6x + 3/ ^ + ^ . -f (3/) = 0 by (10.4) 
dx dx dx 



fa + 3/^ + ^.6^ = 0 

dx dx dx 



dv d 2 v 
Now when x = 1, j = 1, ~- = — 1 and so the value of at this 

point is such that ax dx 

6+^+6 = 0 
dx 2 

d 2 v 

— ^ = — 4 at the point (1, 1) 
dx 

Thus we see that nothing new in the way of differentiation is 
involved in applying these techniques. Care must be taken, however, 
to apply the function of a function rule when differentiating a 
quantity which involves y or its derivatives, with respect to x. 

Exercises lOg 

Find dj/dx when: 

1. xy = 1. 

2. x 2 y 2 — x — y = 0. 

3. y/x + yjy = 1. 

4. x + y + cos x + cosy = 2. 

5. xy + sin y = 1. 

6. x + y + sin xy = 2. 

7. Find dy/dx at the point (1,1) if x 2 + y 2 + xy = 3. 

8. Find dj/dx and d 2 7/dx 2 if 3xy + x 2 + y 2 = 5. 

9. Find dj/dx and d 2 j/dx 2 at the origin on the curve x 2 + y 2 + 
x + 3j = 0. 
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DIFFERENTIATION FROM PARAMETRIC EQUATIONS 

10. Find dy/dx and d 2 y/dx 2 at the point (1,1) on the curve 
3x 2 + 2y 2 + xy + x - 7 = 0. 

10.12. DIFFERENTIATION FROM PARAMETRIC 
EQUATIONS 

It is often convenient to define y as a function of x by expressing 
both y and x in terms of a third variable i, known as a parameter. 
(See sections 20.5, 20.9, 20.13 and 20.17.) 

Thus in general y = f(i), x = <j>(t) defines y as a function of x. 
This follows since j is a function of t which in turn is a function of x. 
By eliminating i from the two relationships above, we can obtain 
y as a function of x. (See section 1.5.) 

Thus if y = t 2 , x = I It, we have, since i = Ijx, y = 1/x 2 . Some- 
times it will be difficult or even impossible to carry out this elimina- 
tion although it is always true that y is a function of x since the 
value of y will depend on x. In such cases the differential coefficient 
of y with respect to jc can be obtained by regarding y as being a 
function of a function; y is a function of t and t is a function of x. 
Thus 

dy _ dy d£ 
dx d* dx 



dy dy /dx 
dx dt/ dt 



...(10.21) 



Example 1. Find dy/dx when (i) j> = t 2 , x = l/t, (ii) y — sin 6 
x = cos d. 

(0 By (10.21) ^ = = -2t 3 

dx -l/t 2 

(/i) By (10.21) ^y = -££iL = _ cot e 
dx —sin 6 

Example 2. Find dy/dx and d 2 j/dx 2 in terms of / when y = 2t, 
x = t 2 

dy _ dy /dx 2 _ 1 



dx dtl dt It 

d£ 
dx 

/dy\ /dx 



= A/dy) = d/dy\ 
dx 2 dxldx/ dAdx/ ' 

dV = d/ 
dx 2 dA 



....(10.22) 

dx! I dt 



(This result is true generally.) 



213 



SOME TECHNIQUES OF DIFFERENTIATION 



dx 2 



Example 3. Find dj/dx and d 2 j/dx 2 at the point with abscissa 1 
on the curve y = 1/t, x — 2i. 
The point with abscissa 1 corresponds to t — | 



dx t 2 / 2t 2 



Whent = h~ = -1/1 = -2 
dx 



d> = 1 d_/_ J_\ J_ 
dx 2 2dA 2f7 2i 3 



d 2 v 1 
When / = J, ^ = — 

dx 2 2ft) 



Exercises lOh 

Find dy/dx in terms of the parameter when: 

1. y = x = * s . 2. j = 2 sin 0, x = 3 cos 0. 

3.7 = cos 4f, x = sin 2f. 4. y — i 2 cos f, x = i sin f. 

( , t 3 t 



1 + 1 i + t 1 + r 1 + r 

Find dj/dx and d 2 j/dx 2 in terms of t when 

2f 1 - t 2 . , 1 

7 -^IT7 2 ' x = IT7 2 - 8 -^'-" = ?- 

9. If x = t 3 + f and y = 2f 2 find dy/dx in terms of J and show that 
when dj/dx = 1, x = 2 or x = 

10. The position of a projectile referred to horizontal and vertical 
axes is given by x = 81, y = 40t — 16i 2 after time t sec. Find at 
what times the projectile is moving (i) horizontally (ii) at an angle 
of 45° to the horizontal. 

10.13. LIST OF STANDARD FORMS 

The rules of differentiation and the differential coefficients of 
the important basic functions are listed below. They should be 
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memorized, u, v, w are functions of x; a, b ... c are constants. 

d ( . l , \ d " , l dc , dw 

— (aw + in; + . . . cw) = a ho 1- • • • c — 

dx dx dx dx 

d . . d« . dw 

— (ut;) = u H p — 

dx dx dx 

d , . dw , dv , dw 

(UDW) = MU \- UW \- VW 

dx dx dx dx 



— (-) = 

dx \v/ 

dy _dy du 
dx du dx 

— = i/$y 



du dv 

V u — 

dx dx 



dy / dx 

— (x n ) = nx"- 1 
dx 

— (sin x) = cos x — (sec x) = sec x tan x 
dx dx 

— (cos x) = —sin x — (cosec x) = — cosec x cot x 
dx dx 

— (tan x) = sec 2 x — (cot x) = —cosec 2 x 
dx dx 

d / ■ -i \ 1 d * — i 1 

— (sin x) = — — — (tan x) = 

dx V(l-x 2 ) dx 1+x 
dy dy /dx 



2 



dx dt / dt 



EXERCISES 10 



1. Find (0 — (|x 4 - ix 2 + 2) (if) - (I t m - it 1 ' 2 + ^r 1/2 ). 

dx df 

2. Find (0 — [(x 3 + x)(3x 2 + x)] (ii) — [sec 9(1+ cot 0)]. 

dx d9 
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3 . Find(0 i.(-^_) w 

dx\x 2 -l/ dx\x 2 + l/ J x 

4. Find the derivatives of the following functions (i) -r- ^ — -r 

Vx * + v* 



i + 



sin -1 (tan x) (if) y = tan -1 (sin x). 



cot 



1 -V*" 

5. Find dd/dt when (i) 0 = sin t sin 3* (ff) 0 = t % sin" 1 /. 

(L.U., part) 

6. Differentiate with respect to x (i) ^ 2 _ ^ (n) ^ _|_ _|_ 2) • 

7. Find dy/df when (f) j = cos t cos 5* (ff) j> = / tan -1 1. 

8. Find the derivatives of the following functions: (f)sin 4 x 
(ff) sec 3 x. 

9. Find d«/d0 if (f) u = sec 3 60 (ii) u = cot s 0 2 . 

10. Find (i) d/dd (0 sec 0 tan 0) (if) d/dx (x sin x cos 2x). 

11. Find dj/dx when (i)y = sin 1/x (ii) y = {[sin (l/x)]/x}. 

12. Find (i)^^) 0-0^ (sin- f 3 ). 

13. Differentiate with respect to 0 (i) sinr 1 J(l - 0 2 ) 

(ii) tan -1 — — 

U/(i - ex- 

14. Find dj/dx when (i) j 

15. Find (f) — [cos -1 (1 - f 2 )] 

dt 

n _ x 2\ 

16. Differentiate with respect to x (i) cos 1/x 2 (ii) cos -1 I yqr^i I ' 

17. If y = tan x show that d 2 j>/dx 2 = 2y + If. 

18. liy = cot 2 0 show that d 2 j/d0 2 = 2(1 + y)(l + 3j). 

19. If y — tan x + | tan 3 x prove that dy/dx = (1 + tan 2 x) 2 . 

/ 4x 2 \ 

20. Find dy/dx when (f) y = tan -1 I . _ 2 1 
(ff)j = sin- 1 (2x-5). ^ 4 x/ 

21. Find dj/dx when (f) 7 = x" tan «x (ii) j = tan -1 (sin x/2). 

22. If j is a function of x find the derivative with respect to x of 
(i) xy % (ii) x/y (iii)yjx (iv) sin 2 y. 

23. Find dy/dx when (i) x 3 + / - 3xy + 1 = 0 (ii) x 3 - 2*Y + 
y* = 0. 

24. Find dj/dx when (f) j 2 + x 2 = 6x + Ay + 1 (if) j> 3 + x 3 = 
3(x+y). 

25. (i) If sin y = tanx, find dy/dx in terms of x. (ii) If x 3 + 
y z = 3axy, find dy/dx in terms of x and y, and prove that dj>/dx 
cannot be equal to — 1 for finite values of x and y, unless x = y. 

(S.U.J.B.) 
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26. Find the slope of the tangent to the curve yx 3 - 3x 2 j 2 + 
x 3 — 2x = 0 at the point where x = 2, y = 1. 

27. Find dj/dx and d^/dx 2 at the origin on the curve x*y + 
fx = xy + J. 

28. Find dj/dx and d 2 ;>/dx 2 at the point (1,1) on the curve 2xy — 
IX s - f + xY = o. 

29. If x 6 + y 6 = xy express d 2 y/dx 2 in terms of x and j. 

(W.J.C., part) 

30. Find dy/dx if 7 = b sin 0 and x = a cos 0. 

31. Find dy/dx and d^/dx 2 for the curve x = a sec 6, y = 
b tan 0. 

32. Find dy/dx and d 2 ^/dx 2 for the curve x = a cos 3 0, j = a sin 3 0. 

33. Find an expression for dy/dx for the cycloid x = a (t + sin 0. 
y = a(l — cos t). 

34. A curve is given by the parametric equations 

x = a(t sin / + cos / — 1), y = a(sin < — f cos t). 

Find dj/dx and d 2 j/dx 2 in terms of t. (J.M.B., part) 

35. The equations of a curve in parametric form are 

x = 4 cos 0 + 3 sin 0 + 2, j = 3 cos 0 — 4 sin 0 — 1 

Find dy/dx at the point where 0 = it/2. (L.U.) 

36. If y = (w 2 - 1)" show that (w 2 - 1) dy/dw — 2nwy = 0. 

37. If j = sin (m sin" 1 x) show that (1 - x 2 ) d^/dx 2 - x dyjdx + 
m 2 y = 0. 

38. If y = V( 4 + 3 sin *) P rove that 

2 „ ¥l + 2 + y* = 4 (S.U.J.B., part) 
dx 2 \dx/ 

39. If ^ = , find dj/d0 and d 2 j/d0 2 , and prove that 

d0 2 d0 

40. If z = [v + V(l + v 2 W show that 

(l+i> 2 )-T + t>— -J>z = 0 
dir du 
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SOME APPLICATIONS OF DIFFERENTIATION 



11.1. THE DERIVATIVE AS A RATE MEASURER 

In this chapter we shall apply our knowledge of the derivative of a 
function to a variety of problems. Most of the applications are 
based on one of two interpretations of the derivative, viz. as 
measuring the rate of change of the function with respect to the 
variable, or as measuring the gradient of the tangent to the graph of 
the function at a particular point. We begin by using the first 
interpretation. 

Example 1. At what rate is the area of a circle changing with 
respect to its radius when the radius is 1 cm? 
If r cm denotes the radius and A cm 2 the area of the circle, 

A = 77T 2 

dA „ 

dr 

dA 

:. when r = 1 cm, — = 2tt cm 2 /cm (Note the units) 

dr 

Example 2. The radius of a circle is increasing at the rate of 0-1 
cm/sec. At what rate is the area increasing at the instant when 
r = 5cm? 

As before A = irr 2 and is given as a function of r, which itself is a 
function of the time t (since r changes with time) 

dA = dA dr 
dt dr ' dt 
= 27rr . 0-1 

.'. when r = 5 cm, 

dA 

— = 2t7 x 5 x 0-1 cm 2 /sec 
dt 1 

— 7T cm 2 /sec 

.'. the rate of change of area when r = 5 cm is tt cm 2 /sec. 
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Example 3. Water is poured into a vessel, in the shape of a right 
circular cone of vertical angle 90°, with the axis vertical, at the rate 
of 8 in. s /sec. At what rate is the water surface rising when the 
depth of the water is 4 in. ? 

Let the depth of the water after / sec be x in., and the volume of 
water in the vessel at this time V in. 3 . Let the radius of the water 
surface at this time be y in. (Figure 11.1.) 

The volume of water in the vessel is Fin. 3 = \irfx, but since the 
semi-vertical angle is 45°, x = y. 

V = \ny? 




Figure 11.1 



The rate of increase of V with respect to t is 8 in. 3 /sec 
i.e. 

— = 8in. 3 /sec. 
dt 

But 

dV dV dx 2 dx 

= . — = ttX — 

df dx d( dt 

the value of dx/df when x = 4 in. is such that 

16^ = 8 
dt 

— = — in./sec = 0-159 in./sec when x = 4 in. 
dt 2tt 

Exercises 11a 

1. The length / ft. of a particular rod at temperature fC is given 
by / = 2 + 0-0000274/ + 0-0000000446* 2 . Find the rate at which 
/ is increasing with respect to t when t = 100°C. 

2. A spherical balloon is inflated by pumping air into it at the 
rate of 80 ft. 3 /min. Find the rate at which the radius is increasing 
when the radius is 4 ft. 
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3. The radius of a sphere is increasing at the rate of 0-1 cm/sec. 
When r = 5 cm find the rates at which the surface area and the 
volume are increasing. 

4. A gas expands according to the law pv = constant where p is 
the pressure and v the volume of the gas. Initially v = 1000 m 3 
and p = 40 N/m a . If the pressure is decreased at the rate of 
5 N/m 2 . min -1 find the rate at which the gas is expanding when its 
volume is 2000 m 3 . 

5. The distances u and v of an object and its image from a lens of 
focal length / are related by the formula l/v + \\u = 1//. An 
object 5 cm from a lens whose focal length is 2-5 cm is moved 
towards the lens at a speed of 10 cm/sec. Find the speed with which 
the image begins to recede from the lens. 

6. Gas is escaping from a spherical balloon at the rate of 30 
m 3 /min. How fast is the radius decreasing when the radius is 3 m? 

7. At what rate is the surface area of the balloon decreasing in 
Exercise 6? 

8. Water is running out of a conical funnel at the rate of 1 
in. 3 /sec. The radius of the base of the funnel is 5 in. and its height 
is 10 in. Find the rate at which the water level is falling when it is 
4 in. from the top. 

9. A kite, 100 ft. above the ground is being carried horizontally 
by the wind at a speed of 12 ft./sec. At what rate is the inclination of 
the string to the horizontal changing when 200 ft. of string are out? 

10. The radius of a sphere is r in. after t sec. Find the radius 
when the rate of increase of r and the rate of increase of the surface 
area are numerically equal. 



11.2. SOME APPLICATIONS TO KINEMATICS 

If a body, moving in a straight line, has travelled a distance s 
after time t, then the rate of change of s with respect to time will be 
the speed v of the body 

ds 

0" ( ....(lU) 

In the same way the rate of change of the speed with respect to time 
will be the acceleration a of the body 



a = 7t = lU=^ •■•• (1L2) 



dt> = d/ds\ = d 2 s 
dt dAdt) ~ dt 2 

An alternative expression for a may be obtained as follows: 
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We may regard v as a function of s, which is a function of /. 
Thus by the function of a function rule for differentiation 

_ dv _ d_£ ds 
dt ds dt 

a = v^ ....(11.3) 

ds 

It is conventional in dynamics to denote differential coefficients 
with respect to time by dots placed above the dependent variable. 
Thus ds/dt is denoted by s, d 2 s/dr 2 by S. With this notation 

dv 

v = s; a — v — s = v — 

ds 



Example 1. A body moves in a straight line so that the distance 
moved s ft. after time t sec is given by s = t s — 2t 2 + t. Find an 
expression for the speed of the body at time t, and find the times 
at which the body is at rest. What is the acceleration of the body 
at these times? 

s = t 3 - 2t 2 + t 

v = s = 3t 2 -4t+l 

When v = 0, t satisfies the equation 

3f 2 - At + 1 = 0 

(3r - 1)(/ - 1) = 0 

( = J or 1=1 

The body is at rest after times \ sec and 1 sec. 

The acceleration of the body after time t sec is given by a = 
v = 6t — A 

;. when t = i, a = 2- 4=-2 ft./sec 2 

.'. when t = \, a = 6 — 4 = 2 ft./sec 2 



Example 2. The speed of a body varies inversely as the distance 
it has moved. Show that its acceleration is proportional to the 
cube of its velocity. 
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With the usual notation 

v = - where k is some constant 



dv -k\ 
a = v— = v\— — I 
ds \ s 2 I 



a = — since s 



vk 
s 2 

vk . k 

(!I 

v 3 

a = which proves the result. 

k 



So far we have dealt with a body moving along a straight line. 
The same mathematics can be applied to a body rotating about a 
fixed axis. If d is the angle through which the body has turned 
after time t, the angular speed of the body is given by 



dd 

o> = — ....(11.4) 



dt 

The angular acceleration Q. is given by 

n dca d 2 8 dco „ 

£2 = — = — - = co — (11.5) 

d( dt 2 dd K ' 

Exercises lib 

1. A body moves a distance s ft. in t sec along a straight line 
where s = 3/ 3 . Find the speed and acceleration of the body after 
2 sec and after / sec. 

2. The speed v ft. /sec at time t sec of a body moving along a 
straight line is proportional to t 3 . Find the speed of the body 
after 2 sec if its acceleration is then 12 ft./sec 2 . 

3. The distance s ft. moved by a body after t sec is given by s = 
t 3 — 3t. Find its speed after t sec. After what time(s) is the body 
at rest? 

4. Find the acceleration a of the body in Exercise 3 at any time 
t sec. When is the acceleration zero ? 

5. A body moves in a straight line so that the distance s ft. 
travelled after time t sec is given by s — t 3 — At 2 + 4f. Find the 
two positions of the particle when it is momentarily at rest. What 
is the acceleration of the body at these times? 

6. A particle moves along a straight line so that its distance s ft. 
from a fixed point after time t sec is given by s — sin nt where n 
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is a constant. Show that its acceleration is proportional to s and 
directed towards the fixed point. 

7. Show that the speed of the particle of Exercise 6 is given by 
"V(l - *")• 

8. The distance s, moved along a straight line by a particle, after 
time t is given by s = It*. Show that its speed v and acceleration 
a satisfy the relation, a 3 = 21v 2 . 

9. If the speed of a body is proportional to the cube of the 
distance it has travelled, show that its acceleration is proportional 
to the fifth power of the distance travelled. 

10. A body is rotating about a fixed axis so that the angle 0, 
through which it has rotated after time t sec is given by 6 = bt + 
at 2 . If co denotes the angular speed of the body and O the angular 
acceleration of the body show that 

0,2 _ b 2 = 2Q0 

11.3. APPROXIMATIONS 

The derivative of a function is defined to be 
Liffiit ^ = dy 
dx-*o dx dx 



0 


Q 


' + 

T i «5> 
-1 * 


^ OX 




Figure 11.2 



It follows that if we write dy/dx = dy/dx + a then the quantity a 
approaches zero as dx approaches zero, so that if dx is small so 
also is a. Thus we may write 

dy = — . dx + a dx 
dx 

The second term on the right, being the product of two small 
quantities, will be negligible in comparison with the first term. Thus 

dy^^dx ....(11.6) 
dx 

Figure 11.2 shows the graph of the function y = f(x). P is the 
point (x, y), Q the point (x + dx, y + dy). Thus the change in the 
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function dy as x changes to x + dx is given by the length of QN. 

If PT is the tangent to the curve at P, then provided dx is small 
TN ^ QN, so that dy ^ TN and since 

TN = PN tan TPN = dx t'(x) 

dy f ( x ) fa = — dx as before, 
dx 

Example 1. Given cos 45° = \U2 = 0-7071 calculate the value of 
cos 45° 1'. 

Consider the function y = f(x) = cos x 

f'(x) = —sin x (provided x is measured in radians) 
Thus if x = 7r/4, 

dx = V = — . radians 
60 180 

c . 77 1 IT 

dy — —sin - . — . 

4 60 180 

n = -0-0002 



10800^2 
cos 45° l'^=y + dy 

= 0-7071 - 0-0002 
cos 45° 1' = 0-7069 approximately. 

Example 2. The strength of the magnetic field due to a current / 
amp in a wire in the form of a circle of radius r cm, at a point x cm 
from the centre of the circle and on the axis of the circle is given by 

fl = 5(r^xr gaUSS 

If / = 10 and r = 4 find the approximate change in H when x 
changes from 3 cm to 2-9 cm. 

H " Ir * 



5(r 2 + x 2 ) 3 ' 2 
dH 37rlr 2 x 



dx 5(r 2 + x 2 f' 2 

8H^- Wx .dx 
5(r 2 + x 2 ) 5/2 
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APPROXIMATIONS 
When x = 3, 8x = -0-1, r = 4 and / = 10 

3tt x 10 x 16 X 3 1 



8H === 



5 x 25 5/2 10 
144077 



0-0289 



5 X 31250 

Thus the magnetic field increases by approximately 0-029 gauss. 

Example 3. The value of g the acceleration due to gravity is 
determined by means of a simple pendulum of length / cm. The 
period T sec of the pendulum is measured and g is calculated from 

the formula T = 2tt J-. The experimenter feels that he is able to 

measure / accurately but realizes that his measurement of T is 
subject to an error of 1 per cent. What is the percentage error in the 
calculated value of gl 

477 2 / 

where / is the length and T the time period. However, since T is 
subject to the error 6T = T x rio the experimenter will calculate 
the value g + 6g where 8g is the error in g. 

dT 

<5g — — 2 X — - x — 
S T 100 

2_ 4ttH 2 

~ ioo r 2 ~ ioo g 

.'. the percentage error in g is thus approximately 2% and is 
opposite in sign to the error in T. 

Exercises lie 

1. tan 45° = 1, cos 45° = sin 45° = 1/^/2. Evaluate tan 45° 1' to 
four decimal places. 

2. Using the values sin 45° = cos 45° = 0-7071, determine the 
values of sin 45° 1' and cos 45° 1'. Use these two values to determine 
sin 45° 2' and cos 45° 2' and then calculate sin 45° 3' and cos 45° 3'. 
(In this way we could construct a complete table for sin 8 and 
cos 6 at 1' intervals for 6. In fact the same calculation is carried out 
each time with slightly different numbers. This is just the type of 
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calculation which an electronic computer can handle very rapidly 
and efficiently.) 

3. The radius of a circle increases from 2 in. to 2-03 in. Find the 
approximate increase in its area. Find the actual increase. 

4. The volume of water in a hemispherical bowl of radius 12 in. 
is given by V — %n(36x 2 — x a ) where x in. is the greatest depth of 
the water. Find the approximate volume of water necessary to 
raise the depth from 2 in. to 2-1 in. If the water is poured in at the 
constant rate of 3 in. 3 /sec, at what rate is the level rising when the 
depth is 3 in. ? 

5. Find the approximate percentage change in the volume of a 
cube of side x in. caused by increasing the sides by 1 per cent. 

6. The radius of a spherical balloon is decreased from 10 cm to 
9-9 cm. Find the approximate change in its volume. 

7. Find the approximate change in the surface area of the balloon 
of Exercise 6. 

8. The volume of a gas expanding adiabatically is related to its 

pressure p by the law pv? = constant (where y is a constant). If 

dp and dv denote corresponding small changes in p and v respectively, 

dp dv 
show that — = — y — . 
p ' v 

9. The area of a triangle is calculated from the formula A = 
\ab sin C with the usual notation. The sides a and b are measured 
accurately as 10 in. and 12 in., but C is subject to an error of any- 
thing up to \° about the measured value of 40°. Find approximately 
the maximum error in A. 

10. y — x 2 . If x is decreased by 0-2 per cent find the approximate 
percentage decrease in y. Hence find an approximate value for 
(99-8) 2 . 

11.4. THE TANGENT AND NORMAL TO A CURVE 

f '(*) measures the gradient of the tangent to the curve y = f(x) 
at the point with abscissa x. The gradient of the tangent at the point 
with abscissa x 1 is then f'(-*i)- Thus the equation of the tangent to 
the curve at the point (x^yj on the curve is by (18.6) 

y-y 1 = f'(x 1 )(x-x 1 ) ....(11.7) 
The normal to the curve at the point (x lt y x ) on the curve is the 
line through this point perpendicular to the tangent to the curve. 
The gradient of the normal is thus — l/f'(*i) and the equation of the 
normal is by (18.6) 

y-yi = jr—(x-x-d ....(11.8) 
f (xj 
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Example 1 . Find the equation of the tangent and normal to the curve 
y = 3x 2 — 5x at the point (1, —2). 

y = f(x) = 3x 2 - 5x 

f'(x) = 6x - 5 

f'(l) = 6.1-5 = 1 

.". the tangent at (1, —2) has equation 

y - (-2) = i(x - i) 

i.e. y + 2 = x — 1 

i.e. y = x — 3 

The normal at (1, —2) has equation 

>--(-2)=-l(*-l) 
i.e. y= —x — I 

Example 2. Find the equation of the tangent to the circle jc 2 + 
y 2 — 2a 2 at the point (a, a). 

x 2 + y 2 = 2a 2 

J-(x 2 )+j-(/) = 0 
dx dx 

2x+2y^ = 0 
dx 

dy _ _ x 
dx y 

.'. at the point (a, a), 

dx 

the tangent to the circle at (a, a) has equation 
y — a = — (x — a) 
i.e. y = —x + 2a 

Example 3. Find the equation of the tangent to the curve y = 2x 2 — 
x + 3 which is parallel to the line y = 3x — 2. 
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With 



y = f (x) = 2x 



x + 3 



^ = f'(x) = 4x 



dx 



1 



The line y — 3x — 2 has gradient 3 

f'(x) = 3 when 4x - 1 = 3, i.e. x = 1 

Thus the point of contact of the required tangent is (1, 4). 
.'. the equation of this tangent is 



ldlExercises 

1. Find the equation of the tangent and normal to the curve 
y = 3x 2 - 6x + 1 at the point (2, 1). 

2. Find the equation of the tangent and normal to the curve 
y = x 3 - 3x 2 + 2 at the point (1, 0). 

3. Find the equations of the tangents to the curve y = 
x(x — l)(x — 2) at the points where it crosses the x-axis. 

4. Find the equation of the tangent to the hyperbola x 2 — j 2 = 16 
at the point (5, 3). 

5. Find the equation of the tangent and normal to the curve 
x 2 + xy + y 2 = 3 at the point (1, 1). 

6. Find the equations of the tangent and normal to the curve 
y 2 = 4ax at the point (a, 2a). 

7. Find the equations of the tangents to the curve y = x 3 — 6x 2 + 
9x + 4 which are parallel to the x-axis. 

8. Find the equations of the tangents to the curve y = x 3 — 
5x 2 + 8x + 1 which are parallel to the line y = 5x — 7. 

x — 1 

9. Find the equation of the tangent to the curve y = ^ ^ which 

is perpendicular to the tangent at the point (1,-1) to the curve 
y = x a — 4x + 2. x 

10. Find the equations of the tangents to the curve y — ^ ^ 
which are parallel to the line y = x. 

11.5. THE MAXIMUM AND MINIMUM VALUES OF A 

FUNCTION 

Figure 11.3 shows the graph of a function y = f(x). 
The point A is called a local maximum of this function. The value 
of the function at A exceeds its values in a certain neighbourhood of 



i.e. 



y - 4 = 3(x - 1) 
y = 3x + 1 
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A. Similarly C is a local maximum and B a local minimum. As 
can be seen B is not the absolute minimum value of the function, 
the value at D for example being less than the value at B. This is the 
reason for the term "local" minimum, although in much of the 
literature this word is omitted although generally implied. 



y c 




Figure 11.3 



The positions of the points A, B, C may be determined by using 
the property that the derivative is zero (the tangent is parallel to 
the x-axis) at local maxima or minima. 

To distinguish between local maxima and local minima we shall 
examine the derivative in the neighbourhood of A and B respectively. 
Near A the derivative is positive to the left of A, zero at A and 



y c 




X 



D 

Figure 11.4 

negative to the right of A, i.e. it changes sign from negative to 
positive as x increases. Near B the derivative is positive to the 
left of B, zero at B, and negative to the right of B, i.e. it changes 
sign from negative to positive as x increases. Figure 11.4 shows the 
graph y = f(x) together with the sign (or zero's) of its derivative 
marked on it. 
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In those regions in which f'(x) is positive we say that f(x) is an 
increasing function of x; in those regions in which f'(x) is negative 
we say that f(x) is a decreasing function of x, and at A, B, C where 
i\x) is zero we say that f(x) is stationary. A, B, C are often referred 
to as the stationary points of f(x). 

The observations above enable us to state the following rules for 
determining the stationary points (or turning points) of a function 
and distinguishing between (local) maxima and minima. 
I At a turning point f '(*) = 0. 

II At a local maximum, f'(x) changes from positive to negative 
as x increases. 

At a local minimum, f '(x) changes from negative to positive as 
x increases. 

In practice we evaluate (or at least examine the sign of) f '(x) for 
values of x just less than and just greater than its value at the turning 
point. 

Example 1. Find the nature of the turning points of the function 
y = x 3 - 2x a + x + 4. 

^ = 3x 2 - Ax + 1 
dx 

At the turning points dy/dx = 0, 

i.e. 3x 2 - 4x + 1 = 0 

(3* - l)(x - 1) = 0 

x = 4 or x = 1 

Consider the value x = £. When x = J (a convenient value just 
less than |) 

dZ = 3 x^-4xi + l = ^ 
dx 16 4 16 

When x = \{a. convenient value just greater than J) 

dj = 3x i_ 4x i +1 = _l 
dx 4 2 4 

Thus since dj>/dx changes sign from positive to negative, when 
x — \, y is a maximum, the value of y being 

A-t+*+4= W 
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For the value x = 1. When x = 0-09, 
dy 

= 3 x 0-81 -4x0-9 + 1 = - 0-17 is negative 
When x = 1-1 
dy 

^3x 1-21 -4x1-1 + 1 = 0-23 is positive 

Thus when x = 1, y is a minimum, the value of y being 1 — 2 + 
1+4 = 4. e 

A second procedure for distinguishing between maximum and 
minimum values may be obtained as follows. In the region of a 
maximum f '(x) changes sign from positive to negative as x increases. 
Thus f 'O) is a decreasing function of x in the region so that f "(x) is 
negative. Near a local minimum, f '(x) is an increasing function so 
that f "(x) is positive. 

Hence at turning points giving maximum values f "(x) < 0 and at 
turning points giving minimum values f "(x) > 0. 

If at a turning point f "(x) = 0, no conclusions can be drawn using 
the above argument and we have to resort to our original criterion 
for distinguishing between maximum and minimum values. 

For the example just considered, 

dx 2 



When x = |, 
When x = 1, 



d 2 y 

——; = 2 — 4 = —2 is negative 
dx 

d 2 y 

— =6 — 4 = 2 is positive 
dx 



Thus x = | gives a maximum and x = 1 gives a minimum for y. 

Example 2. Find the maximum and minimum values of y = 
x 3 - 6x 2 + 9x. 

^ = 3x 2 - 12x + 9 
dx 

= 3(x 2 - 4x + 3) = 3(x - l)(x - 3) 

dy 

.'. — = 0 when x = 1 or x = 3 and these give the 

turning values. 

^ = 6x-12 
dx 2 
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When x = 1, 

= — 6 < 0 and so gives a maximum value of 4 for y. 

dx 2 
When x = 3, 

^ = 18 — 12 = 6 > 0 and so gives a minimum value of 
dx 2 0 for y. 

Example 3. Rectangles are inscribed in a circle of radius r. Find 
the dimensions of the rectangle which has maximum area. 

Figure 11.5 shows the circle with one such rectangle ABCD 
inscribed in it. O is the centre of the circle. 




Figure 11.5 



Let BC = 2x. Let E and F be the mid points of BC and AB. 
Then since FB S = OB 2 - BE 2 = r 2 - x 2 , FB = V(r 2 - x 2 ). 

AB = 27(r 2 - x 2 ) 

.-. the area of ABCD = A = 4xJ(r 2 - x 2 ). 
For the maximum value of A, d.A\dx = 0 

4x 2 



4V(r 2 - x 2 ) - 

\l\r — x ) 



V(r 2 - x 2 ) 
4(r 2 - x 2 ) - 4x 2 



V(r 2 - x 2 ) 

4(r 2 -2x 2 ) =() SQthat 

V(r 2 - * 2 ) 

r 2 _ 2x 2 — 0 i e x = — (only the positive value is valid) 

V 2 
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When x < rjy/2, dA/dx is positive since then r 2 \2 > x 2 . When x > 
rjyjl, dA/dx is negative. Thus A is a maximum when x = rjy/2. 
(This method for distinguishing between maximum and minimum 
values is more convenient in this example than calculating d 2 A\dx 2 .) 

Thus A has a maximum when the rectangle has dimensions 
yj2r by s j2r; i.e. it is a square. 

Example 4. The point X is 21 miles south of the point Y. At 
noon a boy starts from X and cycles due east at 9 m.p.h. At the 
same time a second boy starts from Y and cycles south at 12 m.p.h. 
Find their least distance apart. 



Y A 
124 



21 



Figure 11.6 

At time t hours after noon the first boy is at A 9t miles east of X, 
and the second boy is at B, 12f miles south of Y (Figure 11.6). 
If d is their distance apart, 

d 2 = BX 2 + AX 2 
d 2 = (21 - 12f) 2 + (9f) 2 
- 225* 2 - 504? + 441 
d is a minimum when d 2 is a minimum, i.e. when 



- (d 2 ) = 450( - 504 
dt 



0 



i.e. when 



f 5 0 4 BJ> 

' = 160 50 



^(d 2 ) = 450 
dt 2 } 



which is always positive 



.*. t = M gives a minimum for d 2 of 

441 _ ™2L1? + 225 x 5J! ^ 441 - 
50 50 2 



441 



1008 x 56 56 x 504 



100 
56 x 504 



100 



100 
158-76 



the minimum value of d =^ 12-6 miles. 
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A Further Note on Maxima and Minima Although in most cases 
f'(x) will be zero at a maximum or minimum value, the essential 
property of such points is that i'(x) should change sign. Figure 
11.7 shows the graph of the function y = 1 — x 2 * 3 ; the sign of 
dy/dx is marked on the graph. This function has a maximum at 
x — 0 but dyjdx = fx -1 / 3 , although it changes sign as x passes 
through 0, is not defined for x = OH This is also true for the 
function y = \x\ whose graph is shown in Figure 9.3. 



> 

+ / 
+/ 




>^(-1,0) o 


d,or^. 


^ — 



Figure 11.7 



Exercises lie 

1- If J' = (x — l)(x + 2) 2 find the maximum and minimum values 
ofy. 

2. Find the maximum and minimum values of y = x(x — l) 2 . 

3. Find the maximum and minimum values of y = — 

x 2 + 1 

4. Find the maximum and minimum values of sin / + \ cos 2t. 

5. Show that the maximum value of a cos 6 + b sin 0is,/(a 2 + b 2 ). 
Can you show this without using the calculus ? What is the minimum 
value? 

6. Find the dimensions of the largest right circular cylinder which 
can be cut from a sphere of radius r. 

7. An isosceles triangle of vertical angle 2d is inscribed in a circle 
of radius r. Find an expression for the area of the triangle as a 
function of 6, and show that this is a maximum when the triangle is 
equilateral. 

8. A right circular cone is constructed to have a total surface area 
A. Show that its volume V = \r^{A 2 - 2nAr 2 ) where r is the 
radius of its base. Hence show that the largest such cone has 
semi-vertical angle tan- 1 (1/2^/2). 

9. The force exerted on a small magnet placed at a distance x 
from the centre of a plane circular coil of radius a, and along the 
axis of the coil is proportional to xj(x 2 + a 2 ) 5 ' 2 when an electric 
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current flows in the coil. Show that the force is a maximum when 
x = \a. 

10. A man is situated at A, a miles from a road XY {Figure 11.8). 
He wishes to reach the point Y where XY = b miles. His speed on 
the road is u m.p.h., and his speed across country is v m.p.h. (w > v). 
If he wishes to reach Y as quickly as possible find the position of the 
point P where he joins the road. 



A 




Figure 11.8 

11.6. POINTS OF INFLEXION 

Consider the function y = x*(x — 4) = x 4 — Ax 3 . 

^ = 4x 3 - 12x 2 = 4x 2 (x - 3) 
dx 

— = 0 when x = 0 or x = 3 
dx 

Near x = 3, dy/dx changes sign from negative to positive as x 
increases through the value 3. Thus x = 3 gives a minimum value 
of —27 for y. Near x = 0, dyjdx is negative for x just below zero, 
is zero when x is zero, and is negative again for x just greater than 
zero. Thus although dj/dx is zero, since dy[dx does not change 
sign as x passes through this value, this point gives neither a maximum 
nor a minimum value for y. 

Figure 11.9 shows the graph of the function y — x 3 (x — 4). 
The sign of dj/dx is indicated on the graph. 

At B the function has a minimum value and at the origin there is a 
point called a point of inflexion. At such a point the graph of the 
function changes from being concave up to concave down or vice 
versa. (In our particular case it is the former.) As the value of x 
increases through zero, the derivative changes from negative to 
zero, and then to negative again, i.e. at 0 the derivative has a 
maximum. This is true quite generally; at a point of inflexion 
the derivative has a maximum value or a minimum value. This 
latter condition enables us to give a criterion for finding points of 
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inflexion, for at points at which dy/dx is a maximum or a minimum 
d 2 v 

— - = 0 and changes sign, 
dx 

This is the case in our present example where 

j 2 

-\ = 12x 3 - 24x = 12x(x - 2) 





> y 


1 

J + 
/+ 
/+ 




0 


(A,0)/ + 


0 




/+ 
/ + 

B 



Figure 11.9 



which vanishes and changes sign at the origin from positive to 
negative. 

Although it was so in the example chosen it is not necessary that 
dj>/dx be zero at a point of inflexion (see Figure 11.10). In Figure 




x 



(a) (b) 
Figure 11.10 



11.10a the curve has a point of inflexion at A. dyjdx is a maximum. 
In Figure 11.10b the curve has a point of inflexion at B. dj-/dx 
is a minimum. In both cases d 2 Wdx 2 = 0 and changes sign but 
dj/dx ^ 0. 5 
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To sum up the results of this and the previous section : 

(0 

dy d 2 y 

If — = 0 and — - < 0, there is a maximum value, 
dx dx 

(w) 

dv d 2 y 

If — = 0 and > 0, there is a minimum value. 



dx dx 



(Hi) 

. d 2 y 

If — ~ 2 = 0 and changes sign, there is a point of inflexion. 



dx 2 



....(11.9) 



Example 1. Find the maximum and minimum values and the 
points of inflexion of y = x 3 — 6x a + 9x + 1. 

^ = 3x 2 - 12x + 9 = 3(x - l)(x - 3) 
dx 

.". dy/dx is zero when x = 1 or when x = 3 









6x - 12 






dx 2 




When x = 


1. 


dV_ 


-6 < 0 




dx 2 


When x 


3, 


d 2 y_ 


6 >0 




dx 2 



d 2 y/dx 8 = 6x — 12 is zero when x = 2 and changes sign. Thus 
when x = 1, y has a maximum value of 5, 

when x = 3, y has a minimum value of 1 ; 

and there is just one point of inflexion at the point (2, 3). 

Exercises 11 f 

1. Find the position of the point of inflexion of the curve y = 
2x 3 - 5x 2 - 4x + 1. 

2. Find the positions of the points of inflexion of the curve 
y = 3x* - 4x 3 + 2. 

3. Find the positions of the turning values and the point of 
inflexion of the curve y = x 3 — 2x 2 + x + 3. 
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4. Show that for the curve y — x 3 , d 2 yjdx 2 = 0 and changes sign 
at the origin. Plot the graph. 

5. Show that for the curve y = x*, d 2 y/dx 2 = 0 but does not 
change sign at the origin. Plot the graph. 

11.7. CURVE SKETCHING 

On many occasions it is useful to make a rough sketch of a curve 
without plotting a large number of its points. Outlined below is a 
systematic procedure which should enable the shape of the curve to 
be obtained. It is not always necessary to consider every point 
detailed below. 

(/) Determine if the curve is symmetrical about either of the 
co-ordinate axes. If its equation involves only even powers of x 
it will be symmetrical about the j-axis; if only even powers of y 
are involved it will be symmetrical about the x-axis. 

(ii) Examine the behaviour of the function for large positive and 
large negative values of x, i.e. examine y as x -*■ ± oo. 

(Hi) Seek values of x for which y is not defined. Some common 
examples will be values of x which make the denominator of a 
rational function zero or which make j 2 negative. 

(iv) Find the value of y when x = 0, and if convenient the value(s) 
of x when y = 0. This will give the points where the curve crosses the 
axes. 

(v) Calculate dy/dx and examine its sign. Where dy/dx is positive 
the graph will slope up from left to right, where dyjdx is negative 
the graph will slope down from left to right. 

(vi) Find the turning points and points of inflexion. 

Example 1. Sketch the curve y = x 1 — 24x 2 + 64x + 10. 
(/) There is no symmetry about either axis. 
(ii) When x -> ± oo, y —>■ oo, the dominant term being x 4 . 
(Hi) y is defined for all x. 

(iv) y = 10 when x = 0. y = 0 when x satisfies x 4 — 24x 2 + 
64x + 10 = 0 and this equation is not easily solved. 

(v) dyjdx = 4x 3 - 48x + 64 = 4(x* - 12x + 16) 

= 4(x - 2) 2 (x + 4) 
.'. dy/dx is positive for x > —4 and negative for x < —4 since 
(x — 2) 2 is always positive. 

(vi) dy/dx is zero when x = 2 or x = —4 

^ = 12x 2 - 48 = 12(x - 2)(x + 2) 



238 



CURVE SKETCHING 



When x — —4, d 2 ,y/dx 2 = 144 > 0 so x — —4 gives a minimum 
value of —374 for y. 

When x = 2, d^/dx 2 is zero and change sign. Thus x = 2 gives 
a point of inflexion with the tangent parallel to the x-axis. x = —2 
gives a second point of inflexion. The curve is sketched in Figure 



Example 2. Sketch the curve y % = x. 

(i) The curve is symmetrical about the x-axis. 

(ii) when x —*■ co, y co ; when x -*■ — oo, y is not defined. 

(iii) y is defined only if x is positive. 

(to) y = 0 when x = 0. The curve passes through the origin. 
(v) With y 2 = x, 2j> dyjdx = 1, i.e. dj>/dx = l/2j>. Thus when j/ 
is positive (negative) dyjdx is positive (negative). 



(vi) dy/dx is never zero so there are no turning values, but at the 
origin dy/dx -*■ oo as y -*■ 0, i.e. the curve is vertical. It is shown in 
Figure 11.12. 

2x + 1 

Example 3. Sketch the curve y = _ ^ . 
(/) There is no symmetry about either axis. 



11.11. 




Figure 11.11 




Figure 11.12 
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(ii) When x ->- ± oo, j 2. For large (positive or negative) 
values of x the graph approaches the line y = 2. (A horizontal 
asymptote.) 

(in) y is defined for all x except x = 1. When x is just less than 
one y is large and negative ; for x just greater than one y is large and 
positive, x = 1 is a vertical asymptote. 

(ro) When x = 0, y = — 1 and when y = 0, x = — |. 

(l A = (2x - 1) - 2x - 1 = _ 3 

dx (x- l) 2 (x - l) 2 

.". dj/dx is always negative, and since it is never zero there are no 
turning values. The curve is shown in Figure 11.13. 
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Figure 11.13 



Exercises llg 
Sketch the curves : 

!• (0 y = x 2 (ii) y = 2x 2 (Hi) y = — 2x 2 (iv) y = x 2 + 1 (v) 
y = x 2 — 3 (vi) y = 6x 2 + 1 (vii) y = — 3x 2 + 1 (viii)y = — 2x 2 — 
4 (ix) y = ax 2 + b. 

2. (i) y = (x~ l) 2 (ii) y = 2(x — l) 2 (Hi) y = -2(x - l) 2 (iv) 
y = (x - l) 2 + 1 0) y = (x - 2) 2 (w) j = (x + l) 2 (vii) y = 
6(x + l) 2 (»///) ^ = -2(x - 2) 2 (ix) y = 2(x — 2) 2 + 3 (x) y = 
3(x - 2) a + 8 (x/) j = — (x — 5) 2 + 4 (xii) y = a(x - bf + c. 

3- (0 J = x 3 (h) y = x 4 0'/Y) j = x 5 (ro) j = x 6 . 

4. (/) y = 2x 3 (ii) y = -3x 3 (/«) j = x 3 + 2 (w) y = x 3 - 6 (v) 
y = x 3 + b(vi)y = ax 3 + b(vii)y = 3x 4 — 4(viii)y = 3(x — l) 3 + 
4 Ox) j = 6(x — 2) 4 + 3 (x) j = (x - l) 3 - 7. 

5. (0 y = x(x — 1) (//) j 2 = x(x - 1) 0") y = x\x - 1) (iv) 

y* = X \ x - 1) („) y — x (x — 1)(X - 2) (»/) J 2 = x(x - l)(x - 2) 

(vii) y = x(x — 2) 2 (viii) y 2 = x(x - 2) 2 . 

6. (i) y = x*-6x-l (ii) y = 3 - 7x + 4x 2 . 
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7. (0 y = x 3 - 6x + 4 (ii) y = x 6 - 5x 4 + 5x 3 - 2. 

8. j 2 = x 3 (pay particular attention to the form of the curve near 
the origin). 

1 1 ^ 

9. (0 y = (i0 y = (iii) y = 



x — 1 2x — 1 x — 1 

x x H - 1 x — 2 

(itf) j; = (v) y = (pi) y = 

2x — 1 x— 1 x+3 

, ... 2x + 1 , .... 

(un) y = (um) y = 



2x - 


- 1 


x + 


1 


x — 


1 


X — 


4 



3x — 1 x + 5 

x 2 -12x+27 2x 2 +4x+7 

(«) y = -i — - — — (*) y = i i o — rr 

x — 4x + 5 x + 2x + 5 

10. Sketch the curve y = x n . Consider four cases (z) n is a 
positive even integer, (») n is a positive odd integer, (/«) n is a 
negative even integer and (iv) n is a negative odd integer. 



EXERCISES 11 

1. Water is poured into a hemispherical bowl of radius 6 in. at a 
rate of 5 in. 3 /sec. At what rate is the water rising in the bowl when 
the depth of water is 2 in. ? (The volume of a cap, of a sphere of 
radius R, whose height is h is trh\R — h/3).) 

2. The distances u and v of a point and its image from a lens of 
focal length / are connected by the relation 1/m + l/v = 1//. If 
/= 10 cm and the object is moved towards the lens at 2 cm/sec find 
the speed of its image when this is 25 cm from the lens. 

3. The efficiency of an engine is given by E = 100(1 — r -1 / 4 ) 
where r is the compression ratio. Find the rate at which E is 
changing with respect to r when r = 7. 

4. A pipe delivers Vm 3 of water in t sec, where V = 12; — ? 2 /10. 
At what rate is the water delivered after 10 sec? 

5. Sand falling from a chute forms a conical pile whose height is 
always f times the radius of the base. How fast is the radius of the 
base increasing when it is 3 ft. if the sand falls at the rate of 24 
ft 3 /min? 

6. A body moves along a line according to the law s = t 3 — 
9t 2 + 24^. Find the positions of the body when its speed is zero and 
when its acceleration is zero. 

7. A particle moves along a straight line Ox in the time interval 
0 < t < tt; after t sec its distance from O is x ft. where x — t + 
sin It. 

Calculate the values of t between O and it when the direction of 
motion changes, and show that the particle always remains on the 
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same side of O. Find also the times at which the acceleration is 
zero. Sketch the graph of x for 0 < t < it, and state the largest 
value of x in this interval. (J.M.B.) 

8. A vehicle moves from rest on level ground in such a way that its 

speed is v ft/sec; when it has covered a distance x ft, x is given by 

, , . 2v 2 

the relation x — tk • 

60 — v 

Sketch a graph showing v as a function of x, and show that the 

(60 — v) 2 

acceleration of the vehicle is 2(120 — v) ft -/ sec2, (J.M.B.) 

9. The period of oscillation of a pendulum is calculated from the 
formula T = 2irj(ljg) where / is the length of the pendulum and g 
the acceleration due to gravity. Find the percentage error in the calcu- 
lated value of Tif g is taken to be 32 ft/sec 2 instead of 32-2 ft./sec 2 . 

10. The side of a triangle is calculated by means of the formula 
a 2 = b 2 + c 2 — 2bc cos A. If an error of 1° is made in the measure- 
ment of A find the approximate error in the calculated value of a 
when b = 10 cm, c = 15 cm and A = 60°. 

11. The pressure p units and the volume v units of an expanding 
gas are related by the law pv 11 = k, where is a constant. If the 
volume increases by 0-3 per cent, estimate the percentage change in 
the pressure. (J.M.B., part) 

12. Prove that the gradient of the curve y = x a + 6x 2 + 15x + 
36 is positive for all values of x. Show that the curve has a point of 
inflexion when x = —2, and state the gradient of the curve at this 
point. 

Write down the equation of the tangent to the curve at the point 
where x = 0, and find the co-ordinates of the point where this 
tangent meets the curve again. (J.M.B.) 

13. Find the abscissae of the points on the curve y = x 3 — 3x 2 — 
2x + 1 at which the tangent is equally inclined to the co-ordinate 
axes. 

14. Find the equation of the tangent to the curve y 2 = %x 2 (x + 1) 
at the point (2, 2). Show that this tangent intersects the curve again 
at a point R and that it is the normal to the curve at R. 

15. The curves (/) x 2 — y 2 = 15 (//*) xy — 4 intersect at a point 
in the first quadrant. Find the equations of the tangents to both 
curves at the point, and show that they are at right angles to one 
another. (W.J.C.) 

16. If y is such that dj>/dx = x*(x - \)\x 2 + 1), find the values 
of x for which y has stationary values and state the nature of the 
stationary values. (W.J.C., part) 
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17. The curve whose equation is y = ax 3 + bx 2 + cx + d has a 
point of inflexion at (—1, 4), has a turning point when x = 2 and 
passes through the point (3, —7). Find the values of a, b, c, d and 
the position of the other turning point. 

( x _|_ 4) 

18. Show that , „ , has a maximum value of 0-945 

(x 2 + 12) 2 ' 3 

approximately, and find its minimum value. (W.J.C.) 

19. (/) Find the maximum and minimum values of the function 
tan 2x cot 2 x, and the values of x, in the range 0 < x < tt, at which 
they occur. 

(») Find the maximum and minimum values of y, and the corre- 
sponding values of x if 9y 2 + 6xy + 4x 2 — 24y — 8x + 4 = 0. 

(W.J.C.) 

20. A right circular cone is inscribed in a sphere. Prove that the 
volume of the cone cannot exceed 2 A 7 of the volume of the sphere. 

21. Show that the function of y = x 1 '^ ~ x ^ 1/y ) 1/2 where 

/ 2 V /r_1 

y (> 1) is a constant, has a maximum when x — ( — — : 

\y + 1/ 

22. Find the maximum and minimum values and the points of 

x 

inflexion of the function x 2 ^ > an< * show that the points of 

inflexion lie on the line 4y = x. 

23. Find the stationary values of the function f(x) = 1 — 
9 18 

— 2 + -^j and determine their nature. Sketch the curve y = f(x). (L.U.) 

24. A tree trunk is in the form of a frustrum of a right circular 
cone, the radii of the end faces being a and b respectively (a > b) 
and the distance between these faces being /. A log in the form of a 
right circular cylinder is cut out of the trunk, the axis of the cylinder 
being perpendicular to the end faces of the frustrum. Show that, 
if b < 2(2/3, the volume of the log is a maximum when its length is 
a//3(a — b). If b > 2a/3, what is the length of the log when its 
volume is as great as possible. (L.U.) 

25. A right circular cone of semi-vertical angle 6 is circumscribed 
about a sphere of radius R. Show that the volume of the cone is 
V = |77.R 3 (1 + cosec 0) 3 tan 2 0 and find the value of 6 when Vis a 
minimum. 

26. If y = 2 sin x + tan x, prove that d 2 j/dx 2 = 2 sin x (sec 3 x — 1). 
Show that for 0 < x < vj2 the gradient of the function is greater 
than 3, and that for tt\2 < x <tt the function has a turning point 
and is zero for a value of x other than tt. Sketch these two branches 
of the graph of the function. (S.U.J.B.) 
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27. Find the maximum and minimum values of the function 
x/(x 2 + 3x + 1). Sketch the graph of the function. (S.U.J.B.) 

28. Find the abscissa of the point of inflexion on the curve 
y = ax 3 + bx 2 + cx + d where a, b, c and d are constants. 

4 X -|_ l x + 3 

29. Sketch the graphs of (/) y = r — —5 (if) y = 

x 2 - 12x + 27 / x 2x 2 + 4x + 7 

30. Find the equation of the tangent to the curve y = \\x at the 
point (1, 1) and the equation of the tangent to the curve y = cos x 
at the point {n\2, 0). Deduce that \\x > cos x for 0 < x < 7r/2. 

(J.M.B., part) 

31. Sketch with the same pair of axes the graphs of the functions 
y = (x — 2) 2 ; y = (x - 2) 2 + 4; y = (x - 2) 2 - 4. Indicate on 
each graph the co-ordinates of the turning point and of the points 
where the graph crosses the axes. (J.M.B.) 

*32. A straight line of variable slope passes through the fixed 
point (a, b) in the positive quadrant. Its intercepts on the co- 
ordinate axes are p and q. (p,q both positive). Show that the 
maximum value of p + q is (ja + v^) 2 - 

*33. Show that there is just one tangent to the curve y = x 3 — 
x + 2 which passes through the origin. Find its equation and point 
of contact with the curve. 

*34. A right circular cone is inscribed in a sphere of radius a. 

If its volume is a maximum, show that its altitude is 4a/3. In the 

cone of maximum volume a right circular cylinder is inscribed. 

Show that the maximum volume of this cylinder is 32/243 of the 

volume of the sphere. tan q 

*35. The efficiency of a jack is given by E = tk— ; — 7; where 

J J ° J tan (6 + A) 

8 is acute and A is constant. Show the maximum value of E is 

1 — sin A 

-. — ; — : — ; and find the value of 6 for which this occurs. 
1 + sin A 
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THE LOGARITHMIC AND 
EXPONENTIAL FUNCTIONS 



12.1. THE LOGARITHMIC FUNCTION y = log,, x 

Figure 12.1 shows the graph of y — log 10 x . y is only defined for 
positive values of x. As x approaches zero y becomes large and 
negative, changing very rapidly with respect to x. Thus when 
x = 0-01, y = -2, when x = 0-0000001, y = -1 etc. As x takes 



on large positive values y increases but only very slowly with respect 
to x. Thus when x — 100, y = 2, when x = 1000, y = 3, when 
x = 10,000, j» = 4 etc. When x = 1, j> = 0. The general charac- 
teristics described above and the sketch of Figure 12.1 are true for 
the function y = log a x where a is any constant. 

We shall now evaluate precisely the derivative of the logarithmic 
function as opposed to the rather vague statements above. None 
of the methods of Chapter 10 are applicable to the function y — 
log 0 x and we have to resort to the method of differentiation from 
first principles. 

If y = log 0 x,y + dy = log 0 (x + dx) 




y 



'y= l °9o x 



o 



x 



Figure 12.1 



dy = log a (x + dx) — log a x 
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dx dx X ) 

iloJl+*E) 

X OX \ X / 



OX X \ X/ 



^ = Limit ^ = i Limit log a (l + ^Y" ... .(A) 

dx *as-»0 OX X «x->0 \ X / 

To evaluate Limit log a (1 + 8xjxfl ix we replace x/ox by «. Then 

Sx-*0 

dx -*■ 0 is equivalent to n approaching "infinity" (« -> oo) and the 
required limit may be written log,, j^Limit ^1 + -j .* 

A full investigation of Limit (l + -) is beyond the scope of this 
course. For the present we shall content ourselves with the evalua- 
tion of ^1 + for n = 10, 100, 1000, 10000. With the aid of six 
figure logarithms we have 

(i+-io) 10 = 2-5936 

(1 + xho)™ = 2-7046 

(1 + rtW) 1000 = 2-7164 

(1 + Toko) 10000 = 2-7182 

A brief study of these results should convince our readers that 

as n increases ^1 is going to approach a limiting value 

between 2-5 and 3-0. A fuller study of the problem reveals that 

Limit (l + -| == 2-71828 to five decimal places. This number 
»-« \ «/ 

holds a very important place in all higher mathematics and is 
denoted by the symbol "e." Although the above argument is at 
best tentative the conclusion is correct and we have 

e = Limit (l + - ) ^ 2-71828 . . . .(12.1) 

* We have written Limit (Log . . .) = Log (Limit . . .). To prove this "appar- 
ently obvious" result is beyond the scope of this course. 
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THE LOGARITHMIC FUNCTION y = log,, X 
Thus if we return to (A) we see that 

-p(lo go x) = ±log a e ....(12.2) 
ax x 

For a given value of a, log 0 e is of course just a constant. If a = e 
so that loge a = 1 we have the result 

j-(loge*) = - ....(12.3) 

ax x 

y — loge x is called the natural logarithm of x. We may of course 
calculate the logarithm of x to any base, (logarithms to the base 10 
are very convenient for calculations, natural logarithms are very 
important for the theoretical aspects of mathematics) but it is only 
when the base is e, that the derivative of the logarithmic function is 
l/x, otherwise it is l/xlog„ e. 

Example 1. Find dyjdx if (i) y — log e 1 jx (ii) y = log e sec x. 
(0 y — l°ge 1/* = loge w where u = I jx 

dy = dy du l/ 1 \ _ /-l \ _ -1 
dx d« dx u\ xv \ x 2 / x 

I T" ( l0 S e ~) = - T" ( lo ge *) V lOge - = -loge x] 

Ldx\ xl dx x J 

(it) y = loge sec x — log e u where u = sec x 

dv dv da 1 

— = — . — = - . sec x tan x 
dx du dx u 

dy . 

— = tan x 

dx 

Example 2. Find dj>/dx if j = log 10 x 2 
By (1.28) 

y = log 10 x 2 = log 10 e x loge x 2 = 0-4343 log e x 2 

= 0-8686 loge x 

dy __ 0-8686 
dx x 

Example 3. Find dy/dx if y = log e f(x) 

y = loge f(x) = loge u where u — f(x) 
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dy^dy du = l f , (x) 
dx du dx u 

7"[logef(x)] = ^ ....(12.4) 
dx f(x) 

Exercises 12a 

Find dy/dx when : 

1. y = log e 2x. 2. y = log e 1/x 2 . 3. y = log e sin x. 

4. y = log e (ax + b). 5. y = log e V(* ~ 

6. j = loge tan x. 7. y = log e (sec x + tan x). 

8. y = loge sin 2 x. 9. y = x loge x — x. 

12. j = cos x loge sin x. 

13. Find dy/dx if x + y + log e xy = 2. 

14. If y = loge x/x, show that dy/dx is zero when x = e. 

15. If y = x loge x, find d 2 y/dx 2 . 



12.2. THE EXPONENTIAL FUNCTION 

The exponential function is the inverse of the logarithmic function. 
Thus if y = e*, x = log e y. Figure 12.2 shows a sketch of the 
function y = e x . The function y = a x possesses the same general 
characteristics. Figure 12.2 may be obtained directly from Figure 12. 1 . 

The derivative of the function y = e x is obtained using (10.17). 
Thus if 

y = e* 

X = loge y 
dx 1 

22 = i by (12.3) 

dy y 



dy 
dx 



= y 

d(e*) 



....(12.5) 

dx 

For the function y = a x it is convenient to write the constant a 
in the form a = e ,og e a . Then 

j = cf = (e l °se a ) x = e" 108 * 0 
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To differentiate y with respect to x we need the rule for differentiating 
a function of a function 

y = where v — x log e a 

dy dy dv 



i.e. 



dx dv dx 

— = loge a . a x 
dx 



loge a .e cloe ^ a 



. . . .(12.6) 




Figure 12.2 

Example 1. Find dyjdx when (/) y = e cos * (//) j = sin 2xe 2a! . 
(z) j = e cosa; = e" where w = cos x 

dv dy du „ , . . . C0S !c 
— = — . — = e" . (—sin x) = — sin xe cos 

dx du dx 
(iz) y = sin 2x e 2x 

.-. By (10.4) Sly = s i n 2x~(e 2 *) + e 2 * — (sin2x) 
dx dx dx 



i-(e-) 

dx 



= f-(e M ) 
dx 

d 



where u = 2x 



du 



-(e").- = e"x2 = 2e 2a! 
du dx 



— (sin 2x) 
dx 



= — (sin u) 
dx 



where u = 2x 



— (sin u) . — = cos u X 2 = 2 cos 2x 
du dx 



dx 



2e 2 *sin 2x + 2e 2 *cos 2x = 2e 2a, (sin 2x + cos 2x) 
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Example 2. If y = e 3 * show that d 2 j>/dx 2 - 5dj>/dx + 6y = 0. 
With j = e 3 * 

— = — (e") . — where u = 3x 
dx du dx 

= 3e 3a! 

d JZ =3 A (e 3« ) = 9e 3» 

dx dx 

±2 _ 5 + 6y = 9e 3* _ 5 x 3e s* + 6e 3x ^ o 
dx' dx 

Example 3. Find dyjdx if y — e t(x K 

y = e 11 *' = e" where u = f(x) 

& = &.d» = eVr(:e) 
dx du dx 

— [e f<a,) ] = f'(x)e f(a,) . . . .(12.7) 

dx 

Exercises 12b 

Find dy/dx when 
1.7 = e 3 *. 2. y = e-*\ 3. y = e 1 



.sin x 



4. y = er x . 5. y = e 0 ^ 6 . 6. y = 2 X . 

7. y = 3**. 8. j = cos x e x . 9. j = x e~ 

e x 



10 - ^ = e x + y ■ 1 1. J> = e x loge x. 12. y = e-* 2 sin x 2 . 

13. If y = a e px + b er vx show that d 2 j>/dx 2 = p*y. 

14. If y = e 2x show that d 2 j/dx 2 - 3 dj>/dx + 2y = 0. 

15. Find m if y = e mx is such that d 2 y/dx 2 — 3 dyjdx — 4y = 0. 

12.3. LOGARITHMIC DIFFERENTIATION 

Logarithmic differentiation is the name given to a particular 
technique which can be very useful in helping us to obtain the 
derivatives of certain functions. The technique is illustrated by the 
following examples. 

Example 1. Find dyfdx if y = e**. 
With y = e xS , we first take logarithms on each side to give 

loge y = loge (e* s ) = X s 
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On differentiating this with respect to x we have 

j-(logej) = j-(x*) = 3x* 
dx dx 

-f (loge3;) .j! = 3x> 
dy dx 

i^* = 3x* 
y dx 

so that & = y X3x 2 = 3x 2 e x * 

dx 

This same result can be obtained by (12.7). Consider however a 
second example: 

Example 2. Find dyjdx if y = x*, where (12.7) cannot be used 
directly. 

We have log e y = log e x* = x log e x by (1.27) 

T - ( lo s e y) — T~(. x lo §e x ) 
dx dx 

1 42 = x A (loge x) + loge x A (x) by (10.4) 
y dx dx dx 

I^ = jc(i) +logeX(l) = l +log e X 

y dx \x/ 



j> dx 
dx 



XI +logeX) = X a! (l +logeX) 



In order to apply (12.7) we would first have to write x in the form 
x = e" 08 "*. Then (e 10 ^*)* = e* 10 ^*. (12.7) then yields the result 
above. 

These examples indicate one class of function for which the 
technique of logarithmic differentiation is appropriate, viz. those 
functions which contain a power that involves the variable, although 
if powers of e are involved (12.7) is more direct. The properties of 
logarithms sometimes make the method of value in dealing with 
algebraic functions. 

* The result d/dx (logey) = l/y dy/dx should be memorized once it is thoroughly 
understood how to obtain it. 
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Ix — 1W 3 

Example 3. Find dj/dx if y = I — — J . 

The complications involved in differentiating this function arise 
from the cube root, and the quotient. The technique of logarithmic 
differentiation removes them, for with 



y = 



/x - lY /3 
\x + 1/ 

t x — l\l/3 I x __ 1 

loge y = loge — — = - log — - by (1.27) 

\x + V 3 x + 1 

loge y = j [loge (x - 1) - loge (x + 1)] by (1.26) 



— ) = — 

3\x-l x + 1/ 3(x 
\x + l/ 1 



ldj; 

y dx 3 \x - 1 x + 1/ 3(x - l)(x + 1) 

d y o /,. _ 1 \l/3 



dx 3(x 2 -iy 

Our readers should verify this result by other methods. 

Exercises 12c 
Find dj/dx if: 

J* 4 . 3. y = x sina; . 

loge *)*. 6. y = x*- 1 



1. 


y = 


gtan x m 


2. 


J 


4. 


y = 


(sin x) x . 


5. 


y 


7. 


y = 


f? + x x . 


8. 


y 


10. 




/x 2 - 1W« 

U 2 + i; ' 






y = 







. y = q x + x x . 9. j = 



12.4. POLYNOMIAL APPROXIMATIONS FOR A 
FUNCTION AND MACLAURIN'S SERIES 

Consider the function f(x) = — . Provided x ^ 1, — - — = 
x 1 — x r ' 1 — X 

1 + i _ x as is readily verified by simple algebra. Multiplication 
of this identity by x gives 



POLYNOMIAL APPROXIMATIONS AND MACLAURIN'S SERIES 



so that on substitution we obtain 

= 1 + x + 



1 — X 1 — X 

1 x 2 
i.e. = 1 + x with error 



1 — x 1 — x 



Multiplication by x shows that 

X . 2 i X 

= x + x H 

1 — X 1 — X 



1 x s 
so that = 1 + x + x 2 + — 2 — 

1 — X 1 — X 

1 X 3 

i.e. = 1 + x + x 2 with error 



1 — x 1 — x 



In this way we may obtain the successive polynomial approxima- 
tions 1, 1 + x, 1 + x + x 2 , 1 + x + x 2 + x 3 , etc. to the function 

1 . X X 2 X 3 X 4 

z with respective errors -, , , - t , etc. 

1— x r 1— xl— xl— xl— X 

For |x| < 1, the errors involved by using the approximations will be 

small. Thus if x = 0-1, the error involved in using the approxima- 

1 (0-1) 4 

tion 1 + x + x 2 + x 3 for the function j is which is a 

percentage error of 100 (0-1) 4 , i.e. 0-01 per cent. This is not so if 
x > 1 and the approximations are no longer so useful. 

The first polynomial above (viz. 1) is equal to f(x) when x = 0. 
The second polynomial (1 + x) and its first derivative are equal to 
f(x) and its first derivative respectively, when x = 0. The third 
polynomial and its first and second derivatives are equal to the 
function and its first and second derivatives respectively when 
x = 0 etc. 

This suggests that in general we may be able to find a polynomial 
approximation to any function f(x) by setting 

f(x) =^= a 0 + a x x + a 2 x 2 + . . . + a n x n .... (12.8) 

and choosing the a's so that the function and its first n derivatives 
when x = 0 equal the polynomial and its first n derivatives respec- 
tively when x = 0. 
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The first n derivatives of the right hand side of (12.8) are: 

a x + 2a 2 x + 3a 3 x 2 + . . . + na n x n ~ x 

2a 2 + 3 ! a a x + 4 . 3a t x 2 + ... + «(«- \)a n x^ 

3 ! c 8 + 4! a 4 x + . . . n(n - 1)(« - 2)a n x n - 2 



when x — 0, these derivatives have the values 

«x, 2! a 2 , 3 ! a 3 , 4! a 4 , . . . n \ a n respectively. 
On equating these to f'(0), f "(0), f"'(0) . . . f n (0) we have 

2! 3! r! n! 

a 0 is determined by making the polynomial of (12.8) when x = 0 
equal to f(0), i.e. a 0 = f(0). 
Thus we obtain 

f (x) ^ f (0) + xf '(0) + x 2 ^) + . . . + . . . . (12 .9) 

2! n! 

We can now see immediately that for this procedure to be possible 
f(x) and its first n derivatives must exist and be continuous at x = 0. 
The method will fail for example for the function i(x) = log e x, 
since neither this function nor its derivatives are defined at x — 0. 

In order to obtain a satisfactory approximation the difference 
between f(x) and the polynomial (12.9) must decrease with increasing 

n. For the function ^ _ we saw that this was the case provided 

\x\ < 1. In general it is not easy to evaluate the difference between 
f(x) and the polynomial (12.9). Further consideration of this 
difficult problem is beyond the scope of this course and we shall only 
record the following very important result; that there exist many 
functions f(x) which together with all their derivatives are defined 
and continuous at x = 0, and for which (for some values of x) 
the infinite series 

f(0) + xfX0) + ^ + ^ + ...+^ + ... 

2 3! r\ 

is convergent. 
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For such functions f(x), the limit of the sum of this series is f(x), 
provided x lies within the interval for which the series is convergent, 
and we may write 

f(») = f(0)+xfX0)+^ + ^+...+^ + ... 

. . . .(12.10) 

The series on the right of (12.10) is known as the Maclaurin 
series for f(x). 



Example 1. Show that the Maclaurin series for y~x ' s 
1 



1 -x 



= 1 + X + x l + x" + 



With f (x) = — !— = (1 - x)~\ 
1 — x 

i'(x) = (l - x)- 2 

f"(x) = 1 . 2(1 - x)~ 3 
f"'(x) = 1 . 2 . 3(1 - x)- 4 



f(0) = 


i 


f'(0) = 


1! 


r(o) - 


2! 


f"'(0) = 


3! 



f(x) = 1 . 2 . 3 . . . r (1 - x)- (r+1 » /. F(0) = r! 
By (12.10) 

1 . , . . o 2! , , 3! , , r r! 



1 + x . 1 + x 2 . — + x 3 .- + ...+ x r - 
1 - x 2! 3! rl 

— = l+ x+ x 2 + ...+x r + .. 

1 — X 



This is an infinite geometric series and is convergent for — 1 < x < 1 
(see section 2.4). 

Example 2. Assuming the series below is convergent show that 

X 3 , x 5 x 7 , 

smx = x h . . . 

3! 5! 7! 
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With 



f(x) = 


sin x, 


f(0) = 


0 


f (x) = 


cos X, 


f(0) = 


1 


f»(x) = 


sin x, 


f u (0) = 


0 


f m (x) = 


—cos X, 


f"'(0) = 


-1 


f iv (x) 


sin x, 


f iv (0) = 


1 



We can now see that the values of the successive derivatives 
when x = 0 are going to repeat the sequence 0, 1, 0, —1, 0, 1, 0, 
-1 etc. Thus by (12.10) 

sinx = 0+x.i+x^+x='^ + x^) + ^ ( i> + ... 

1! 2! 3! 4! 5! 

x 3 , x 5 x' x 9 , 

sin x = x h • ■ • 

3! 5! 7! 9! 

It can be shown that this result is true for all x (in radians). 

Exercises 12d 
1. Show that 

1 x x 2 X 3 

= 1 — = 1 - x + = 1 - x + x 2 - X 



1+x 1+x 1+x 1+x 

= 1 - x + x 2 - x 3 + 

1 +x 

2. Show that the Maclaurin series for — ; — is 

1+x 

1 ^2 _.S 



1 + x 



1 - x + x" - x 3 + . . . (-W + 



For what values of x will this result be valid ? 

X^ X^ X** X^ X** x^ 

3. Evaluate x, x-y r * ~ 3] + Jj > * ~ 3] + 5] - 71 for 

x = 7r/6. Compare the values with sin 7r/6 = 0-5. (Compare with 
Example 2.) 

4. Assuming the convergence of the series below, show that 

1 * 2 , x * x \ 

COS X = 1 h . . . 

2! 4! 6! 
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5. Using the previous question and Example 2, obtain polynomial 
approximations for sin x and cos x. Compare these with (6.60) and 
(6.61). 

6. Starting with the inequality sin x < x [see (6.59)] show by 

x 2 

integration* from 0 to x that cos x > 1 — , and then by integra- 

X s 

tion from 0 to x that sin x > x — — , and then by integration from 



x 2 x* 



0 to x that cos x < 1 — ^ + etc. Compare with the previous 
examples. 

7. Show that if n is a positive integer (12.9) gives the polynomials 
1, 1+ nx, 1 + nx + " ( " ~ !) x 2 , . . . 1 + nx + " ( " ~ ^ x 2 + . . . 

nx" -1 + x" as successive approximations to (1 + x) n . The last 
approximation is of course exact. What is the Maclaurin series for 
(1 + x) n when (i) n is a positive integer (ii) n is not a positive integer? 

8. For f(x) = tan x show that f'(x) = sec 2 x, f lf (x) = 2 sec 2 x 
tan x, f Ui (x) = 4 sec 2 x tan 2 x + 2 sec 4 x, f iv (x) = 8 tan x (sec 2 x 
tan 2 x + 2 sec 4 x), P(x) = 8 sec 2 x (sec 2 x tan 2 x + 2 sec 4 x) + 8 tan x 
d/dx (sec 2 x tan 2 x + 2 sec 4 x). Hence show that (12.9) gives as 

x 3 

successive approximations to the function tan x : x, x + -r- , 
x 3 2x 5 3 

*+ 3 + 15 ■ 

9. Evaluate the polynomials of Exercise 8 for x = tt/6. Compare 
the values obtained with tan 7r/6. 

10. Show that for the polynomial f(x) = a + bx + cx 2 + 
dx 3 + ex 4 (12.9) gives as successive approximations in = 1, 2, 3, 4), 
a + bx, a + bx + cx 2 , a + /3x + cx 2 + a + bx + cx 2 + dx 3 + 
ex 4 . What is the Maclaurin series for f(x) ? 



12.5. THE SERIES FOR e x AND log e (1 + x) 

In this section we shall use (12.10) to obtain the Maclaurin series 
for the functions e x and log e (1 + x). [We have already mentioned 
that the method of (12.9) will fail for the function log e x but as we 
shall see it is satisfactory for log e (1 + x).] 

Iff(x) = e* 

f(jc) = f "(x) = f"'(x) = . . . = f(x) = . . . = e* 
f'(0) = f"(0) = f"'(0) = . . . = P(0) = . . . = 1 
* See next chapter. 
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by (12.10) 

e x = l+ xA+x 2 .- + x\- + ...+x r .- + . 

2! 3! r\ 



X 2 X 3 JSC 4 x r 

e* = i+ x +- + - + - + . ..- + ... 

2! 3! 4! r! 



....(12.11) 



It may be shown (although the methods required are beyond the 
scope of this book) that this series is valid for all values of x. 
If we replace x by (—x) we obtain 

(-x) 2 , (-x) 3 



e"" = 1 + (-*) + 

,2 



2! 



3! 



+ 



(-*y 

4! 



i.e. 



+---+ 
2! 3! 4! 5! 



+ 



For the function log e (1 + x) we have 
f(x) = log e (1 + x) 

f'(x) = (1 + x)-i 
f«(x) = -1(1 + *)~ 2 
f Ui (*) = (-l)(-2)(l +*)~ 3 
f^) = (-l)(-2)(-3)(l + x)"* 



+ . . . 




(-l)V 


+ ... 


r! 






(12.12) 


f(0) = 


loge 1 




0 


f(0) = 


1 


f»(0) = 


-1 


f m (0) = 


2! 


f iy (0) = 


-3! 


f"(0) = 



f»(x) = (-l)(-2) . . . [-(« - 1)](1 + x)-» 

= (-l)"- 1 («- 1)!(1 +x)~ n 
Thus the Maclaurin series for log e (1 + x) is 



(.-\) n -\n- 1)! 



loge (1 + x) = 0 + x . 1 + x 2 ( — ) 1 - 3 21 



2! 



3! 4! 



i.e. 

■v-2 „3 _,4 v 5 v 6 

l*(i + ,0- J ,-| + |-i + i-i. + ... 

It may be shown that this series is convergent only if — 1 < x < 1 . 
Thus more precisely we have 

log e (l +x) = x - £ +^ - ^ +... ( ~ 1)f+V + . . . 

2 3 4 r 



for —1 < x < 1 



.(12.13) 
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If we replace x by (— x) in (12.13) we obtain 

log e (l -x)=-x- + - for -1< x < 1 

2 3 4 

i.e. 

I0g e (l-X) = -(x+| 2 + J + J+ J + +^ + ...) 

for -1 < x < 1 ... .(12.14) 

Example 1. Calculate e to 3 decimal places. 
From (12.11) 



With x = 1, 



e* = l+ x + - + -+- + •-. 
2! 3! 4! 



e = l + l+ i + l+i+-+- + ... 
2! 3! 4! 5! 6! 

= 1-0000 + 1-0000 + 0-50000 + 0-1667 + 0-0417 

+ 0-0083 + 0-0014 + 0-0002 + . . . 

= 2-718 . . . 

and this result is accurate to 3 decimal places since the remaining 
terms of the series do not affect these places. (Compare this value 
with the value obtained in section 12.1.) For values of x < I 
(or >1) it will require fewer (or more) terms of the series (12.11) to 
obtain the same accuracy for e*. 

Example 2. Find the Maclaurin series for e*". 
From (12.11) 

y2 v 3 V* 

e* = l + X+^ + -+-+... 

2! 3! 4! 

.'. with X = 3x, 

e 3« = 1 + 3 x+(MVM 3 + ... 

2! 3! 

i _l * jl 9x2 . 27x3 , 81x4 , i yxT , 
= 1 + 3x + — + — + — + ...+— + ... 

2! 3! 4! r! 
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Example 3. Evaluate log e (1-1) to 4 decimal places. 



loge (1 + x) = x 






for —1 < x < 1 



2 3 4 5 
with x = h, which is within the range of convergence, 

, « « « o-oi , 0-001 0-0001 , 0-00001 

loge (1-1) = 0-1 — H 1 

2 3 4 5 

= 0-1 - 0-005 + 0-00033 - 0-000025 + 0-000002 - . . . 

= (0-100335) - (0-005025) + . . . 

= 0-0953 to 4 decimal places 

Example 4. Show that for small values of x 

n 2 n 3 

(1 + 2x)e-* + loge (1 + 2x) ^ 1 + 3x - y + y 

By (12.12) and (12.13) 
(1 +2x)e-* + log e (l +2x) 



= (i+2*)(i-* + 7-7 + -) 



2 3 4 



8x 3 



1 - x + - - - + 2x - 2x % + x s + 2x - 2x 2 + — + 
2 6 3 



= 1 + 3x x 2 + - x 3 as far as terms in x 3 . 

2 2 

The Calculation of Logarithms — The series (12.13) and (12.14) for 
loge (1 + x) and log e (1 — x) are convergent for —1 < x < 1, and 
— 1 < x < 1 respectively. They will therefore only allow us to 
calculate the natural logarithms of numbers from just above zero 
to two. 
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Some simple manipulations of these series enable us to extend 
this range. Provided — 1 < x < 1 



log, 



(B-;)= 



log e (1 + X) - log e (1 - X) 



= X 



5 



6 



log. 



_ (- x _ _ £ 3 _ ^ _ ?e! _ f\ 

1*23456/ 

2 ( X+ 3 X3 + 5 X5+ 7 X ' + 9 X9 + ---) 

....(12.15) 

With x = J, 

tefc (!)=2(i+-I+A + J_ + J_ + \ 

e \*/ \2 24 160 896 4608 / 
log e 3 ^ 2(0-5 + 0-041667 + 0-00625 + 0-0011161 
+ 0-00021702) 

^ 2(0-54929) 

^1-0986 

Example 5. Show that if « is positive 

Ln + 1 3\« + l/ 5\« + l/ . 

From (12.15) 

'MS) = 2 H-' + i* 5+ -;*'+•••) 

with — — = n, x = n * which is less than 1 if n is positive. 



1 - 

log e n 



» + 1 



.n + l 3\n + V 5\n + l/ 



.(12.16) 
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This series is quite useful for calculating logarithms However, 

for large values of n, ^ ^ is near to one and a large number of 

terms of the series (12.16) will be needed to obtain a satisfactory 
approximation to log e n. 
With n = 2 we have 

**>->(H-H-?+") 

This series is clearly a better way of calculating log e 2 than the 
series (12.13) with x — 1, viz. 

loge2=l-l + *-i + i-* + ... 

Exercises 12e 

1. Use the series (12.11) to evaluate Ve and 1/e correct to four 
places of decimals. Check your results from tables. 

2. Use the series (12.13) to evaluate log e (1-2) and log e 0-9 correct 
to four places of decimals. Check your results from tables. 

3. Use (12.11) to write down the first few terms of the Maclaurin 
series for (z) e 2 * (ii) e - *" (in) e* 2 . 

4. Use (12.13) to write down the first few terms of the Maclaurin 
series for (i) log e (1 + 2x) (ii) log e (1 — 3x) (Hi) log e (1 + x 2 ). For 
what values of x are these series valid ? 

5. Show that log e (3 + Ax) = log e 3 + |x - fx 2 + |f x* - ... 
and state the limits between which x must lie for the expansion to be 
valid. 

6. Show that 

I( e _i\ = 1+ l + i + l + ... + _L_ +... 

2\ e/ 3! 5! 7! (2r - 1)! 

and write down similar series for ^ ^e + ^ j . 

7. If x is so small that x i and higher powers of x can be neglected 
show that c x + loge (1 — jc) = 1 — fx 8 approximately. 

o , . tan 4 x tan 6 x tan 8 x 

8. Show that log e sec 2 x = tan 2 x ^ 1 3 4 1" 

.... For what values of x is the expansion valid? 

9. If x > 1 show that 

By putting x = 3 evaluate log e 2. 
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10. Show that if x is so small that x 4 and higher powers of x may 
be neglected 

loge (1 - 2x - 3x 2 ) = -2x - 5x 2 - z±x\ 

[Hint: log e (1 - 2x - 3x 3 ) = log e (1 - 3x)(l + x) 

= loge (1 - 3x) + loge (1 + x)] 

EXERCISES 12 

1. Differentiate the following functions with respect to x 
(0 (3x 2 - 1) loge x (ii) e* loge 2x (iii) e~ ix cos Ax. 

2. Differentiate with respect to / (i) log e (1 + e a< ) (ii) Iog e (tan \t) 
(iii) loge (cot t + cosec 

3. If y — x n loge x show that x dj>/dx = x n + ny. 
A. If y log e y = x find dy\dx in terms of a: and y. 

(J.M.B., part) 

5. If y = e 8 * cos Ax find dy/dx and express it in the form 
ite*" cos (Ax + a), where R is a positive constant; state the cosine 
and sine of the constant angle a. Hence write down d 2 y[dx 2 in a 
similar form. (J.M.B., part) 

6 . Find (0 *MU m ±(JnsU\. 

dt\l -e 2 7 dd\6 + log0/ 

7. Find (0 -f (e- Bin ") (ii) -f [sin (log e x)]. 

dx dx 

8. If y = sin (log e x), show that 



dx dx 



9. Show that 



dx v ^(x 2 + 1) 

00 j- {log e [x + V(x 2 -l)]}= 1 



dx 1 vv ' V^ 2 - 1 )' 

10. Differentiate with respect to x (/) log e J(x + 1) (ii) 
loge W(x + 1) + V(jc - 1)]. 

11. Show that if y = xe-*, d 2 j/dx 2 + 2 dj/dx + y = 0. 

12. Show that if y = e" 2 * sin 5x, d 2 j/dx 2 + 4 dy\dx + 29y = 0. 
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13. If y = 2e- 4x - e 8x show that d 2 y/dx a + 2 dyjdx - By = Are 3 * 
where A: is a constant, and state the value of k. (J.M.B., part) 

14. lfy = loge (1 + cos x), show that 

tfy/dx 3 + d 2 .y/dx 2 . dy/dx = 0. 

15. If y = e tan_1 x show that 

(1 + x 2 ) d 2 y/dx 2 - (1 - 2x) dy/dx = 0. 

16. If j = e- 2 * cos Ax show that d 2 j>/dx 2 + 4 dy/dx + 20y = 0. 

17. If j = tan- 1 (e*) show that d 2 y/dx a = 2(dy/dx) 2 cot 2y. 

18. If x = t 2 , y = loge t, find dy/dx and d 2 y/dx in terms of /. 

19. If x = e', y = loge t, find dyjdx and d 2 y/dx 2 in terms of t. 

loge X 

20. Find the stationary value of — - — . 

21. Show that y = xc~ x has one maximum value which occurs 
when x = 1. 

22. Find the positions of the points of inflexion of the curve 
y — e~~ x2 / 2 . 

23. Find the equation of the tangent to the curve y = e 2x at the 
point (0, 1). 

24. Find the position of the point of inflexion on the curve 
y = xe~ x . Sketch the graph. 

25. The speed of signalling in a submarine cable is given by 
Kx 2 log (1 /x) where K is a constant and x is the ratio of the radius 
of the core to the thickness of the insulating material. Show that the 
speed of signalling is a maximum when x = 1/^/e. 

26. Show that if v = 100p(l + log e r) — lOOgr where p and q are 
constants then v is a maximum when r = pjq. 

27. Find the position of the point of inflexion on the curve 

2 

y = loge x + - . Sketch the graph. 

28. For what values of x is the derivative of xe~ x2 zero? 

29. Differentiate with respect to x (/) (log e x) ,0 «e * («) x* + e tana; . 



30. 



If y = x^l + find dj/dx. 



31. Find the gradient of the tangent from the origin to the curve 
y — loge x. Hence, by considering a sketch of the curve find the 
range of values of the constant K for which the equation log e x = 
Kx has two unequal roots. 

Draw a graph of y = log e x from x = 1 to x = 1-9 and use it to 
find to two decimal places the smaller root of 4 log e x = x. 

(J.M.B.) 
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32. Show that 1 < < e c for 0 < x < c. By integrating* this 
inequality from 0 to x show that: x < e* — 1 < e c x and then by 

X 2 X 2 X s 

the same method that ^ < e x — x — l< e" ^ and that J\ < 

x 2 x 3 
e* — jj — x— l<e"jj etc., to 

x < e « _ * * ..._^L_ x _i<e 0 



(n + 1)! n\ (n-1)! 2 (n + 1)! 

Deduce that the difference between e x and 1 + x + ^ + . . . 
tends to zero with increasing n. 

33. Show that e* 2 log e (1 + x 2 ) x 8 + ix 4 + \x« for x < 1. 

Find the approximate value of e* 2 log (1 + x 2 ) dx*. 

34. Assuming the convergence of the series below show that 
(0 sec x = 1 + ix* + -ft* 4 + . . . 

(if) loge cos x = — ix 2 — fgX 4 — isX* + . . . 

loge (1 + e*) = loge 2 + \x + £x 2 - y^X 4 + . . . . 

35. Write down the expressions in powers of x, as far as the term 
in x s , of (i) e~ 2x (ii) (1 — 4a:) 1 / 2 . Use your series to find to five 
decimal places the difference in the values of these two functions 
when x = 0-01. (S.U.J.B.) 

36. Show that if — £ < x < | then 

log e (l +x-2x*) = x-- 2 x 2 + 7 -j-^+... (L.U.,part) 

37. Obtain the expansion of log e (1 + x + x 2 ) (if x < 1) in 
powers of x. State the coefficients of x 3n_1 , x 3 ", x 3n+1 . 

(Hint: l+x + x 2 = ^|.) 

38. (a) Expand log e cos 0 in a series of ascending powers of 
sin 2 6, giving the terms up to sin 6 0, and the general term. For what 
values of 0, in the interval 0 < 0 < tt, is the expansion valid? 

(b) Given that y = (2 + x) 2 e"*, find the expansion of j> in 
ascending powers of x as far as the term in X s . Find also the ex- 
pansion of loge y in ascending powers of x as far as the term in x s , 
and state the coefficient of x n . (J.M.B.) 

39. (a) Expand the function e~ 2: 7(l — x) 2 in a series of ascending 
powers of x up to and including the term in x 3 . 

* See next chapter. 



265 



THE LOGARITHMIC AND EXPONENTIAL FUNCTIONS 



(b) Prove that 1 _ cps g = cot 2 £0. Write down the first three 

terms in the expansion of log e (1 + x) in ascending powers of x. 
Express log e cot 2 \Q as a series of powers of cos 0, giving the first 
three terms and the «th term. ( J M B ) 
40. Use (12.15) to show that 

provided n > 1. Hence evaluate in succession log e 2, log e 3, log e 4, 
loge 5, loge 6. (Some of these may be checked using the first two 
values.) 



-1 3\2n-l/ S\2m — 1/ 
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THE BASIC IDEAS OF INTEGRATION 



13.1. INTRODUCTION 

In the preceding chapters we have been considering the problem of 
finding the differential coefficient or rate of change of a given 
function. The integral calculus to which we now turn our attention 
is concerned with the inverse problem, viz. given the rate of change of 
a function, to find the function. In symbols we require to find f(x) 
where 

^ = g(x) ....(13.1) 
dx 

and g(x) is given. It is more usual to write 

f(x)=Jg(x)dx ....(13.2) 
and we define integration as follows. 

Definition— The integral of a function g(x) with respect to x is the 
function whose differential coefficient with respect to x is g(x) and it is 
written J g(x) dx. 

The reason for this notation will be explained later (see section 
13.6); meanwhile (13.2) is to be regarded as an alternative way of 
writing (13.1). 

If we are required to find J 3x 2 dx then J" 3x 2 dx = x 3 because 
=^ = 3x a . Similarly 



, d(— cosx) 
sin x dx = —cos x because — — - = sin x 



dx 



— = log e x because — (log e x) = - 



x 



dx x 
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13.2. ARBITRARY CONSTANT 

We recall that the differential coefficient of a constant is zero; 
hence there is not a perfectly definite value for the integral. In the 
previous three cases we have the more general results. 



3x 2 dx = x 3 + C because — (x s + C) = 3x 2 

dx 

sin x dx = —cos x + C because — (—cos x + C) = sin x 



dx 

— = log e x + C because — (log e x + C) = - . 
x dx x 



An arbitrary constant can always be added to the result and hence 

j g(x) dx = f (x) + C 
This is known as the indefinite integral of g(x). 

13.3. STANDARD FORMS 

To find f(x) given g(x) means that we have to retrace the steps we 
made in the process of differentiation and then add an arbitrary 
constant. Unfortunately there is no general method for doing this, 
but a few of the more common integrals can be stated from our 
knowledge of differential coefficients. These results are known as 
standard forms. 



f 

/ 
/ 

J; 
/ 



sin x dx = —cos x + C 
cos x dx = sin x + C 
e x dx = e* + C 

.n+l 



x n dx = 1- C provided 

n + l 

'dx 



x 



l0g e X + C 



dx 1 , x , 

, = - tan" 1 - + C 
fl + x a a 

dx . _ lX 

i, ~i i; = sin + c 

V(a - x a ) a 
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The 'dx' which appears in all these integrals indicates that the 
integration is with respect to x. Thus while we have that J" cos x dx = 
sin x + C, j" cos x dy cannot be evaluated unless more information 
is available to enable us to change the integral with respect to y 
into one with respect to x. 

It cannot be emphasized too much that the 'x' in the above list 
stands for any variable quantity and could just as well be written 
as y, z, u, v etc. Thus 



Example 1. Integrate the following functions with respect to x: 
(i) X s (ii) -f/x (in) 1 / x 6 (iv) 1/V* 3 (/;) 1/^/(9 - x 2 ) (w) 1/(25 + x 2 ) 
(vii) sin 2 \x. 



ipii) For J sin 2 \x dx we notice that this integral is not included 
in our list of standard forms. However, and this is not an uncommon 
device, it is possible to rewrite sin 2 Jx by means of a trigonometric 
identity in a form which is immediately integrable. Thus since 







cos x = 1 — 2 sin 2 |x 
sin 2 - = - (1 — cos x) 
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and J s ^ n2 2 ^ x = / (2 ~~ 2 ° OS *) ^* 

= - x sin x + C 

2 2 

Example 2. Find y in terms of * if d 2 j/dx 2 = 6x — 4 and further 
y = 0 when x = 0 and djy/dx = 3 when x = 0. 
Since d 2 ,)>/dx 2 = 6x — 4 

^ = I (6x - 4) dx = 3x 2 - 4x + C 
dx J 

Since dyjdx = 3 when x = 0 

3 = C 

so that d.y/dx = 3x 2 — 4x + 3 



4x + 3) dx = x 3 - 2x 2 + 3x+ D 



But since y — 0 when x = 0, D = 0, so that y = x 3 — 2x 2 + 3x. 
Exercises 13a 
Integrate the following functions with respect to x: 
1. x 6/3 , x 11 , x- 2/3 , y*\ x~\ Vx\ x 21 . 
111111 1 



2. 
3. 
4. 



x 3 ' x 2 Vx ' x ' x 11 ' ^x 4 ' ^x 2 ' 

11111 



V(16 - x 2 ) ' V(l - x 2 ) ' V(i - x 2 ) ' V(* - x 2 ) ' V(36 - x 2 ) ' 

1 1 1 1 1 

x 2 + 4 ' x 2 + 1' x 2 + 9 ' x 2 + I ' x 2 + A. 



20 

5. sec 2 x, cosec 2 x, cos 2 \x (see Example 1 (vii) above), tan 2 x 
(Hint : use sec 2 x = 1 + tan 2 x), cot 2 x. 
6 5 + x - 2x 2 1 + 3x - 5x 5 
x 5 ' yjx ' 
? ax 3 + bx + c 2x n + 3x p 1 + 3x + 5x 2 
x 7 x 5 x" 

8. (l-x 3 ) 2 ,(l+5x) 2 , (aX + b)2 . 

x 2 

6 7 

9. , , 8 cos x — 6 sin x. 

cosec x sec x 
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10. Find y in terms x if dyjdx = 3x 2 — 6x + 2 and y — 7 when 
x = 0. 

11. Find v in terms of f given that dv/dt — 5 — 2kt where A: is a 
constant. If v = 0 when t = 0 and i; = 1 when t = 1 find the value 
of*. 

12. Given d 2 x/df 2 = 3 sin t and that when t = 0, dx/df = — 3 and 

d 2 x 

x = 0, find x in terms of t. Hence show that ^ + x = 0. 

13. The slope of a curve at any point (x, j) is equal to sin x and 
the curve passes through the point (0, 2). Find its equation. 

14. What curve passing through the origin has its slope given by 
the equation dyjdx = (x 2 — x) 2 ? 

15. A particle starts from rest at the origin and moves along the 
jc-axis. The acceleration of the particle after time / is given by 

d 2 jt/d* 2 = 12f a - 60t + 32 

Find an expression for x at time t. Hence find the times at which 
the particle again passes through the origin. 



13.4. FIVE IMPORTANT RULES 

All these rules follow from the definition of integration as the 
reverse of differentiation. The first two rules will just be stated. 

I. The integral of a sum of a finite number of functions is the 
sum of their separate integrals. ("Sum" includes the addition of 
negative quantities i.e. "difference.") 

Example 1. 

JV + sin x 4- V,) d, =JV dx +/si„ * dx + JV* dx 

= - - cos jc + - x 3 ' 2 + C. 
3 3 

Example 2. j(e x — cos x) dx = JV dx — J" cos * dx 

= e* — sin x + C 

II. A constant factor may be brought outside the integral sign. 

Example 3. J^x 4 dx = 6 Jx 4 dx = fx 8 + C. 
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Example 4. I - du = 5 I — = 5 log e u + C. 
J u J u 

Example 5. J*(6 cos x — Ax 2 ) dx = 6 Jcos x dx — 4 jx 2 dx 

= 6 sin x — fx 3 + C. 

The third and fourth rules extend the applications of our standard 
forms. 

Consider J" cos (x + 3) dx. From our standard forms the result 
is possibly sin (x + 3), On differentiating sin (x + 3) with respect 
to x, we do, in fact, obtain cos (x + 3). 

Therefore j" cos (x + 3) dx = sin (x + 3) + C and similarly J" e x_2 dx = 
e*" 2 + C. 



dx 

= log e (x + a) + C (a is a constant) 



x + a 



dx 1 x — 2 , 

= - tan h C 



(x - 2) a + 9 3 3 
hence the rule: 

III. The addition of a constant to the variable makes no difference 
to the form of the result. 

Now consider J" cos 5x dx. From our standard forms the result 
sin 5x is suggested but on differentiating this latter function we 
obtain 5 cos 5x. Since this only differs by a constant factor 5 and 
not a variable factor from the required sin 5x we find that ^ sin 5x 
when differentiated gives the required result. Therefore 

Jcos 5x dx = t sin 5x + C 
Similarly J e- 2x dx = - ie~ 2x + C 

I cos - dx = | sin - ) /- = 3 sin - + C 
J 3 \ 3/1 3 3 

f dx = f dx = - sin- 1 — + C 
JV(9-4x 2 ) JV[9-(2x) 2 ] 2 Sm 3 

hence the rule : 
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IV. Multiplying the variable by a constant makes no difference 
to the form of the result but we have to divide by the constant. 
Rules III and IV may be applied together. 

Example 6. Je 3 *-* dx = ie 3 *-* + C. 

Example 7. f-^- = -log (2 - x) + C. 
J 2 — x 

Example 8. J" V(5x + 3) dx = J*(5x + 3) 1/2 dx 

(5x + 3) 3/8 1 
- I 7 + °- 

2 J 

ft-* P. J ^ - J(« - 3,)"^ =<i^' (-L) + c 



c. 



12(4 - 3x) 4 
C dx 

Example 10. , . We express the denominator as a 

sum of squares. 

f dx f dx 1 tan - 1 ^ + 2 ) + C 

Jx 2 + 4x+ 13~~J(x + 2) 2 + 3 2 3 l 3 ^ i " 

r dx 

Example 11. J ^/( 12 x — 9x 2 ) ' We ex P ress the ex P ression under 
the root sign as the difference of two squares. 

JV(12x-9x 2 ) J V[2 2 - (3x - 2) 2 ] 3 2 

Another useful rule is obtained by considering the derivative of 
loge [f(*)] 

d n „ Id.,. f'O) 

— [loge f (X)] = — — f (x) = — 

dx f (x) dx f (x) 

hence J ^ dx = log e [f(x)] + C. 
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V. The integral of a fraction whose numerator is the derivative 
of its denominator is the logarithm of the denominator. 

Example 12. \ ~ 1 dx = log e (x 4 - x + 2) + C. 
J x — x + 2 

Example 13. \ dx = log e (x 3 + 1) + C. 

J x" + 1 

In some cases a constant factor has to be inserted to make the 
numerator exactly equal to the derivative of the denominator. 

Example 14. 

( V + 1 dx = lf 2 *+ 2 dx 
J x 2 + 2x + 5 2 J x 2 + 2x + 5 

= ilog e (x 2 + 2x+5) + C. 

Example 15. 

f e? x 1 f V 3iC 1 

J?^ 1 d *=d;^ d H ,0fe<e '*- 1 > +c - 

The separation into f'(x)/f(x) may not always be obvious. 



- dx 



Example 16. 

\-T^~ = 7 = loge (loge x) + C. 

J X loge X J loge X 

Example 17. 

f . , fsin x dx f— sin x . 

tan x dx = = - dx = -log e cos x + C. 

J J cos X J COS X 

Example 18. 



f dx f 1 + x 2 

7T, — 2 w -i = . -i dx = lQ ge (tan -1 x) + C. 
J (1 + xO tan 1 x J tan 1 x 
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Exercises 13b 
Evaluate : 



1. (i) j*(2x + 3) 10 dx (ii) J(5 - x) u dx (in) jy/(7t + 5) dt 
J*(3u - 5) 5/2 d M . 

(iv) f 

3. (i) J*sin (3x + 3) dx (ii) Jcos(5m — l)dw (iii) J sin (1 — .y)dj> 

(iv) j* sin 2 x dx (v) jcos 2 x dx. (Express sin 2 x and cos 2 x in terms 
of cos 2x.) 

4. (i) jV-^dx (ii) j*e 5(t+2) di (iii) Je 1 " 6 " du. 
5 - (0 JWtI ^Jr^ ("Ojcotxd* 

('■ p > (VrT dx ^ f 2 2X + 1 dx(t;i) fr^di 
Jx 2 + 1 J x 2 + x — 1 J 2 — e ' 



J e +3 J u log u J x log e 3x 



dx 



, . / cos x + sin x , 

(X) ; dx. 



6 . (0 ra* — (i0 r_dj_ (il . 0 r 

W J x 2 - 2x + 5 V J 16i 2 + 1 ' J 

n ,^ f d6 .... f dx 



dx 



X 2 + X + f ' 



V(l - 160 2 ) J V(15 - 4x - 4x 2 ) 

mj- - 



V(8 + 2u - a 2 ) 

n /a r du / -n r «du r_du_ 
9 - (I) Jrr^ (,,) Jrr^ (m) )^r^y 

io. (o f 2tan * s f * d x 00 f^isi^du. 

J 1 + tan 2 x J 1 - sin 2 « 
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C dx 1 

Note on log e x — Consider — — - = - log e (ax — b) + C. Alter- 

natively f — ^—r — — (r—— = - log e (b — ax) + C. Either of 
J J ax — b J b — ax a oe 

these forms may be valid and the correct result is a \\a log \ax — b\ 

wher e \ax — b\ is the positive numerical value of ax — b (the 

modulus of ax — b). While the modulus sign will not always be used 

it must be remembered especially for definite integration (see 

section 13.6). 



13.5. APPLICATION TO GEOMETRY AND MECHANICS 

The problem of finding a function when its differential coefficient 
is given has many applications in geometry and mechanics. Generally 
the arbitrary constant which arises can be evaluated by referring to 
the initial conditions or to some specific value the function must 
possess. 

Example 1. A curve passes through the point (1, 6) and is such 
that its slope at any point equals twice the abscissa of that point; 
find its equation. Here we have dy/dx = 2x. Therefore, on inte- 
grating, we have y = x 2 + C. But the point (1,6) lies on the curve; 
hence 6 = P + C 

5 = C 

.'. the required equation is y = x 2 + 5. 

Example 2. A particle starts from rest with an acceleration (10 — 2t) 
ft./sec 2 at any time t. When and where will it come to rest again ? 
Since acceleration is the rate of change of speed (v) with respect to 
time 

^ = 10-2* 
dt 

Hence v =J*(10 - 2t) dt 

v = l0t-t 2 + C 
But the particle starts from rest so that v = 0 when t = 0; hence 
C = 0 and „ = 10/ - t 2 

i.e. v = ?(10 - f) 
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The body is at rest when v = 0, that is when /(10 — /) = 0 or when 
t = 0 or 10 sec. If s is the distance travelled in t sec 

I s = „ = 10, - t 2 
dt 

s =|(10i - f) dt = 5t 2 -\t* + D 

where D is an arbitrary constant. If s is the distance measured 
from the starting point j = 0 when t = 0; hence D = 0. Thus 

j = 5/ 2 — h 3 

and when < = 10 

s = 5 . 10 2 - ilO 3 

i.e. j = 166| ft. is the distance travelled before the particle comes to 
rest again. 

Exercises 13c 

1. Find the equation of the curve whose gradient is 1 — 2x* and 
which passes through the point x = 0, y = 1. (L.U.) 

2. At a point on a curve the product of the slope of the curve and 
the square of the abscissa of the point is 2. If the curve passes 
through the point x — 1, y — —1, find its equation. (L.U.) 

3. A particle starts with an initial speed of 20 ft./sec. Its 
acceleration at any time t is 18 — It ft./sec 8 . Find the speed at the 
end of 6 sec and the distance travelled in that time. 

4. A particle starts with an initial speed u. It moves in a 
straight line with an acceleration which varies as the square of the 
time the particle has been in motion. Find the speed at any time 
t, and the distance travelled. 

5. A particle is projected upwards with a velocity of 96 ft./sec. In 
addition to being subject to gravity* it is acted on by a retardation 
of 16f where ; is the time from the commencement of the motion. 
What is the greatest height the particle will reach? 

13.6. INTEGRATION AS A SUMMATION 

We shall now show that an alternative way of regarding integration 
is as the limiting value of a summation. This method of approach is 
of great value in applying integration to physical problems. Inci- 
dentally, it also explains the use of the symbol f which is an elongated 
"S" for "sum". 

* The acceleration due to gravity should be taken as 32 ft./sec 8 in the down- 
wards direction. 
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Consider Figure 13.1 where K and B are the points (a, 0) and 
(b, 0) respectively. 

DC is an arc of the curve y = f(x), P is a variable point on the 
curve with co-ordinates (x, y). Q is a neighbouring point on the 
curve whose co-ordinates are (x + dx, y -j- dy). We denote the area 
DPLK by A. Since D and K are fixed, A depends on the position 
of P (x, y) and is therefore a function of x, A(x) The area PQML 
can be denoted by dA, the increase in A due to an increase dx in x. 
Referring to the diagram we have 

Area rectangle PRML < 6 A < area rectangle SQML 




x 



KU=a) L M B{x=b) 

Figure 13.1 



(If the slope of the curve is negative both inequality signs are 
reversed.) 

PL . LM <6A < QM . LM 

i.e. y dx < dA < (y + Sy) dx ... .(13.3) 

Now let KB be subdivided into n equal parts each of length dx 
(such as LM). Then by drawing ordinates at all the points of sub- 
division n strips like SQML are obtained. Summing over all such 
strips we have 

2 y dx < area DKBC < J, (y + dy) dx ... .(13.4) 

Now consider the difference between the two extreme quantities 
in the inequality (13.4) 

x=b x=b x=b 

2 (y + by) dx — 2 y Sx = 2 &y $ x 

x=a x—a x=-a 

x=b 

— dx X % dv 

x=" 
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since dx is the same for all points of sub division 

= dx . CE (see Figure 13.1) 

•vt • « BK. b — a /A . 

Now since dx = — = (13.5) 

n n 

dx may be made arbitrarily small by increasing n sufficiently. Hence 

x=b x=b 

the difference between + dy) dx and ^ydx can be made 

x=a x=a 

arbitrarily small. Since the area DKBC lies between these two it 
follows that 

x=b 

Area DKBC = Limit dx ... .(13.6) 

Returning to the inequality (13.3), since we are dealing with small 
but finite quantities, we may divide throughout by dx and hence 

<5A , . 
y < — < y + dy 
ox 

Now as dx -*■ 0, 6 A -* 0, and dy -> 0, so we have 

Limit — = y 

ax-»o dx 

&A = 
dx 

hence A — J y dx from our definition of integration as the reverse 
of differentiation. 

We note that, as yet, there is no definite value for the area because 
$ ydx involves an arbitrary constant. This is because A, as we 
remarked earlier, is a function of x. Thus J" ydx gives the area 
measured from an arbitrary origin to the point x. Referring to 
Figure 13.1 

Area DKBC = area up to CB (x = b) — area up to DK (x = a) 
= A(b) - A{a) 

Thus to find the area between the curve y = f(jc) and the x-axis 
we first find the indefinite integral J y dx or J f(x) dx. We then 
substitute x = b, and x = a respectively in the indefinite integral 
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and subtract the two results. The notation adopted for this definite 
int 



J*x=b n r b 

f(x) dx or more shortly f(x) dx or \ y dx. Thus 
x=b J a J a 

Area DKBC = | y dx ... .(13.7) 

Finally we note from (13.6) and (13.7) that 

Area DKBC = Limit J, y dx = \ y dx ... .(13.8) 

iz-*0 $=a J a 

Example 1. Find the area between the curve y = x 3 , the x-axis 
and the ordinates x — 2 and x = 6. 



Area = J x 3 dx 



■r 



Jz 

4 4 



= 320 square units 

f 2Vs dx 
Example 2. Evaluate — 

J2 X 2 



+ 4 

•2V3 A „ ri v jaV 3 



r aV3 dx _p tan -i*T 

J2 x 2 +4 l_2 ^ 2J2 



1 7T 1 7T 7T 

2'3 ~24 ~24 



Example 3. 
line j> = 5. 



Find the area between the curve j = x(6 — x) and the 
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Figure 13.2 shows the curve and the line. The area required is the 
shaded region. The abscissae of A and B are given by the solutions 
of the equation 



i.e. 



i.e. 



x(6 — x) = 5 
x 2 - 6x + 5 = 0 
(x - l)(x - 5) = 0 
x = 1 or x = 5 




y=*(6-x) 



Figure 13.2 



Thus required area = j* x(6 — x 



) Ax — area ABCD 



4x5 



=("-¥)-H)- 



20 



32 



124 

= 72 20 = — square units 



Exercises 13d 
Evaluate the following definite integrals : 

x 2 dx 



2. (i) JVd, 



'"I 



x 3 dx 



2 
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ii) j x 5 dx. 
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X dx 

3 dx 
x 2 +9 
~ 2 dx 

„3 



3. (0 JV 

4. (0 P 

Jo 

5. (i) f 

J -3 X 

6. (0 J"* V(x + 5) dx 

7. (i) cos 3x dx 

J»/6 

8. (0 JVdx 
dx 



y 2 + i 



(iii) j x 

(iii) f - 
Jo u 

(iii) j 



x dx 
+ 5 
4 dx 



ii) j fx dx 

«>£^ 

J-s y 
ii) J y/(x + 5) dx. 

ii) I sin ( 5x + — I dx. 

ii) |° e*-*dx (iii) j V s 

... f^dx ..... f° 5 dj 

») — (m) ~ 

Js x Ji x 

.... f 2 dx 

(I ° J. 



dx. 



2 + 3 
dw 



'dx. 



,V(4-x 2 ) 



9. (0 f'* 

Ji x 

10. (0 P 

J-3 X 

(Hi) I i 

Ji7(8 + 2x-x 2 ) 

11. Find the area between the curve y = x 3 + 9x, the x-axis, and 
the ordinates at x = 0 and x = 3. 

12. Find the area between the curve y = x 4 + x a , the x-axis 
and the ordinates at x = 0 and x = 1. 

13. Find the area between the curve y = sin x and the x-axis 
between x = 0 and x = tt. 2 

14. Find the area between the curve y — 
the ordinates at x = — 1 and x = + 1 . 



1 +x ! 



, the x-axis and 



15. Find the area between the curve y = 3 + 7x — x 2 and the 
line y = 9. 

EXERCISES 13 

1. Evaluate (i) j" (2x - l) 3 dx (ii) J" (2x - l) 16 dx. 

2. Evaluate (i) J" (2x 2 - l) 3 dx (ii) J (2x* - l) 3 dx. 

3. Find the indefinite integrals with respect to x of : (i)^/x(x— l) 2 
(ii) (x — a)(b — x) (a, b constants). 

4. Evaluate 



(0 ji 

(iii) [ 



5 + x + 3x 2 
fx 



1 + 2x + 2x 2 



dx 



dx . 
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5. Evaluate 

fir |"ir/3 

(i) (sin 2x + cos £x) dx (ii) (sec 2 x + cosec 2 x) dx. 

6. Find the equation of the curve whose slope at any point is 
2x — 3x 2 and which passes through the point (1, 1). 

7. The gradient of a curve at the point with abscissa x is given by 
dy/dx — a + bx. If the curve passes through the origin and has 
slope 1 at this point find the value of a. If the curve also passes 
through the point (1, 3), find its equation. 

8. From any point P on a curve, PA is drawn perpendicular to 
the j>-axis. The tangent at P meets the .y-axis at B. If PA . AB == k 2 
find the equation of the curve. 

d 2 v 1 dv 

9. If ^ = 4 + — 3 and — = 0 when x = \, find y as a function 

of x, given y = f when x = 1. 

10. Find the area between the curve y — cos x, the .y-axis, 
the x-axis and the ordinate at x = n[4. 

11. * The gradient of a curve at the point (x, y) is {x — ^ j and the 

curve passes through the point (1, 2). Find the equation of the 
curve. Show that the area enclosed by the curve, the x-axis and 
the ordinates x=l,x = 2is 1 r — 2 loge 2. (L.U.) 

12. Find the area between the curve y = (sin x + cos x) 2 , the 
x-axis and the ordinates at x = 0 and x = tt\2. 

13. Find the area between the curve y = 1 + 9x — x 2 and the 
line y = 9. 

14. Find the area between the curve y = 5x — 2x 2 and the line 

y = x, 

15. A body moves under a constant acceleration /. If its initial 
velocity is u and it starts from some origin at time t = 0, show that its 
velocity and displacement 5 from the origin are given by v = u +ft, 

1 d 

s = ut + \ft 2 . By writing its acceleration as r -r- (v 2 ) show that 
v 2 = u* + 2/5. 1 ° s 

16. Show that the expression for acceleration dv/dt can be 

1 d 

rewritten ^ ^ (v 2 )- Hence, if the acceleration of a particle is equal to 

16s and v = 4 ft./sec when s = 1 ft., find the velocity of the particle 
in terms of s. 

17. The equation of a curve is of the form y = ax 2 + bx + c. 
It meets the x-axis where x = — 1 and x = 3; also y = 12 when 

* Note that J Iog e x dx = x log e x — x 
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x = 1. Find the equation of the curve and the area between it and 
the x-axis. (L.U.) 

18. A particle is subject to retardation equal to 32 + 16t at any 
time t. Initially its velocity is 40 ft./sec. Find how long it takes to 
come to rest and how far it is then from its starting point. 

19. Verify the following results: 

f 1 dx /3 — 1 fn f dx 7r_ 

Jo V(3 - 2x) _ V Jo V( 2 - 3 * 2 ) ~ V 3 ' 

20. Show that sin 3x = 3 sin x — 4 sin 3 x and hence evaluate 

sin 3 x dx. In a similar manner evaluate 2 cos 3 x dx. 
Jo Jo 
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14.1. INTRODUCTION 

In the previous chapter we introduced the basic ideas of integration. 
The examples used involved only simple integrals, which were 
obtained from the inverses of differential coefficients (section 13.3) 
or the simple extensions made possible by the five rules (section 
13.4). The object of this chapter is to examine several ways in which 
more involved integrals can be resolved into simpler forms which can 
then be recognized as standard integrals. While several important 
methods of integration will be examined it must be realized that not 
all available methods are covered here. 

Ability to integrate readily only comes with experience and the 
student is well advised to work through as many exercises as possible. 

14.2. INTEGRATION OF RATIONAL ALGEBRAIC 
FRACTIONS 

We now consider the integration of rational algebraic functions, 
by which we mean fractions whose numerator and denominator 
each contain only positive integral powers of x with constant 
coefficients. In all cases, if the numerator is of the same or higher 
degree than the denominator, we first divide out. Thus we shall 
have one or more terms (in x, x 2 , etc. or a constant) which can be 
immediately integrated and a fraction whose numerator is of a 
lesser degree than the denominator. It is with such fractions that we 
shall now be concerned. 

Denominator of the First Degree — In this case, after any necessary 
division, the integral can be immediately evaluated. 

Example 1. 

f 2 * 3 -* 2 -* dx= l( x > + x + l+-±-) dx 
J 2x - 3 J \ 2x - 3/ 

x 3 x 2 3 
= - + - + x + -log e (2x - 3) + C 
3 2 2 
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I \ 

dx 



Example 2. j — dx = j^2x + 3 + 

= x 2 + 3x - log (2 - x) + C 



Exercises 14a 
Evaluate: 



1 



dx 



f x 2 dx 2 [* * 3 dx ^ |* x dx 

J x — 1 J x — 1 J x — 1 

4. f_J_ dt 5 . f-i^d, 6. 

Jl-3/ J1-3J Jl-x 

7. f 2 -^d0 8. f-L_d* 9. f^^dx 

Jo 1-0 J 1 + 4t Jo 1 + 4x 

10. f X dx 

J a + bx 

Denominator of the Second Degree and which does not Resolve 
into Rational Factors — We shall discuss two cases here; (a) in 
which the numerator is a constant and (b) in which the numerator 
is a linear expression in x. 

C k 

(a) Consider 2 — — — dx. This can always be put in the 

form - [-. — ; — — ™ We shall restrict ourselves to the case 
a J (x + a) 2 ± £ 2 . 

"+|8 2 ." In this case 



T cb 

a J (x + a) : 



*2E fc.i^ClisO + c 

2 +/3 2 a 0 /J 



by our standard form for tan -1 x and its extension (rule III, section 
13.4). 

Example 1. 

f 2X ! + 11 dx = f (2 + ) dx = 2x + ^tan- 1 ^ + C 

J x 2 + 4 J \ x 2 + 4/ 2 2 
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INTEGRATION OF RATIONAL ALGEBRAIC FRACTIONS 
Example 2. 

f *— 5 ^ = 5 f 4 — = "[tan- (*-^Y 

Jix 2 -2x + 10 Ji(x-l) 2 +9 3L \ 3 /. 

= ^(tan- 1 l)-^(tan- 1 0) 



Example 3. 

C 7 dx = 7 /• dx = 7f 

J 2x 2 + 2x + 5 * 2 J x 2 + x + f 2 J 



12 

dx 



(x + i) 2 + I 

7 . 1 C*±J) _ Z .„„-i (2x±l) 



Z 2 2 J 



Exercises 14b 
Evaluate: 



= - ■ - tan" 1 s — j- 8 - 7 = r tan" 1 * — ^— 7 + C. 

2 



dx 



1. f-; dx 2. f 

J x 2 + 2x + 2 J 

3. f d * 4. f * 

Jox 2 - 4x + 8 J x 2 + 1 

s. f-r-^ 6. f 

J 9x 2 - 6x + 37 J- 

7. (" ^±*£_ to 8. f. 

J-i x 2 + 2x + 2 J . 

9 . f4±iL+- 2 d , 10 . f 

J x 2 + x + 1 Jl 



x 2 — 6x + 13 

5x 2 + 6 , 
dx 

5 

-2 2x 2 - 2x + 13 

4 

— dx 
x l +9 

1 16x 3 + 6x + 8 



dx 



dx 



+ x + 1 Ji/4 8x 2 - 4x + 5 

(6) If the numerator is a linear expression in x we put it equal 
to k x (the derivative of the denominator) + / where k, I can be 
determined by inspection. The integral now splits into two parts, 
in the first of which the numerator is the derivative of the denomi- 
nator, and hence this integral is the logarithm of the denominator; 
the second is of the type considered above. 



x 2 + 25 J x 2 + 25 

= - loge (x 2 + 25) + - tan" 1 - + C. 
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SOME METHODS OF INTEGRATION 

Example 2. 



f(4x+2)-f dj , 
2x 2 +2x + 5 J 2x 2 +2x+5 



f z 3 '- 2 d»-f 

J 2x 2 + 2x + 5 J 

3 f (4x + 2) dx _ 7 f dx 
J 2x 2 + 2x + 5 2 J 



4 J 2x 2 + 2x + 5 2 J 2x 2 + 2x + 5 
3 , 2 , , 7 f dx 



log e (2x 2 + 2x + 5) - \ f - 
4 J ( 



4 4J(x + i) 2 + f 

, log e (2x 2 +2x+5) 



4 

6 3 

Exercises 14c 
Integrate the following functions with respect to x: 

I x + 7 2 3x ~ 5 3 2x + 3 



x 2 + 16 x 2 + 36 x 2 + 2x + 10 

3x + 5 , 1 — 3x , x 
j. — o. 



xT - 6x + 10 x 2 - 8x + 25 x* - x + 1 



„3 



5x + 1 9 x a 



10. 



x 2 - 6x + 10 3x 2 - 12x + 13 x 2 + 2x + 5 

2x 3 + 4x 2 
2x 2 + 2x + 5 



Denominator which Resolves into Rational Factors of the First and 
Second Degree — If the denominator factorizes we use the technique 
of partial fractions to express the integrand in a form suitable for 

integration. The three possible types of fraction are — - — r , 

px + q 1 ax + b 

— 2 i u — j — > 7 TT\2 • ^ e have just considered the first two 

CIX ~\- DX — p C \€IX ~t~ O) | 

types and the third type integrates to 



a(ax + b) 



Example 1. \ — — dx 

J? 2 " 



2x 2 - 3x - 2 
We note that 2x 2 - 3x - 2 = (x - 2)(2x + 1). Put 
7x - 4 A B 



2x 2 - 3x — 2 x - 2 2x + 1 
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INTEGRATION OF RATIONAL ALGEBRAIC FRACTIONS 
On multiplying throughout by the common denominator we obtain 

Ix - 4 s ^(2jc + 1) + B(x - 2) 
With x = 2, 10 = 5A + 0 

Hence 2 = A 

With x = -h ~1\ = 0 - 2\B 

Hence 3 = 5 

Rewriting the integrand in partial fractions we have 

J 2x 2 - 3x - 2 J x - 2 J 2x + 1 

= 21og e (x - 2) +f log e (2x + 1) + C 

Example 2. dx. 

J3 (x — l)(x + 2) 

We must first divide out because the numerator is of higher 
degree than the denominator. This division can be carried out 
using the technique of partial fractions. By inspection we see that 
the highest power of x obtained by division is x 2 and we allow for 
this and all lower powers of x including the constant in the partial 
fractions. Thus we set 

22 - 5x3 _ 5x *_ ^ 2 ^ + c + + _e_ 



(x - l)(x +2) x - 1 x + 2 

.-. 22 - 5x 3 - 5x 4 = (Ax 2 + Bx+ C)(x - l)(x + 2) 

+ D(x + 2) + E(x - 1) 

With x = 1, 12 = 0 + 3D + 0 .-. D = 4 

With x = -2, -18 = 0 + 0 - 3E :. E=6 

The other constants are found by equating the coefficients of 
various powers of x. 

For coefficient of x* —5 = A 
For the constant term 22 = — 2C + 2D — E 

= -2C + 8-6 
C=-10 
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SOME METHODS OF INTEGRATION 
Then with x = — 1 

22 = (A-B+ C)(-2)(l) + D(l) + E(-2) 
22 = (-B - 15)(-2) + 4-12 
30 = 2B + 30 
5 = 0 

Hence 

f 6 (22-5x 3 -5 x 4 ) , f« 2 f« 4 

7 777 dx = (-5x 2 - 10) dx + — ^— dx 

J a (x- lXx + 2) Js V ^J 3 (x-1) 



T- 



+ | — ^— dx 
(x+2) 



= [-fx 3 - lOx + 4 log e (x - 1) 

+ 61og e (x + 2)]i 
= (-420 + 41og e 5 +6 log e 8) 
- (-75 + 4 log e 2 + 6 log e 5) 
(Since log e 8 = log e 2 3 = 3 log e 2) 

= (-345 - 2 log e 5 + 14 log e 2) 
= —338-5 approx. 



f- 

J(x 



Example 3. I — — — dx. 

+ 3)(x-l) 2 



Set 2x2 - i0x = A + B 



(x + 3)(x - l) 2 (x + 3) (x - 1) (x - I) 2 
[Note the partial fractions for the repeated linear factor (x — l) 2 ] 
.-. 2x 2 - lOx = A{x - l) 2 + B(x + 3)(x - 1) + C(x + 3) 
With.x=l, -8 = 0 + 0 + 4C .-. C=-2 
With x = -3, 48 = 16A + 0 + 0 /. A = 3 
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INTEGRATION OF RATIONAL ALGEBRAIC FRACTIONS 
Equating the coefficients of x 2 gives 2 = A + B :. B = — 1 

C 2x 2 -10x d _f_3_ tLr ,._f_d»__f-2djE_ 
J(x + 3)(x-l) 2 X J(x+3) J(x-l) J(x-l) 2 

= 31og e (x + 3)-log e (x-l) 

- lj(x - l)- 2 dx 

= 3 log e (x + 3) - log e (x - 1) 
2 

+ + c 

x — 1 

Example4 . f^tti^to.r^i^-d, 

J x 3 + 2x 2 + x + 2 J (x 2 + 1)0 + 2) 

Set 3x + 1 ^ i4x + B C 

(x 2 + l)(x +2) x 2 + 1 x + 2 

3x + 1 = (Ax + B)(x + 2) + C(x 2 + 1) 
Withx=-2, -5 = 0 + 5C /. C=-l 

Equating coefficients of x 2 gives 0 = A + C .". A — 1 
Equating constant terms gives 1 = 22? + C .'. B = \ 

. f 3x + i d rc^ d , f_L_ dx 

" J(x 2 + l)(x+2) J(x 2 + 1) J(x+2) 

_ i f 2xdx f dx _ f dx 
~ 2 J (x 2 + 1) J (x 2 + 1) J (x + 2) 

= i loge (x 2 + l)+ tan- 1 x 

- log e (X + 2) + C 

Exercises 14d 
Integrate the following functions with respect to x: 

1. * + 1 2. 



x 2 + 5x + 6 ' 6x 2 - 5x + 1 

3 x + 5 4 4x 2 - 2x - 7 



X — X 



2 2x 2 - 3x - 2 



2x 3 + 7x 2 + 2 6 x + 62 

" 2x 2 + x ' (3x - l) 2 (2x + 3) 
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SOME METHODS OF INTEGRATION 



7. 


4y 2 lyXS 


8. 


DX JA — Z 


fx 4- 7\(x — U 2 


^ZX -|- 1) (X — I) 


9. 




10. 




^y 3 _|_ Y 2 


\X -f- t^X -p 0) 


11. 


1 
1 


12. 


oX -f- JX — J 


fx 2 + 4)fx 2 + 8) 


(2x 2 — Df2x 4* 3") 


13. 


Cv — ^ 2 


14. 


1 

1 


X 3 + 1 


x 4 4- 5x 2 4- 4 


15. 




16. 




(x — Dfx 2 + 9) 


fx 4- Dfx 2 4- 4") 


17. 


1 


18. 


X 4 


x 2 - (p 4- g)x + 


x 2 -9 


19. 


X 


20. 


X 


(x — a)(x — b)(x — c) 


(x 2 + a 2 )(x 2 + Z> 2 ) 



14.3. CHANGE OF VARIABLE 

Another widely used device in integration is to change the in- 
dependent variable, say x, to another one u where the relation 
between x and u is known. Suppose 

/ == J*2x cos x 2 dx 

Let u — x 2 so that dw/dx = 2x. Then / = I ^ cos u dx and 
since integration is the inverse of differentiation 





il _ 

dx 


du 

— cos u 
dx 


dl 
dx 


dx 

'du ~ 


cos u 




dl 
du 


cos u [by (10.14)] 




I = 


cos u du 



which is recognizable as a standard form 

/ = sin u + C = sin x 2 + C (substituting for u) 
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CHANGE OF VARIABLE 



In general we have that 



f (u) du 



. . . .(14.1) 



For with 



ff(u)^dx 
J dx 



dl 

dx 



= f(u) 



du 
dx 



dJ 
dx 



dx 
du 



= f(u) 



dl 
du 



= f(«) 



I 



f (u) du 



The difficulty of the method lies in finding the relation u = ^(x) 
which simplifies the integral. It must be remembered that: 

(a) One part of the integrand supplies the du/dx which has to be 
introduced. 

(b) The rest of the integrand must be easily expressible in terms 
of u. 

Example 1. Evaluate J ^/(x 3 — 5)3x 2 dx. 



Let u = x 3 — 5 du/dx = 3x 2 which we note is part of the 

integrand. In fact it is because we foresaw this that we choose the 
substitution. 



Occasionally k du/dx (k a constant) may be included in the integrand 
instead of just dujdx. 






= fu 3/2 + C 

= f (x 3 - 5) 3/2 + C 
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SOME METHODS OF INTEGRATION 
Example 2. Evaluate j e~ xZ x 2 dx. 

Let u = — x 3 .'. du/dx = — 3x 2 



J \ 3 dx/ 

3 J dx 
= — i Je" du 

= -*e« + C 

= + C 

Example 3. I = I — * ^ X . . 

J (3x 4 - 5) 6 

Let u = 3x* - 5 .-. du/dx = 12x 3 



dx 



= f 1 _L 
J u 6 ' 12 dx 

1 f - 
= — I u 

12 J 



dx 

dw 



12 -5 
60 u 5 

Zli I +c 

60 (3x 4 - 5) 5 



It is the more usual practice to make the substitution u = <f>( 
differentiate it to obtain du/dx — <j>'(x) and then replace dx 



w«(d*=d«/£=£4 



294 



CHANGE OF VARIABLE 
Example 4. I = j(x - lW(x 2 - 2x + 3) dx. 
Let u = x 2 — 2x + 3 .\ dujdx = 2x — 2 



I = 



if' 



2x - 2 
du 



2{x - 1) 



4 1/3 du 

2. 



= - . - « 4/3 + C 
2 4 

= - (x 2 - 2x + 3) 4/3 + C 
8 

It will be noted that of the five rules given earlier III, IV and V 
are special cases of integration by substitution. 

Example 5. je*" 2 dx. 
Let u = (x — 2) :. dujdx = 1 

Je x - S dx = Je" du = e" + C = e*" 2 + C 

Example 6. jsin 5x dx. 
Let u = 5x .'. du/dx = 5. 

J" sin 5x dx = J* sin u ^ = ^ J* sin w dw 

= — - cos u + C 

= — ^ cos 5x + C 
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SOME METHODS OF INTEGRATION 



Example 7. j ^ X 



(4 - 3x) 3 
Let u = 4 — 3x .'. du/dx 



J(4-3x) 3 Ju 3 \ 3/ 3J 
1 u~ 2 , „ 1 



+ C = + C = 

3 -2 6u 2 6(4 

/•tt/4 

Example 8. cot x dx. 

Jt/6 

Consider the indefinite integral / = J cot x dx 



J S 



sin x 

Let m = sin x .". du/dx = cos x 



- f cos 
J « 



x du 



cos x 

== 

J u 

= log e U + C 

= log e ( s i n *) + C 

fr/4 

Hence cot x dx = [log e (sin x)fj\ 



= log e ^sin - log e ^sin ^ 



- log, i- log,! 
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CHANGE OF VARIABLE 



An alternative approach when dealing with definite integrals is to 
change the limits of integration for the variable x into corresponding 
limits for the variable u. Thus for the above example, with u = 
sin x, when 

TT IT 1 

x = — , u = sin — = - 
6 6 2 

and when x = — , u = sin — = —— 

4 4 V2 



fir/4 r i/y,2 rln / 

COtxdx = - = [10g e M# 2 V2 

Jir/6 J 1/2 U 



= log e as before 

Two devices may sometimes be necessary. 



y f 3 2xdx 
J 2 (x 4 - 



Example 9. \ t 



Let u = x 2 .'. du/dx - 2x. 

When x = 2, u = 4; when x = 3, « = 9 

f* 2xdx _[•" 1 lx &u du 
J 2 x 4 - 1 J* m 2 - 1 X 2x Jj u 2 -l 

(Now we use partial fractions) 

1 



2J4 L(u - 



(u - 1) (u + 1). 



du 



= ^ log e (U - 1) - }■ 10g e (« + 1) . 
L2 2 J 4 



= ^ [(loge 8 - l0g e 10) - (loge 3 - log e 5)] 
= \ (^ge 8 - loge 10 - log e 3 + log e 5) 

1, 8x5 1, 4 

= - l0g e = ~ loge ~ 

2 e 3 x 10 2 3 
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Exercises 14e 
Integrate the following functions with respect to x: 

1. xe~* 2. xJ(a 2 ~ x 2 ) 3. , * . 

4. -(log e xf 5. 6. sin x cos x 

x (1 — sin x) (cos 8 x + 2 sin 2 x) 

10. — i — 11. tan 6 x sec 2 x 12.-^?- 



x log e X 



14 x 2 (x 3 — 2) u 15 sm — 

(i+x 3 )(2 + x 3 ) 14 - x(x 2) 5 'va-x 2 ) 



Evaluate the following definite integrals: 

16. r 4 tan 3 xsec 2 xdx 17. P'* Sec8fl d6 

Jo Jo I 



18 
20 



(1 + tan 6) 

. fflsfciCj, <„>„ „. V-i^ iv 

Ji x Jo (3e 2 « +2) 

dx 



2x 2 + 10) 
1^0 

(l-e 8 *)"" "'Ji/2 V(l-^)' 

r 1 <dt r« i 

24 - 7^~^ 25 " « i sin (log e x)dx 

J-i(r — 4) J« 4 x 

14.4 TRIGONOMETRICAL SUBSTITUTION 

If the integrand involves : 

(/') y/(a 2 — x 2 ), we try x = a sin 0 because then ^/(a 2 — x a ) 
V(a 2 - a 2 sin 2 6) = ,/(a 2 cos 2 0) = a cos 0. 

(i'i) ,/(a 2 + x 2 ), we try x = a tan 0 because then ,/(a 2 + * 2 ) 
V(a 2 + a 2 tan 2 0) = ^/(a 2 sec 2 6) = a sec (9. 

(hi) ^/(x 2 — a 2 ), we try x = a sec 0 because then ^/(x 2 — a 2 ) 
V(a 2 sec 2 0 - a 2 ) = ,/(a 2 tan 2 (9) = a tan 0. 

f 2V * dx 
Example 1. — . 

J 2 x 2 V(4 + x 2 ) 

Let x = 2 tan 0 

— == 2 sec 8 0 
d0 
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CHANGE OF VARIABLE 

When x = 2, tan 0 = 1 0 = tt/4 

When x = 2^3, tan 0 = ^3 .\ (9 = w/3 

Hence ^ d * . -l"'" . dfl 



J 2 x y (4 + x 2 ) J w/t 4 tan 2 0 2 sec 6 
r " /3 sec 0 



tan 2 0 
cos 0 



d0 
d0 



4 Jw4 

= 1 f '".£ 

4 Jjt/4 si 

1 f W3 
= - I i 
4 J»/« 

= J [-cosec0]# 

-i(-s^) 



sin 2 0 

i 

cosec 0 cot 0 d0 



= 0065 



'cos 2 0 d0 



Example 2. J* J(a 2 - x 2 ) dx. 
Let x — a sin 0, 

dx fl 
— = a cos 0 
d0 

When x = 0, sin 0 = 0 .\ 0 = 0 
When x = a, sin 0 = 1 0 = tt/2 

/-a /v/s 
Hence ^/(a 2 - x 2 ) dx = a cos 0 . a cos 0 d0 

= 2! P 
2 Jo 

= £!L + !»L20r 
2l_ 2 Jo 

-£(= + o)- TO 

_ 7rg2 
~ 4 

Some times other trigonometrical substitutions can be used. 
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(1 + cos 20) d0 
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SOME METHODS OF INTEGRATION 



Example 3. 



X V (4 — x) dx 



dx 



Let x = 4 sin 2 6 — =8 sin 6 cos 6 

dd 

When x = 2, sin 2 6 = J .\ 0 = ir\A 
When x = 0, sin 2 0 = 0 .'. 6 = 0 
Hence 



hul.) dx = r J si „ . cos , d 9 

Jo V \4 - x! Jo V \4 - 4 sin 2 6/ 



Integration by substitution is a fairly straightforward technique. 
The question of what is the correct substitution for any particular 
integral is not quite so straightforward. We have mentioned, at the 
beginning of this section three substitutions which often prove 
helpful. Some other useful substitutions were mentioned in the 
preceding section. We mention two others which are generally 
very satisfactory. If the integrand involves e nx) put u = f(x). If the 
integrand involves y/(a + x) put u = ^(a + x). 

Exercises 14f 
Integrate with respect to x: 




. 8 sin 6 cos d dd 

0 2 cos 6 




- 2 



1. x^/(x' 



2 



2. xV(x 2 + 4) 



V(16 - x 2 ) 



x' 





(Hint: put x = cos 26) 



7. x 2 V(x - 1) 
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CHANGE OF VARIABLE 
Evaluate the following definite integrals : 

8. Px^ 1 ~x 2 )dx 9. I xV( 4 + x 2 ) dx 
Jo Jo 

f 1/V2 x a dx 
10. * . 

Jo V(l - X 2 ) 



14.5 INTEGRATION OF TRIGONOMETRICAL FUNCTIONS 



/ 

/ 



sin ax dx = — — cos ax + C 



cos ax dx = - sin ax + C 
a 



I' 



sec 2 ax dx = - tan ax + C 
a 

cosec 2 ax dx = — i cot ax + C (a is a constant) 
a 



Certain trigonometric functions may be integrated after we have 
used the identities of Chapter 6 to express the integrand in terms of 
the standard forms given above. Of some importance are the two 
results 

J* sin 2 x dx = — cos 2x) dx = J(x — £ sin 2x) + C 

— i x — i sm 2x + C 
Jcos 2 x dx = J|(l + cos 2x) dx = £(x + sin 2x) + C 

= i x + i sm 2x + C 

If the integrand is a product of a sine and/or a cosine of a multiple 
angle, it may be expressed as a sum by means of the identities [see 
(6.46) to (6.49)] 

sin mx cos nx = J [sin (pi + n)x + sin (m — ri)x] 

cos mx cos nx = M c °s (w + n)x + cos (w — n)x] 

sin wx sin nx = |[cos (m — «)x — cos (m + n)x] 
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SOME METHODS OF INTEGRATION 



Example 1. J* sin 3x cos x dx = j*|(sin 4x + sin 2x) dx 



-cos 4x cos 2x 



Example 2. j*sin 5x sin 2x dx = J J*(cos 3x — cos 7x) dx 

_ sin 3x _ sin 7x ^ 
_ 6 _ 14 

The integral J sin m x cos" x dx can be evaluated quite easily if m 
or n is an odd integer. If m is odd the substitution u = cos x is used, 
if n is odd the substitution u = sin x is used. 

Example 3. J sin 3 x cos 2 x dx. 
Put u = cos x .". di//dx = —sin x 

. 2 2 du 
sin x sin x . u 



Jsin 3 x cos 2 x dx = — J 

= —J" sin 2 x . u 



sin x 

du 



- J(l — u 2 )u 2 du (sin 2 x = 1 — cos 2 x) 



i + i + c 



cos 3 X , cos 5 X 



c 



Example 4. f COS X dx. 

Am sin x 

Put u = sin x 

du 



= COS X 

dx 



77 77" 

When x = — , « = sin 2 = 1 
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CHANGE OF VARIABLE 



When x = , u = sin ^ = 

. p /2 cos 3 x dj ,_r i cos 3 x 
.L/4 sin 6 x JVi/2 « 6 



du 



COS X 

1 1 -u 2 



du 



Vl/2 U° 



-/ 



(Note cos 2 x = 1 — sin 2 x = 1 - 



O du 



1/V2 

L 5 u 5 

= [-i + i]-[-KV 2 ) 5 +KV 2 ) 3 ] 



1 \_ 
3'u 3 . 



1/V2 



Example 5. J -^(cos x) sin 3 x dx. 
Put u = cos x .". du/dx = —sin x 

-^(cos x) sin x 3 dx = I ■ty'u sin 3 x I — ) 

J J V sin x/ 



= - I u 1/3 (l - u 2 ) du 

(Note sin 2 x = 1 — cos 2 x = 1 - 

= - j(u 1/3 - u 7/3 ) du 

= -|u 1/s + &u im + C 

= -|(cos x) 4/3 + & (cos x) 10/s + 



Exercises J4g 

Integrate with respect to x: 
1 . sin 7x cos 2x. 
3. cos 5x cos 6x. 
5. cos 3 x sin 4 x. 

7. ^/(sin x) cos x. 



2. sin 3x cos 8x. 

4. sin 7x sin 5x. 

6. cos 6 x sin 5 x. 

„ sin 6 x 



cos 2 x 
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SOME METHODS OF INTEGRATION 
Evaluate the following definite integrals : 

9. sin 5x cos 3x dx. 10. — - — dx. 

Jo Jt/3 sin x 



14.6. INTEGRATION BY PARTS 

This is a method for integrating a product of two functions. From 

d , . du , dv 

— (uv) — v h u — 

dx dx dx 

On integrating both sides with respect to x we have 

uv = I v — dx + I u — dx 
J dx J dx 
whence . C du 

I m — dx = uv — \v — dx ... .(14.2) 

J dx J dx 

The product to be integrated is u x dvjdx and to obtain a slightly 
different version of the above result we consider u and dvjdx as 
being the "first" and "second" parts of the product, noting that if 
dvjdx is "2nd function" v = J "2nd function." The formula is then 

Jlst X 2nd = 1st X j 2nd — j* (Derivative of 1st X J*2nd) (14.3) 

(a) one function, "2nd" must be integrable, 

(b) the other function "1st" is never integrated. 

Thus if this method is used to integrate the product of two functions 
we first look for a function which can be integrated immediately; 
if there is only one this is taken to be the "2nd" function; if both 
functions are integrable we generally choose as the "1st" function 
the one which simplifies most on differentiation. 

Example 1. J" x e 3 * dx. 

Both x and e 3 * are easily integrable, but as x becomes simpler on 
differentiation we use them in the given order. 



jxs 3x dx = xje 3x dx - j^j- (x)J*e 



dx 



e 3x 

dx 



— -— +c 

3 9 
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CHANGE OF VARIABLE 



Example 2. Jx 2 sinxdx. By the same reasoning as before we 
treat this product in the order given. 



J 



x 2 sin x dx 



= x 2 J*sin x dx — j jjp (x 2 )j*si 
= —x 2 cos x + J*2x cos x 



sin x dx 



dx 



We now apply the rule to the second integral, taking care to keep 
the trigonometric function as the "2nd" function 



x 2 sin x dx = — x cos x 



+ 2x Jcos x dx — J* (2x)J"cosx dx 
J sin x 



dx 



= —x 2 cos x + 2x sin x — 2 I sin x dx 
= —x 2 cos x + 2x sin x + 2 cos x + C 



Example 3. j" x 3 log e x dx. Of the two functions involved we see 
that x 3 is the only one which is immediately integrable. 

Jx 3 loge X dx = Jloge X X 3 dx 

= loge xj"x 3 dx — J j- (loge x)Jx 3 dx 

= loge X . — — - . — dx 

4 J x 4 



dx 



4 4 
= loge X - *- + C 

4 16 



Example 4. jx tan 1 x dx = J tan 1 x . x dx 

= tan -1 x Jx dx 

r i x 2 

J 1 + x 2 ' 2 



x dx 



dx 



x \ -i 
— tan x 

2 



dx 



= — tan x 
2 



+ x 2 



dx 



x 

= — tan -1 x — Ax + £ tan -1 x + C 
2 
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SOME METHODS OF INTEGRATION 
Example 5. Jloge x dx = J*log e x X 1 . dx. 

.'. JlOg e X X 1 dx = loge xjl . dx — J ^ (log e x) X Jl . 

= X loge X — I - X dx 
J X 

= X loge X — X + C 

Example 6. 
Jsin -1 x dx = Jsin -1 x X 1 dx 



dx 



dx 



sin 1 xj"l dx — (sin 1 *) X J*l . dx 
x sin -1 x — - 



dx 



(For the latter integral let u = 1 — x 2 , dw/dx = — 2x) 



• -i f * / du\ 
= x sin x — — — I I 

J yJU \ 2X1 



sin x + 



2 J 7" 



= x sin -1 x + y/u + C 
= x sin -1 x + 7(1 - x 2 ) + C 
Exercises 14h 
Find the following integrals : 

1. \xe~ x dx. 



J' 



3. |0 2 cos20d0. 

6. J I 4 loge t dt. 
Vs 



f _ C"' 2 

. J xe 35 dx. 2. j xcos2xdx 
4. JxV. 5. Jx 3 sinxdx. 

7. j*x sin -1 x dx. 8. J"x 5 log e 3x dx. 9. J tan -1 0 dd. 

10. j*0sinm0d0. 11. j"' x sec 2 x dx. 12. j*(log e x) 2 dx. 

13. ( x -±^dx. 14. f^dx. 15. fsec 3 xdx. 
J 1 + cos x J sin x J 
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CHANGE OF VARIABLE 



14.7. FURTHER INTEGRATION BY PARTS 

The following examples indicate some useful ways of proceeding. 

dx 



dx 



Example 1. je x sin x dx = e^Jsin x —J* ^e e J*sin x dx 

= — e* cos x + je x cos x dx 

.". je x sin x dx = — e* cos x + e^Jcos x dx —j jVJcos x dx 

= — e x cos x + e* sin x — je x sin x dx 
We note that on the R.H.S. we have the original integral 

zje® sin x dx = e^sin x — cos x) 

f x ■ j as ( Sm x — C0S X ) i ^ 

J e x sin xdx — e x - + C 

Example 2. $ ^/(9 — x 2 ) dx. We have previously used a trigono- 
metric substitution for this integral. 

JV(9 - x 2 ) dx = JV(9 - x 2 ) x 1 dx 

= 7(9 - x 2 )Jl dx - J j- V(9 - x 2 ). j*l dxjdx 



dx 



dx 



.-. JV(9 - x 2 ) dx = xV(9 - x 2 ) - JV(9 - x 2 ) dx + 9 sin" 1 ~ 

:. 2 jV(9 - x 2 ) dx = Xy/(9 - x 2 ) + 9 sin" 1 ? 

.-. JV(9-x 2 )dx=-^ J +-sin 1 -+C 
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SOME METHODS OF INTEGRATION 



Exercises 14i 

Integrate the following functions with respect to x: 

1 . e* cos x. 2. e -2 * sin 3x. 3. e 5 * cos \x. 

4. ^(16 + x 2 ). 5. cosec 3 x. 



EXERCISES 14 

1. Show that (0 J cos x sin 2 x dx = J sin 3 x + C 
O'O J tan 8 x sec 2 x dx = J tan 6 x + C 
(Hi) $ 2x(x 2 + l) 3 dx = H* 2 + I) 4 + C. 

2. Find the following indefinite integrals : 

(i) J(2x + If' 2 dx (ii) j ~Y % ("0 J sec4 6 d0 

(jy) I tan 3 x sec x dx (u) I — — 

J J ^(3 — 2x — x ) 

. . N f dx , ., f cos x dx , .... f 6e 2:c , 

J x 2 + 6x + 10 J 3 + sin x J 1 + e 

OX) -77; ^ . _ t 

J — x 2 ) sin 1 x 

■ I sin J 

(x) cos5xsin2xdx (xi) — dx (xii) sin 3 x cos 3 x dx. 

J J ^/cos x J 

3. Find the following integrals : 

w J x 2 - 3x + 2 J x(x + 1) 



dx 



.... r dx , r 2 

») ^ — 2 (iv) 

J (x + l) 2 (x 2 +4) K ' J-t 

C (3x + 2) dx f _ 

W J x(x - l)(x 2 + 4) {m) J (x + l)(x 2 +9) 



x dx 



(vii) f (5-3x+4x 2 )dx 
J (1 - x)(2 - x - x 2 ) 



4. At any point P(x, y) on a curve the product of x 2 and the slope 
of the curve is 2. If the curve passes through the point (1, 4) find 
its equation. 

5. Show that 

J"** log e (x 2 + 1) dx = f log e 5 - log e 2 - | (W.J.C., part) 
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EXERCISES 



6. Evaluate 
dx 



fir/2 
Jo 1 



(0 . « , 

+ COS X 

(iii) JVtan-^dx 



x sec x dx 



7. Evaluate 

o f — 

Jo (x + 2] 



dx 



W ' , (x + 2)(x 2 + 8) 

fir/2 

(iii) sin 5 x dx 
Jo 

8. (a) Evaluate 
(i) J sin 5x cos 3x dx 



m i 

,. , Ptan^x 

(w) Jo rr^ 

f 3 3x 2 - 1 
(n) — 

J2 x(x — 1 

(iv) x 2 sin x dx. 
Jo 



i) 



xe~ 3x dx. 



(b) Show that 



Hence evaluate 



J. ( 



(tan 3 x + tan x) dx = \ 



fjr/4, 

tan 3 x dx (J.M.B.) 

Jo 

9. (a) Use the substitution y = sin x to evaluate 

f a cos x dx 
Jo '. 



1 2 cos 2x — 1 



where a = sin 1 (|) 



(ft) Evaluate 



f 1 f n 1 X dx (J.M.B.) 
JoJ(l+x) 



10. (0 Evaluate: 



•ir/4 



f * ( x 2 _ l) 2 f 

(a) v - ^dx (b) sin 3x sin 2x dx 

J 2 X Jo 



(ii) Find 



Jx 2 + 1 



dx 



(L.U.) 



11. Evaluate to three significant figures, the integrals 



P dx ; f 1 — ; fxMogxdx (S.U.J.B.) 

Jix(x + 1) Jox 2 +x + l Ji 
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SOME METHODS OF INTEGRATION 

12. Find 

(i) L/(6-x)dx (if) f x * + x + l ax 

(Hi) Jsin 2 x (2 — cos x) dx (W.J.C., part) 

13. Show that 1 + sin 26 = (sin 6 + cos 6) 2 . Hence evaluate 

P V(l + sin 26) d6 

Jtt/2 

14. Prove that cos mx cos nx = \ [cos (w + n)x + cos (m — n)x]. 
Hence show that 



1 



2it 

cos mx cos nx dx = 0 m ^ n 

o 



Find the value of the integral when m = n. 

15. Use the substitution x = a cos 2 0 + b sin 2 0 to evaluate 



dx 



(x — a)(x — b) 
Evaluate the following integral 

dx 



(a < b) 



2 A /(x — a)(b — x) 
16. Use the substitution u = t — 1/t to show that 



J t l + 1 J u' 



du 



+ 1 J u 2 + 2 
and use the substitution v = t + l/t to show that 

du 

- at = i - 

+ 



Hence evaluate 
in terms of w and p. 



r dt 
J( 4 + i 

r log x ( 

J x n 



17. Evaluate dx 

J x n 

considering separately the three cases n = 0, n = 1, and n ^ 0 or 1 . 
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EXERCISES 

18. Prove by two different methods that 

JV(x 2 - a 2 ) dx = |xV(x 8 - a 2 ) - \a 2 log {x + ^(x 2 

19. Evaluate the following definite integrals 

P tan- 1 * J f. . . 

dx (u) sin x cos x dx 

Jo 1 + x 2 Jo 

20. Show that f ^x 3 er* dx = 1 - - 

Jo e 



21. Show that 

s bx dx = 

a 2 + b 



f e ra 

e aa: cos 6x dx = — [b sin bx + a cos fcxl 

J a 2 + b 2 

f*jr/2 

Hence evaluate e 2x cos3xdx 

C" /2 TT 2 

22. Prove that x 2 cos x dx = 2 

Jo 4 

23. Use the substitution x = cos 28 to prove that 

JA-f-J 



+ 

24. Evaluate | . / | — | dx 

25. Evaluate 

" x 2 + 5 



^5 - 2x J (x - l)(x - 2) 

26. Evaluate the following integrals 

(i) cos 4 x sin x dx (ii) ^/c 
Jo Jo 

C 3V * /2 dx 
(in) I 

J 3/2 x 2 V(9 - x 2 ) 

27. Prove that — (log (tan - ) ] = — 

dx I \ 2/1 sin x 
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SOME METHODS OF INTEGRATION 
Hence show that 

I * COS X dx = 2 log (sec - I 

J sin x \ 2/ 

Verify this result by using the formulae 1 — cos x = 2 sin 2 x/2 
and sin x — 2 sin x/2 cos x/2. 

28. Evaluate 

JV(1 -x 2 )dx 

29. Integrate x 3 /(x 2 + l) 3 with respect to x, by the substitutions 
(a) x = tan 6, (b) x 2 + 1 = u. Verify that the two results agree. 

30. Prove that 

x sin x cos x dx = 

Jo 16 4 
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SOME APPLICATIONS OF THE 
INTEGRAL CALCULUS 



15.1. FURTHER EXAMPLES ON AREA 

Example 1. Find the area under the curve y = sin (3x + tt/3) 
between x — —n/18 and x = ir/9. 




Figure J 5.1 



Area = y dx (see Figure 15.1) 

J -it/18 

= f sin (3* + — ) dx 

J-ir/18 V 3/ 

=[-M-+i)I 



]*/9 
-1/I8 



1 27T , 1 7T 

= cos \-- cos - 

3 3 3 6 

= 1 +V 3 

6 

Example 2. Find the area contained between the two parabolas 
Ay = x 2 and 4* = j> 2 . 
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SOME APPLICATIONS OF THE INTEGRAL CALCULUS 



From Figure 15.2 the area required is OABC. We first find the 
point of intersection of the two curves i.e. B. At B, Ay = x 2 and 
Ax = y % and we solve these two simultaneous equations. From the 
first equation y = x 2 /4 and substituting in the second equation we 
have . 

V* 

Ax 



i.e. 



64x 



16 
0 



x(x 3 - 64) = 0 
x = 0 or x s = 64 giving x = 4 



B(4,4) 




Figure 15.2 

The points of intersection of the two curves are thus the origin (0, 0) 
and B, (4, 4). If BD is the ordinate at B 

area OABC = area OABD - area OCBD 



= ! V4Xd Ho7 dX 



Note: the positive square root is taken because we are dealing with 
the top half of the curve Ax = y 2 . 



area OABC 



= 2jV /2 dx 

-#•"1 



i r 

' 4 Jo 
4L3 Jo 

_ ir§4 
4L3 ' 



x dx 



16 
3 
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FURTHER EXAMPLES ON AREA 



When the area between the j-axis and a curve is required the 
integral is, by symmetry 

* "xdy ....(15.1) 

1 y=c 

Example 3. Find the area between the curve y = x s , the axis of y 
and the lines y = 1, y = 8 (Figure 15.3). 



f 




Figure 15.3 



Area 



x dy 



*8 



,1/3 



= [;'"* 



dy 



f[l 4/3 ] 



= |[8 4/3 ] 
= f . 16 — f 
= Hi 

We note that in representing the area under a curve between the 

f 6 

ordinates x = a and x = b by j djc we have assumed that b > a 

J a 

and that the ordinates are positive throughout the range of integra- 
tion. If this is not so it is clear from Figure 15.4 that the integral 



•'o 



y dx gives the numerical value of the area but with a positive or 

negative sign according as the area is to the right or left of the curve, 
which is supposed described in the direction from P to Q. 
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SOME APPLICATIONS OF THE INTEGRAL CALCULUS 



If the curve cuts the axis in the range, the integral gives the difference 
(positive or negative) between the area to the right and that to the 
left. 




x 



Figure 15.4 



Example 4. Find the area included between the curve y = x 3 — 
4x 2 + 3x and the x-axis. 

From the sketch of the curve (Figure 15.5) we see that we have to 
find the areas of the two parts A and B separately. 

The curve cuts the x-axis where y = 0 

i.e. x 3 - 4x 2 + 3x = 0 

x(x* - 4x + 3) = 0 
x(x - l)(x - 3) = 0 
x = 0, 1 or 3 





y 
















Figure 15.5 



Area A 



i 



(x 3 - 4x 2 + 3x) dx 



= r^_4x_ 3 3X 2 ] 1 
L4 3 2 Jo 

= [i-t + i]-o = A 
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FURTHER EXAMPLES ON AREA 



Area B 



=/>=! 



(x 3 - 4x 2 + 3x) dx 



3x 



4x 3 

= - 36 + ¥] 

= -2i - A 



3 



rl 4 i ai 
L* — 3 + 2j 



Therefore 



the total area = A + 2f 

== 3^- 

— •'12 



Example 5. Find the area of the curve x 2 + 3xj + 3j> 2 = 1. 

The area is the limit of the sum of the areas of strips like PQ of 
width dx. Now if P has ordinate y x and Q ordinate y 2 , noting that 




Figure 15.6 

neither upward nor downward movement of Ox alters the length 
PQ, we have 

Area = Limit 2 PQ 

5b -»0 

= Limit 2 (^i — J^) 



= | (y x — y 3 ) dx with the appropriate limits. 
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SOME APPLICATIONS OF THE INTEGRAL CALCULUS 

The two values of y are found, in general, by solving the equation 
as a quadratic in y, viz. 3y z + 3xy + x a — 1 = 0 

-3jc ± J[9x 2 - 12(x 2 - 1)] 

'= 6 

_ -3x ± V(12 - 3x 2 ) 

~ 6 
The two values of y are 

-3x + J(12 - 3x 2 ) , -3x - J(12 - 3x 2 ) 

v an( j V 

6 6 

V(12 - 3x 2 ) V[3(4 - x 2 )] 

Hence y t - y 2 = = 

o J 

Now the limits of x are the values for which y x — y 3 = 0 

i.e. 4 - x 2 = 0, x = ±2 

2 



area = dx 

J-2 3 

= 75.[>-* !)d * 



V3 

To evaluate this integral let x = 2 sin 0 

•ir/2 
^/3 J-ir/2 

2 cos 2 0 d0 



1 f 

area = — — 2 cos 0 • 2 cos 0 d0 
./3 J- 



_ A f *" 

■v/3 J-r/S 



y/3 J-v/2 

= J =r\ (1 + cos 20) d0 

y/3J-T/2 

y/31 2 J-,/2 

-^(! +0 )-^(t +0 )-^ 

Exercises 15a 

1. Find the area between the curve y = tan x, the x-axis and the 
ordinates x = 0 and x = ir/4. 

2. Find the area between the curve y = x 2 + 1/*, the x-axis and 
the ordinates x = 1 and x = 3. 
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MEAN VALUES 

3. Find the area between the curve y = — x 2 + 5x and the line 
y=6. 

4. A (2, 8) is a point on the curve y = x 3 , O is the origin. Lines 
AB, AC are drawn from A perpendicular to Ox and Oy and meet these 
lines at B and C respectively. Find the areas OCA and OBA and 
verify that their sum is the same as the area of the rectangle OBAC. 

5. Find the area contained between the parabola 9y = x 2 and 
the line 3y = x + 6. 

6. Find the area enclosed between the curve 9y = x 2 , the y-axis, 
the line y = 4 and the line x = —I. 

7. Find the area enclosed between the parabolas y 2 = x and 
x 2 = y. 

8. Find the area of the two segments bounded by the x-axis and 
each of the curves (i) y = x 3 — x (ii) y = x 3 + 2x 2 — 3x. 

9. Find the area of each of the curves (i) 2x 2 + 6xy + 6y 2 — 1 
(ii) 5x 2 - I2xy + 12y 2 = 2 (iii) 3x 2 + lOxy + I0y 2 = 2. 

10. Find the area of the loop of the curve y 2 — x\x — l) 2 . 

15.2. MEAN VALUES 

Suppose that the function §(x) is continuous, single valued, and 
finite in the range x = a to x — b. Divide the range b — a into n 
equal parts each of length dx. Hence 

ndx = (b-a) ....(15.2) 

Let <£(xt), <£(* 2 ) • • • <^(*«) be the values of the function at some 
convenient point in each interval, say the middle (sometimes the 
beginning is taken), then 

Limit - + <£(x 2 ) + . . . + <£(xj] . . . .(15.3) 

n-*oo 77 

is known as the mean value of the function <f>(x) over the range a to 
b with respect to x. It is a natural extension of the usual average. 

Since from (1 5.2) I = -^L_ 

n b — a 

Mean value of (/>(x), over the range a to b with respect to x 
dx 

= Limit + ... + fan)] 

n-*oo b — CI 
1 " 

= Limit 2 <K*) & x Kb ~ a ) i s constant] 

b — a 8x->0 a 

= —L- fVx)dx (by (13.8) ....(15.4) 
b — a J a 
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SOME APPLICATIONS OF THE INTEGRAL CALCULUS 



Geometrically <f>(x) dx is the area BCNK under the curve (see 

J a 

Figure 15.7) and b — a is the distance KN. If LMNK is a rectangle 
whose area is equal to the area under the curve then the mean value 
is represented by the height MN of this rectangle. 

If it is possible to express <f>(x) as a function of another variable 
say u, the mean value with respect to u will, in general, differ from the 
mean value with respect to x, and it is important to notice which 
mean value is required. 




Figure 15.7 



Example 1. When a particle falls freely from rest its velocity at any 
time t sec from the commencement of its motion is given by v = 32t 
or v 2 = 64s, where s is the distance fallen. If its velocity on impact 
is 80 ft./sec find its mean velocity (a) with respect to time (b) with 
respect to distance. 

(a) Since v — 32t on impact 80 = 32T where T is the time taken 
to fall. Therefore the time of falling is 2\ sec. 

1 f 2 ' 5 

mean velocity = — vdt 
2-5 Jo 



= J- P 
2-5 Jo 



32t dt 



= 40 ft./sec 

(b) Since v 2 = 64s (given) on impact 80 2 = 64s where s is the 
distance fallen 

s = 100 ft. 
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MEAN VALUES 
1 f 100 

mean velocity = — v ds 
100 Jo 
< rioo 
= — J6As ds 
100 Jo y 

= J_ ss 1/2 ds 
100 Jo 

= -L. 8 .[? 

100 L3 

= — . 8 . - . 1000 - 0 
100 3 

= 53£ ft./sec 

Another mean value which is used particularly in electrical engineer- 
ing is the root mean square or R.M.S. value of a function over a 
given interval . \ 

r.m.s. = J\^r a J o w*)] 2 d *J • • • -( 15 - 5 ) 

and is the square root of the mean value of the square of the function. 

Example 2. An alternating current is given by i = I sin (5t + tt/3). 
Find the R.M.S. value for i taken over the interval 0 to 2tt/5 sec. 



(R.M.S. value) 2 = — f '"V sin 2 (5f + f ) dt 
277 Jo \ 3' 

srit'— (- + t)i* 



51 
2 

477 

5^ 

477 



sin 1 477 + — I 

.5 10 \ 3/. 

0-^-sin ( 0 +^) 
10 \ 3 / 



_5I_ 2 

477 

J 2 5/ 2 .277 5/ 2 277 

= sin— -0 + — sin — 

2 40t7 3 40t7 3 

2 



Hence R.M.S. value is Ijy/2. 
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SOME APPLICATIONS OF THE INTEGRAL CALCULUS 

In practical problems the values of the function <f>(x) can often 
be found only at isolated points. If the intervals between these 
points are all equal then an approximate mean value is found by 

" + <K*J +■■•+ <£(*«)] 

n 

If the intervals are not all equal the values may be plotted on a 
graph. Then a smooth curve is drawn through the points and a set 
of values of <f>(x) at equal intervals, read off from the graph. These 
latter values may then be used to find an approximate mean value. 

Exercises 15b 

1. A quantity of steam follows the law pv 0 ' 75 = 10,000, p being 
measured in lb wt/in. 2 Find the mean pressure as v increases from 
1 in. 3 to 16 in. 3 

2. Find the mean value and the R.M.S. value in each of the 
following cases: 

(0 sin d in the range 0 to it. 
(ii) sin 6 in the range 0 to 2tt. 
(Hi) sin d + cos 0 in the range 0 to 2tt. 

(iv) /sin (lOt + tt/4), the values of t being taken over one period 
t = 0 to t = 277-/10. 

3. A body is dropped from a height of 144 ft. Show that the mean 
value of its velocity until just before it hits the ground is (a) 48 ft/sec 
with respect to time and (b) 64 ft./sec with respect to distance. 

4. Show that the mean value of the ordinates of a semicircle of 
radius a drawn through equidistant points on the diameter is 
\ttci. 

5. The following table gives the values of a current i amps in a 
circuit at various times, t sec. Find the mean value of the current. 





0 


6 


8 


11 


17 


20 


23 


28 


33 


37 


40 


i 


0 


510 


640 


800 


975 


1000 


975 


840 


580 


275 


0 



15.3. VOLUME OF A SOLID OF REVOLUTION 

Consider the volume swept out when the area enclosed by the 
curve y = <f>(x), the x-axis, and the ordinate x = a, x = b is rotated 
through 277 radian about Ox. 
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VOLUME OF A SOLID OF REVOLUTION 

Let KB and NC be the ordinates at the points x = a and x = b 
respectively. Divide KN into n parts each of width dx. Let L, M 
be two consecutive points of subdivision LP, MQ the respective 
ordinates. Complete the rectangles PGML, FQML. 

Then all such rectangles as PGML will sweep out thin circular 
discs of area ttj 2 and thickness dx, i.e. of volume ny 2 dx. The sum 
of all such discs will be less than the volume required. Similarly all 
such rectangles as FQML will sweep out thin circular discs of volume 




n(y + dy) 2 dx and the sum of all such discs will be greater than the 
volume required (note the curve has been taken as increasing from 
x = a to x = b). Thus 

2 ^y 2 dx < required volume of revolution < 2 "0 + fyf ^ x 

a n 

Now in the limit as dx -»■ 0, dy 0 and we have that 

b 

required volume of revolution = Limit 2 "7 2 $ x 

dx^O a 

= p77 V 2 dx ....(15.6) 

J o 

Example 1. To find the volume cut from a sphere of radius a by 
two parallel planes distances h u h 2 from the centre (h 2 > h x ) and 
both measured in the same direction. 
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SOME APPLICATIONS OF THE INTEGRAL CALCULUS 



A sphere is swept out by the rotation through 2-n- radians of a 
semicircle about its bounding diameter. Take the centre of the circle 
as origin and the bounding diameter as the x-axis. Then by 
equation (15.6) 

required volume = ny 2 dx 

Jhi 




Figure 15.9 

The equation of the semicircle is x 2 + y 2 = a 2 
required volume = tt\ (a 2 — x 2 ) dx 

Jhi 

r 2 *t 

= 77 a x 

L 3 Jhi 

= 7r[a\h 2 - h x ) - m - hi)] 



= - (*. - ^i)[3a 2 - (h* + h,h 2 + hi)] 

Note that if we put h 2 = a and h x = a — k we obtain the volume of a 
spherical cap of height k, 



i.e. volume = - 1 a — (a — k) 



3a 2 



a 2 + a(a~k) + (a-kf 



= j k(3a 2 -a 2 -a 2 + ak-a 2 + 2ak - k 2 ) 



k(3ak - k 2 ) 



....(15.7) 
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VOLUME OF A SOLID OF REVOLUTION 

When any portion of the area contained between a curve and the 
y-axh is rotated about the y-axis the volume swept out will, by 

ry=d 

symmetry, be ttx 2 dy but in other cases we may not be able to 

quote these formulae but have to return to first principles. Consider 
the following: 

Example 2. Find the volume swept out by revolving the area 
between the curve y = e 2x , the x-axis and the ordinates x — 1, 
x = 2, through 2tt radians about Oy. 




Figure 15.10 

Divide the volume into the shells by cylinders whose axes are the 
j-axis and whose radii are at equal intervals dx from x = 1, to 
x = 2. The volume of a typical shell contained between two cylinders 
of radii x and x + dx can be obtained if we consider the shell cut 
and flattened into a plate which will be approximately of length y, 
width 2nx and thickness dx. That is of volume 2nxy dx. 

x=2 

required volume = Limit 2 2trxy ^ x 

=J* 2nxydx see (13.8) 

But y = e 2 * thus 

the required volume = 2tt J* xt ix dx 

— — (by integration by parts) 

2 4 Ji 

= 2^-^-2^- J e») 

= 27r(|e 4 - ie 2 ) 
^ 245-7 



325 



SOME APPLICATIONS OF THE INTEGRAL CALCULUS 
Exercises 15c 

1. Find the volume swept out when the area between the parabola 
y = x 2 + 1, the x-axis and the ordinates at x = 2 and x = 3 is 
rotated through 2n radians about the x-axis. 

2. Show that the volume of a sphere of radius a is %-ncP. 

3. Find the volume generated by rotating, the area bounded by 
the axes and the curve y = cos x between x = 0 and x = tt/2, 
through 2tt radians about the x-axis. 

4. The portion of the curve y = x 2 + 2 between the points (0, 2) 
and (1, 3) is rotated through 2tt radians about the j>-axis to form the 
surface of a bowl. Find the volume of the bowl. 

5. Find the volume swept out when the area between the parabola 
y 2 = 4ax, the x-axis and the ordinate x = h rotates through 2tt 
radians about the x-axis. 

6. Find the volume of a cylinder of height h, radius of base a. 

7. The ellipse x 2 \a 2 + J 2 /* 2 = 1 (a > b) is rotated through tt 
radian about its major axis. Find the volume swept out. What would 
the volume be if the ellipse were rotated about the minor axis? 

8. Show that in the solid generated by the revolution of the 
rectangular hyperbola x 2 — y 2 = a 2 about the x-axis, the volume of a 
segment of height a measured from the vertex is %na 3 . 

9. Find the volume generated by rotating a loop of the curve 
y 2 = x 2 (x — l) 2 about the x-axis. 

10. Find the volume swept out when the area between the curve 
y = e 3ai , the x-axis, the j-axis, and the ordinate x = 3 is rotated 
through 2tt radians about Oy. 



15.4. CENTRES OF GRAVITY 

Consider a number of particles of masses, m x , m 2 , . . . situated at 
points whose co-ordinates are (x 1; jj), (x 2 , j 2 ) . . . . Then the point 
G(x, y) whose co-ordinates are given by the equations 



_ + m 2 x 2 + 



m x + m 2 + . . . 

m x y x + m 2 y 2 + . 




.(15.8) 



m x + m 2 + . . . 

is defined as the centre of gravity or centre of mass of the system. 

We have assumed that the masses all lie in a plane. If they are 
not coplanar then each point will have a third co-ordinate z u z 2 . . . 

and G will also have a third co-ordinate defined by z = — . 

J h m 
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In the case of a solid body we consider it split up into a large 
number of very small elements each of mass dm and then the centre 
of gravity is defined as the point G whose coordinates {x, y, z) are 
given by: r \ 

Limit J x dm x dm 
» J 



x = 



Limit 2 d m 

6m-+0 



Similarly 



I 



J"dm 



by (13.8) 



y dm 



f 



z dm 



jdm 



j dm 



..(15.9) 



The summations and integrals are taken throughout the whole body. 



' x ■ n 



Figure 15.11 

Example 1. A circular arc of radius a, subtends an angle 2a at its 
centre. Find the centre of gravity of the arc. 

Take the centre of the circle as the origin and the x-axis along 
the medial line. Let p be the mass of the arc per unit length, then 
the length of a small element of the arc is a 60 and its mass is pa 80 
{Figure 15.12). 



x — 



xpa dO 



re=x 

padO 

Je=-x 

a cos Opa dO 



(p = 0 by symmetry) 



I 



padO 



a[sin 6]- 
[0T-, 
a sin a 



Note that for a semicircle a tt/2 and x = lajir. 
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Our small elements of mass dm have been taken as small arcs of 
length a 66 and mass ap 66. Their moment about the j-axis (x dm) 
has been expressed in the form a cos 6 pa 66 which is a suitable 
expression for integration with respect to 6. 



In general when we are dealing with a lamina or a solid the small 
elemental masses 6m, and their moments x 6m or y 6m about the 
axes, are expressed in the form f(0) 66 where 6 is some convenient 
variable for which the integrations can be carried out. We shall 
find it convenient to make use of the symmetry of the body (if it 
exists) in choosing the variable 6 and the elemental masses. It is 
important to notice that the "x" in (15.9) is now the distance of the 
centre of gravity of the elemental mass from the j-axis. Similarly 
the is the distance of the centre of gravity of the elemental mass 
from the #-axis. 

Example 2. A sector of a circle of radius a subtends an angle 2a 
at the centre of the circle. Find its centre of gravity. 




Figure 15.12 



0 




Figure 15.13 



We take the centre of the circle as origin and the x-axis along 
the medial line. By symmetry y = 0. 
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We divide the sector by a large number of concentric arcs into 
sections such as PQRS (Figure 15.13). Let OP = r, OQ = r + dr. 

Area PQRS ^= Ira. dr 

Mass PQRS =^= 2mp dr 

where p is the surface density of the sector. 
Now by the result of Example 1 the centre of gravity of PQRS is 

at a distance r S1 ° " from O along Ox. Its moment about Oj is 
a 

. r sin a 
thus 2mp or . 



r 



r sin a , 

Imp dr 

o a 

x = 



J 2rap dr 
(Since p is assumed to be constant) 

. r 

sin a J 0 



r 2 dr 

sin ( " 



r dr 

o 

3 



_ sin a 3; 
a 

2 

2 sin a 
~ 3 a a 

For a semi-circle a = 7r/2 and 

. = 4a 

X 377 



.(15.10) 



Example 3. Find the centre of gravity of a uniform solid hemisphere. 

Take the centre of the hemisphere as origin and its axis of sym- 
metry as Ox. Let p be its density. 

Divide the hemisphere into elemental discs of width 8x by planes 
parallel to its plane end. The mass of a disc is approximately 
■ny % p 6x and the distance from the origin to the centre of gravity of a 
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disc is approximately x. Since by symmetry y = 0 = 2 , we have that 

J xiry 2 p dx 




Figure 15.14 

The equation of the bounding circle is x 2 + y 2 = a 2 . Thus 









TTp 


\ a x{a 2 - 


- X 








TTp 


J>" 


x 2 


[ £ : 


2 4~ 
X X 


a 




I ~~ 4. 


0 




2 X 


a 


a 


X 






3. 


0 



)dx 



_ 

= A. 

3 



Exercises 15d 

1. Find the centre of gravity of the following (in all cases the 
mass per unit area is assumed to be constant): 

(a) the area enclosed by the parabola y 2 = 4x and by the line 
x = 1. 
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(b) the area between the curve y = sin x and the x-axis from 
x — 0 to x = it. 

(c) the area formed by one loop of the curve y 2 = x(x — l) 2 . 

2. If the loops of the curves in Exercise 1(a), (b) and (c) are each 
rotated through 2n radians about Ox, find the centres of gravity 
of the solids so formed. 

3. Find the centres of gravity of the following: 

(a) a plane equilateral triangle 

(b) a quadrant of a circle 

(c) a solid cone 

(d) a frustrum of a cone height h, radii of its ends a and b (a > b). 

4. By dividing the sector of a circle of angle 2a into elemental 
sectors of angle <50, find the position of its mean centre. [Use the 
result of Exercise 3(a).] Compare your result with that of Example 
2, section 15.4. 

5. Find the position of the centre of gravity of the area contained 
between the positive co-ordinate axes and the astroid x 2/3 + 

EXERCISES 15 

1. Show that the curve y 2 = x*(4 — x) possesses a loop and find 
the area of the loop. (W.J.C.) 

2. Find the area of one loop of the curve 4y 2 = x 2 (4 — x 2 ). 
Also find the position of the mean centre of this area. 

3. Sketch the curves y 2 = 2x, x 3 = 4y giving the co-ordinates of 
the points of intersection. Find the area they enclose and the 
volume this area sweeps out when revolved through 2tt radians about 
Ox. 

4. The area enclosed by the parabola y 2 = 4ax, the x-axis, and 
the ordinate x = h is rotated through 2tt radians about the x-axis. 
Show that the volume swept out is 2nah 2 . 

5. PAQ is an arc of the curve y = sin x from x = 2n to x = 3n, 
A being the midpoint of the arc. Show that, if P and Q are the 
points on the curve where jc = 2tt, and x = 3tt respectively, the 
area between the arc and the x-axis is divided by the line PA 
approximately in the ratio 0-12: 1. 

6. Determine the mean value of the function x(4 - x) between 
x = 0 and x — 4. 

7. Find the R.M.S. value of / = sin (wt + ir/3) the value of / 
being taken over one period from t = 0 to t = lirjw. 

8. Sketch the curve y 2 = (x - l) 2 (x + 1). If the curve is rotated 
about the x-axis through an angle w/2, find the volume enclosed by 
the surface swept out by the loop of the curve. 
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9. Find the area of the portion of the plane enclosed by the curve 
y = 1 + sin x, the axis of y, and the axis of x from 0 to |tt. Find 
also the volume of the solid obtained by rotating this area about the 



enclosed by the curve, the lines x — 0, x = 1 and the line y = 1. 
Also find the volume generated when this area revolves through In 
radians about the line y = 1 . 

1 1 . Find the mean centre of the area between the curve y = 
(x — 1)(4 — x) and the axis of x. 

12. Find the area enclosed by the two parabolas ay = 2x 2 , 
y 2, = 4ax. Also find the position of the mean centre of this area. 

13. Find: (z) the area bounded by the axes and the part of the 
curve y = cos 2x between x = 0 and x = n/4 

(ii) the volume described when that area is rotated through four 
right angles about the x-axis 

(Hi) the centre of gravity of that area. (S.UJ.B.) 

14. Prove that the area common to the two parabolas y 2 = 4ax 
and x 2 = 4ay is 16a 2 /3. Find the centroid of the common area. 
Show that if the area is rotated, through four right angles about the 
x-axis, the volume generated is 967ra 3 /5. (J.M.B.) 

15. Sketch the curve whose equation is 

Prove that the area contained by one loop of the curve is 4a 2 /3. 
Find the volume swept out when one loop is rotated through two 
right angles about the x-axis. (J.M.B.) 

16. The curves y = 7 — x 2 and xy = 6 intersect at the points A 
and B in the first quadrant. Find the co-ordinates of A and B. 
Find the area contained between the two curves. This area is 
rotated through four right angles about the y-nxis. Prove that the 
volume swept out is 37t/2. (J.M.B.) 

17. ABC is a triangular lamina in which AB = AC and the 
perpendicular distance of A from BC is h. The density of a thin 
strip of the lamina which is parallel to BC and at a distance x from 
A is kx. Prove that the centre of gravity of the lamina is at a distance 
\h from A. 

18. Prove that the area bounded by the two parabolas 3y = 2x 2 , 
y 2 = 12x is 6 square units. Find the co-ordinates of the centroid 
of this area. 

19. The co-ordinates of a variable point P are given by the 
equations x = 4 - t 2 , y = 1 + 3t, where t is a parameter. Find 



axis of x. 



(S.UJ.B.) 
for x > 0. Find the area 



10. Sketch the graph of y = 



x 



2 + x 
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the value of t for which the tangent to the locus of P is parallel to 
the j-axis. 

Find also the x co-ordinate of the centroid of the area bounded by 
the curve and the y-axis. 

20. A curve whose equation has the form y = x{x — 2){ax + b) 
touches the x-axis at the point where x = 2 and the line y = 2x at 
the origin. Find the values of a and b, sketch the curve and prove 
that the area enclosed by an arc of the curve and a segment of the 
line y = 2x is ^. (L-U.) 

21. Sketch the graph of >> = x 2 sin2x (x being measured in 
radians) from x = 0 to x = ir, and prove that the ratio of the two 

. 7T 2 - 4 

areas bounded by the curve and the axis of x is ^ 2 _ ^ . 

(S.U.J.B.) 

22. In a triangle ABC the angle C = 2w/3. Express c 2 in terms of 
a and b. The triangle is rotated about A in its own plane, through an 
angle 6 (<if). Find, in terms of a, b and 8, the area swept out by 
(0 AC 00 BC. (J.M.B.) 

23. Draw a rough sketch of the curve denned by the equations 
x = 2(6 — sin 6), y = 2(1 — cos 0) as 8 increases from 0 to lit. 
Evaluate for this curve the integrals 



24. Sketch the curve given by the parametric equations x = 
2 — t 2 , y = t*. The area enclosed by this curve and the axis of y 
is rotated about the axis through four right angles. Find the volume 
of the solid so described. (S.U.J .B.) 

25. The points A(c, a) B(0, b) and C(-c, a) where {b > a > 0) 
lie on a curve of the type y = Px 2 + Qx + R. Determine the 
constants P, Q and R and hence show that the equation of the curve 
is c 2 y + (b — a)x 2 = be 2 . AM and CN are ordinates. Find the 
volume of the solid formed by revolving the area bounded by the 
curve, the x-axis and these ordinates through four right angles about 





the x-axis. 



(L.U.) 
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16 

DIFFERENTIAL EQUATIONS 



16.1. INTRODUCTION 

We have seen in section 13.1 that an equation of the type 

^ = 6 ....(16.1) 
df 

can be solved by integration (integration is the inverse of differentia- 
tion) to give as its solution 

v = 6t + C ....(16.2) 

This is also known as the general solution of the equation (16.1) 
because it contains the arbitrary constant of integration. 

Such equations which involve differential coefficients are known 
as differential equations and they occur very often when practical 
problems are expressed in mathematical symbols. The equation 
(16.1) arose from the question: if the acceleration of a particle is 
constant and equal to 6 ft./sec 2 , what is its velocity ? We now see the 
practical importance of the constant of integration, two objects may 
have the same acceleration but different velocities depending on the 
initial conditions. For example if we know that initially (t = 0) 
the velocity is 11 ft./sec then substituting in (16.2) 

11 =6.0+ C 

we have C = 1 1 

v = 6t + ll ....(16.3) 

This is known as a particular solution of the differential equation 
(16.1). 

As another example of how differential equations arise consider 
one of the laws of chemical reaction. 
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Example 1. In a certain chemical reaction the amount x of one 
substance at any time t is related to the velocity of the reaction, 
dxjdt by the equation 

dx 

— = k(a — x)(b — x) (a, b,k constants) 
dt 

Find a relation between x, a, b, k and t. 
To solve the equation we rewrite it in the form 



Although we now have a relation between t and x, the three 
original unknown constants and the arbitrary constant of integration 
are also involved, and more information is needed before the result 
is of practical value. 

Example 2. A beaker containing water at 100° C is placed in a 
room which has a constant temperature of 20° C. The rate of 
cooling at any moment is proportional to the difference between the 
temperature of the room and the liquid. If after 5 min the temperature 
of the water is 60° C, what will it be after 10 min? 

The law stated here is the physical reality known as Newton's Law 
of Cooling. 

Let the temperature of the water at any time t min be 6° C. 
Then the rate of change of temperature is dd/dt (see section 11.1), 
thus the rate of cooling is —dd/dt. Hence 



cU 
dx 



k(a — x)(b — x) 



1 



i.e. 





dt 

which is the mathematical expression of Newton's law. 




....(16.4) 
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For this case, considering the reciprocal of both sides we have 



df _ 


1 


dd ~ 


k(6 - 20) 


_ f _ 


i c do 


k J (0 - 20) 


-kt = 


log e (0 - 20) + C 


-C — kt = 


log e (0 - 20) 


e -C-kt _ 


0 - 20 




0 - 20 


AfT k * = 


0-20 where A = 


20 + A<T** = 


0 



Now initially t = 0 and 0 = 100 

20 + i4 = 100 
A = 80 

0 = 2O + 8Oe-" ....(16.5) 

Also when / = 5, 0 = 60 

60 = 20 + 80e- 5S 

e- s * = 0-5 ....(16.6) 

It is possible to find k exactly from this equation but it is not necessary 
in this example for when / = 10, substituting in (16.5) we have 

0 = 20 + 80e- 10 * 

= 20 + 80(e- 5 *) 2 

which from (16.6) gives 

0 = 20 + 80(0-5) 2 

i.e. 0 = 40° C after 10 min 

Applications to Mechanics Problems in mechanics often involve 
acceleration which may be expressed in any of the following three 
forms : 

d» 



(0 

.... d 2 s / . ds 
(u) -7-7 I since v = 



dt 

d*s 

dt 2 \ dt! 



..... dv I . dv ds dv dv\ 
{in) v — since — = — . — = v — I 

ds \ dt dt ds ds/ 
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Example 3. A particle moves in a straight line with constant 
acceleration a. If at any time t sec its velocity is v ft./sec and the 
distance travelled is s ft. find expressions for 
(0 v in terms of a and t 
(it) s in terms of a and t 
(Hi) v in terms of a and s. 
Assume that when t = 0, s = 0 and v = u. 

(i) In this case since v and / are to be linked we use dvjdt = a 

v = at+C 

But when t = 0, v = u 

u = 0 + C 
v = m + at 

(ii) From the preceding result 

hence s = ut + \at 2 + A. 

Now when f = 0, s = 0, hence .4 = 0 
and so s = ut + faf 2 . 

(hY) In this case since v, s and a are to be linked we use 

dv 
v — = a 
ds 

i.e. ^ = a 

ds 

hence = as + B 

But when j = 0, v = u 

hence £t* 2 = 0 + B 

and so £u 2 = as -f- \u % 

i.e. t> 2 = u 2 + las 

A differential equation sometimes expresses a physical relation 
better than its general solution. To illustrate this point, and also 
to show that, given a general solution, the differential equation can 
be formed by differentiation and elimination of the arbitrary con- 
stants consider the following example. 



12 
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Example 4. Given that a particle moves so that its distance (s) 
from a fixed point at time t is given by s — A sin (3/ + e) where 
A, e are constants, find the original differential equation governing 
the motion of the particle. 

Since there are two constants we shall find that' the original 
differential equation involves second order differential coefficients. 

s = ,4 sin (3f + e) ....(16.7) 

— = 3 A cos (3* + e) 
dt 



dt 2 

From (16.7) and (16.8) 



— 9 = -9 A sin (3* + e) .... (16.8) 



d'S Q 

= -9s 

dt 2 



i.e. acceleration = —9s. 

Thus the acceleration is proportional to the distance s from the 
point and (since it is negative) directed towards that point. This 
kind of motion is known as simple harmonic motion. 

In subsequent sections of this chapter a systematic approach will 
be made to the solution of differential equations generally. It is, 
however, always worth while considering if some of the usual 
mathematical processes will help. 



Example 5. Solve the differential equation 

\dx/ \x 1 dx 

and interpret the result geometrically. 
In this case the equation will factorize giving 

\dx / \dx xl 

Hence either — = — x or ^ = - (16.9) 

dx dx x 

x 2 

y = h A or y = log e x + B 
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Note that although the two constants are both arbitrary they may 
have different values. 

To interpret the result geometrically we note that as A is given 
different values, (say 0, ±1, ±2, . . .), y = — (x 2 / 2 ) + A gives rise 
to a family of parabolas all with their vertices on the j-axis and with 
their axes coincident with the y-axis (see Figure 16.1). 

Similarly as the value of B varies y = log e x + B gives a family of 
logarithmic curves (see Figure 16.1). 

In this example it is interesting to note that from (16.9) the slopes 
of the two families of curves are — x and 1/x, and that the product of 
these slopes is —1, so that the curves cut at right angles. 




Figure 16.1 



Two such families of curves in which every member of one family 
cuts every member of the other family at right angles are said to be 
orthogonal trajectories. 

Exercises 16a 

1. Solve the following differential equations: 

(0 — = sin x (ii) — - t 2 + 2 = 0 

dx dt 



/•••\ dx _ ... d 2 y , 

(m) - = 3* (,,) - = 5 

2. Form the differential equations whose complete solutions are : 
(i) y = Ax (ii) y = Ae 2x 

(Hi) y = Ax 2 +- (iv) y = At 3 * + Be" 2 * 

x 

3. Prove that for any straight line through the origin dyjdx = y\x 
and interpret this result geometrically. 
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4. The rate of decay of a radio-active substance at any time is 
proportional to the amount remaining at that time, the constant 
of proportionality being k. If initially the amount of substance is 
10 g find an expression for the amount remaining after t sec. 

5. A particle moves in a straight line so that its acceleration is 
always towards a fixed point and varies inversely as the square of its 
distance x from that point. Show that its velocity v is given by 
|i5 2 = (i\x + C (ji and C being constants). 

This law is true for the case of the earth attracting a meteorite. 
If x is measured in ft. and v in miles/sec, then fj, = 517 x 10 8 . 
Neglecting the effect of the earth's atmosphere and assuming its 
radius is 4000 miles, find with what velocity a meteorite would reach 
the earth after moving from a very great distance under its attraction. 

6. A particle falls from rest in air. If the resistance of the air is 
assumed to vary as its velocity v then it can be shown that its 
acceleration a is given by a = 32 — kv (where A: is a constant). 
Show that v = 32(1 — e- kt )jk and hence find the limiting value to 
which v tends as t increases (known as the terminal velocity). 

7. Find the two general solutions of (dj/dx) 2 + (x + y) dy\dx + 
xy = 0 and illustrate the results geometrically. 

8. The current i flowing in a circuit at any time / is given by 

di 

L— + Ri = E (L, R, E constant) 
at 

where L is the self inductance of the circuit, R its resistance and E 
the external electromotive force. Find i in terms of E, R, L and t, 
and given that initially the current is zero find the value of the current 
as t becomes very large. 

9. Find V if d\r\dV\dr)\\dr = 0 and V = V 1 at r = a, V = 0 
at r = b. (V is the potential at a distance r from the common centre 
of two spherical conductors radii a, b at potentials V x and 0 
respectively.) 

10. The ordinate and normal through a point P on a curve meet 
the x-axis in N and G respectively, and NG = fcNP 2 where is a 
constant. Find the equation of the curve if it passes through the 
point (1, 1) with gradient 2. 

16.2. FIRST ORDER DIFFERENTIAL EQUATIONS 
WITH VARIABLES SEPARABLE 

The order of a differential equation is the order of the highest 
differential coefficient contained in the equation. In this section 
we shall consider only first order differential equations, i.e. equations 
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which contain only a first order differential coefficient dy/dx, dy/dt 
etc. and no higher derivatives. Functions of x and y or x and / 
will also figure in the equations. First order equations with variables 
separable are equations which may be put into the form 

t = f (*)goo • • • ( 16 - 10 ) 

dx 

i.e. dy/dx is equal to an expression which can be resolved into two 
factors, one containing x only, the other y only. (16.10) can be 
rewritten 

J- 
gGO dx 

Integration with respect to x gives 

I — — dy = I f(x) dx (see section 14.3) 

We have separated the variables whence the name of this type of 
equation. 

Example 1. Find the general solution of the differential equation 
x 2 y(dyjdx) = x + 1. 

x y — = x + 1 
dx 



dy 11 

y — = — I — ;- 
dx x x 



2 



Jy dy = J(x _1 + x~ 2 ) dx 

\ y 2 = iog e X - - + C 
2 x 

It will be noted that although there are two separate integrations 
only one arbitrary constant is necessary, because the sum or difference 
of two arbitrary constants is another arbitrary constant. 

Example 2. During a fermentation process the rate of decom- 
position of a substance at any time t varies directly as the amount of 
substance y and also as the amount of active ferment x. If the 
constant of proportionality is 0-5, the value of x at any time t is 
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4/(1 + t) 2 , and initially y = 10, find y as a function of t. Also deduce 
the amount of substance remaining as t becomes very large. 
The rate of change of the substance is dyjdt, 

the rate of decomposition is — (dy/dt) 
dv 

Hence cc xy 

dt 

but the constant of proportionality is given as 0-5, thus 
dj; 
dt 

but x = 



-0-5xy 
4 



(1 + t) 
-0-5 x 



dy 

dt (1 + f) 2 

Idy = _ 2 
y dt ~~ (1 + 0* 
dt 



[^dt=-l[ 
J y dt J 

f dy = 

J v 



(1 + tf 

c 



y 1+t 
2 

l 0ge y = + C 

1 -J - I 



y 



y = e°e mi+t) 

.". j = ,4e 2 / (1+ ' ) (A = e° is a convenient form for the arbi- 
trary constant). 

Now initially t = 0 and >> = 10 

10 = Ae 2 

10e" 2 = .4 

Thus y = 10e- 2 e 2/<1+<) 

= 10e 2/(1+<) - 2 = 10e- 2</1+< 

It 

As r -> oo, — jqT^ —2 and so j -* 10e~ a = 1-36. 

If we now reconsider the examples in section 16.1 it will be seen 
that they could nearly all be treated by this method. 
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Exercises 16b 

1. Solve the differential equations 

(0^ = -f- 2 (ii) d f = xy(y-2) 

Ax 1 + x l ax 

(Hi) (1 + x) 2 ^ + y 2 = 1 (iv) & = e^* 

dx dx 

2. A particle moves in a straight line in a resisting medium so that 
its acceleration a is given by a = 10 (v 3 + 9v). If the particle 
passes through the origin with a velocity u find an expression for its 
distance s from the origin in terms of u and v. 



d / d0\ n 
Solve the equation I r I =0. 



4. Show that the general solution of the equation (1 + y 2 ) + 
(1 + x a )(dy/dx) = 0 can be written in the forrny = (k — x)/(l + kx) 
where k is the arbitrary constant. Hence find the particular solution 
for which y = § when x = 1. 

5. The normal and the ordinate at any point P on a curve meet 
the x-axis at G and N respectively. The difference between the 
length of GN and the x co-ordinate of P is one unit. Find the general 
equation of the curve. 

6. Show that the equation y = 2x(dj/dx) represents a family of 
parabolas with a common axis and a common tangent at the vertex. 

7. Find a function whose rate of change is proportional to the 
square of its value and whose value is 1 when x = 0 and 3 when 
x= 1. 

8. In a suspension bridge with a uniform horizontal load the form 
of the chain is determined by the equation 2y = x(dy/dx) where the 
lowest point is taken as the origin of co-ordinates and the tangent 
at this point as the x-axis. Show that the form of the chain is a 
parabola with its axis vertical. 

9. Find the curve such that the normals all pass through the 
origin. 

10. In a reservoir which is discharging over a weir, it is known 

that = n 9 ..p where H ft. is the height of the surface above the 
AH 9 — IP 

sill of the weir at any time t min. If initially H = lit. find an 
expression for H. 

16.3. THE DIFFERENTIAL EQUATION d 2 x/df 2 = kx 

The equation d 2 x/dt 2 = kx is a very simple example of a second 
order differential equation but it is of intrinsic importance in 
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kinematics. It arises when the acceleration of a particle is propor- 
tional to its distance from a fixed point. 

i.e. acceleration oc distance 

d 2 x 

— — OC X 

dt 2 



dhc 

dt 



=^f = kx ... .(16.11) 



If the acceleration is directed away from the point, k is positive and 
can be written as « 2 . Hence 

d 2 x 

-^=n 2 x ....(16.12) 

If the acceleration is directed towards the point, k is negative and can 
be written as — n 2 . Hence 

^=-n 2 x ....(16.13) 
dt 2 

The method of solution is to multiply both sides by 2(dx/dt). Thus 
equation (16.11) becomes 



which can be written 

it 



0 



„ dx d 2 x -. dx 
2 — . — - = 2kx — 
d( dt 2 dt 



2kx ^ X 



dt dt 



Hence l^] = [ 2kx ^ dt 
\dtf J dt 

i.e. = J*2fcx dx (see section 14.3) 

i.e. ( — ) = kx 2 + c 

\dt/ 



d( 
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THE DIFFERENTIAL EQUATION d?x/dt 2 = kx 
This is a separable differential equation and by section 16.2 

dx 



^tf + Q '- (16 - 14) 

General Solutions — If k is positive and equal to « 2 [see (16.12)] the 
integral (16.14) becomes 



dx 



V(» 2 * 2 + Q 

and the solution of this integral is beyond the scope of this volume. 
However, if we return to equation (16.12), the solution of the differen- 
tial equation can be obtained as follows: 

d 2 x 2 
— - = n x 
dt 2 

Subtract n(dxjdf) from both sides of the equation then 

d 2 x dx dx , 2 

— - — n — = — n \- n x 

dt 2 dt dt 



d/dx \ (dx \ 

i.e. — nxl = — n nx I 

dAd( / \dt I 

If we now set z = dxjdt — nx we have 

dz 

— = —nz 
dt 

This is a separable differential equation (see section 16.2) and we 
have that 

J d 7 Z = /-nd, 
loge z = —nt + A 

from which z = Cer nt . 
Resubstituting for z 

dx 

— - nx = Cer nt . . . .(16.15) 

dt 

Reconsider the original equation 

d 2 x 2 

TT = nx 
dt 2 
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and this time add n{dxjdt) to both sides of the equation; then 

d 2 x dx dx , 2 

— - + n — = n \- nx 

dt 2 dt dt 



i.e. 

d( 



d/dx , \ (dx , \ 

— h nx I = nl h nx I 

dAdf / \d< / 



If we now set z = (dxjdt) + we have 



dz 

— = nz 
dt 



This is again a separable differential equation and we have that 
loge z = nt + B 



from which z = De"'. 
Resubstituting for z 



Hy 

— + nx = De nt . . . .(16.16) 

dt 



We now subtract equation (16.15) from equation (16.16) to eliminate 
dxldt and we have 

2nx = De nt - C<T nt 

X = H e »t _ £ e -" f 
2n 2n 

x = Ae nt + Bt~ nt ....(16.17) 

{A = D\2n, B = — C/2n are convenient forms for the arbitrary 
constants.) 

If A: is negative and equal to — n 2 [see equation (16.14)] then the 
solution is 



= ±f ^ 

J J(C - n V) 



dx 
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THE DIFFERENTIAL EQUATION d 2 x/df 2 = kx 
If we let p 2 — Cjn 2 the solution to this is 

t = iisin" 1 - +K 
n p 

or nt — nK = ±sin -1 - 

P 

i.e. nt + e = ±sin -1 - (putting e = — nK) 

P 

Hence x = ±[p| sin (nf + e). 

The ambiguous sign can be absorbed by changing the sign of p, 
since p is arbitrary, or by replacing e by e + tt since e is arbitrary; 
hence the solution is 

x = p sin (nt + e) ....(16.18) 

This may be rewritten 

x = p sin nt cos e + p cos nt sin e 

i.e. x = A sin nt + B cos nt ....(16.19) 

where A=pcose, B=psine (see also sections 6.8 and 16.1, 
Example 4). 

Note that x is a periodic function, period lirjn. 

The solutions (16.17), (16.18), (16.19) should be remembered. 

Example 1. Solve the equation d 2 x/df 2 = Ax, given that when t = 0, 
x = 5 and dx/d* = 2. 
From (16.17) the solution of d 2 x/d* 2 = Ax is 

x = ,4e- 2 ' + Be 2 ' ....(i) 

Hence — = -24 e - 2t + 2fle 2t . . . . (ii) 

dt 

We are given that when t = 0, x = 5 and dx/di = 2. Substituting in 
(i) and (ii) we have that 

5 = A + B 
and 2 = -24 + 2B 

Hence 4 = 2, £ = 3 

x = 2e- 2 ' + 3e 2( 
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Example 2. The velocity of a particle is given by v = \/(l6 — 9x 2 ). 
Find an expression for its acceleration in terms of x. Thus given that 
x = 0 when t — 0 find an expression for x. 

v = 7(16 - 9x 2 ) 

dt; _ — 9x 
dx~ V(16 - 9x 2 ) 

Now acceleration = v — 

dx 



q y 

= V(16 - 9x 2 ) 



V(16 - 9x 2 ) 
Thus acceleration = — 9x 

d 2 x 

or 2_i = _ 9x 

dt 2 

From (16.19) 

x = Asin3t + B cos 3? 
Initially t = 0,x = 0 

x = A sin 3f 

Now v = dx/dt = 3A cos 3t and from the given expression when 
x = 0 (t = 0), d = 4 

4 = 3J 

i.e. ^ = I 

giving x = | sin 3i 

Example 3. The acceleration of a particle is proportional to its 
distance from a fixed point O and is directed towards that point. 

-< 16 cm >- 



Figure 16.2 

The particle starts from rest at a point A distance 16 cm from O. 
If after 3 sec the particle reaches O, find when it was at a distance of 
8 cm from O. 
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THE DIFFERENTIAL EQUATION d 2 xjdt 2 = kx 

Measure the distance x from O in the direction OA. Because the 
acceleration is directed towards O we have 

d 2 x 

CC X 

dt 2 

d 2 x 2 
— = - n 'x 

dt 2 

From (16.18) the general solution of this is 

x = p sin (nt + e) (i) 

Thus the velocity v (= dx/dt) is given by 

v = pn cos {nt + e) .... (ii) 

From the initial conditions when t = 0, x = 16 and v = 0. 
Substituting in (i) and (ii) we have that 

16 = p sin e ... .(hi) 

0 = pn cos e .... (iv) 

From the equation (iii) and (iv) 

p = 16 and e = 



n 
2 



Thus x = 16 sin {nt + 

Now when t = 3, x = 0, hence 



0 = 16 sin ^3n + 



77 

i.e. 3n H — = 0, ±"", ±2ir, . . . 

2 

The only acceptable solution is 

3n + — = 7r 
2 

thus « = 7r/6 giving as the complete solution 

x = 16 sin t + j j (v) 
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To find when the particle was at a distance of 8 cm from O 
substitute x = 8 in (v), then 



i.e. 



8 = 16sln (r + j) 
\6 21 2 



(-)*? 



(see 7.4) 



The value n = 1 gives the smallest value for t for which x = 8, 
thus 

6 2~ n ~ 6 



i.e. 



2 sec. 



Example 4. A particle of mass m is suspended from a light elastic 
string. Its acceleration is given by g — {kxlma) where g, X and a are 
constants and x is the distance of the particle from a fixed point A. 
Find an expression for x at any time t. 

Acceleration = g — — 
ma 



i.e. 

This can be written 



d 2 x _ _ hc_ 
dt 2 ma 



dt 2 mal X / 



....(i) 



Now let z = x — (mag IX). Then d 2 z/df 2 = d 2 x/d; 2 and equation (i) 

becomes „ 

d z / 

dt 2 ma 

This is the same as equation (16.13) with 

X 



= n 



ma 



Thus its solution is 

z = p sin 



U +€ 



i.e. 



x = 



mag 



7(-) 

.'V \ma/ 

hpsin [y(i;) f 
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Exercises 16c 

1. Find the solution of the equation d 2 x/d/ 2 = 25x given that 
when t = 0, x = 12 and dx/df = 10. 

2. Find the solution of the equation d 2 x/df 2 + 4x = 0 given that 
when t = 0, x = 4 and dx/df = 6. 

3. A particle starts from rest and moves towards a fixed point O 
under the influence of a force which is directed towards O, and which 
varies as the distance of the particle from O. Initially the particle 
was 10 ft. from O and its acceleration was 10 ft./sec 2 towards O. 
Find: 

(/') its velocity when 8 ft. from O 
(//) its velocity at O 
(hi) its distance from O after 7r/3 sec. 

4. A particle moves so that its equation of motion is d 2 x/df 2 = 
— 16x. Initially v = — 16 ft./sec and x = 3 ft. Find: 

(i) its velocity when x = 5 ft. 
(«) its velocity when x = 4 ft. 
(iii) the value of x when its velocity is 20 ft./sec. 

5. Solve the equation d 2 x/d* 2 = 36x — 72 given that when 
t = 0, x = 7 and dx/df = 32. 



EXERCISES 16 

1. Obtain the general solution of the following differential 
equations: 

(a) tan x ^ = cot y (b) ^ + y = x*y 

dx ax 

(c) y - x -j- = xy. 
dx 

2. Obtain the differential equation for which y = Ax + A s is the 
general solution. 

3. Solve the equation 



(gj-(x + y)^+xy = 0 



dx 

and interpret the results geometrically. 

4. Find the general expression for y given that it satisfies the 
equation 

y(l + x 2 )^-2x(l-/) = 0 
dx 
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5. The horizontal cross-section of a tank has a constant area 
A in. 2 Water is poured into the tank at the rate of K in. 3 /sec. At the 
same time water flows out through a hole in the bottom at the rate of 
H^/y in. 3 /sec, where y in. is the depth of the water. Show that at 
time t sec, A (dyjdt) = K — H^/y. By puttings = x 2 find the general 
solution of this equation when H, K are constants. If y = 0 when 
t = 0 deduce that 




If A = 1000, H = 100, K = 600 show that when y = 25, the value 
of t is 115 approximately. (Take log e 6 = 1-79180.) (J.M.B.) 

6. Show that the solutions of the differential equation 

**(gJ-(* 2 -/)£-*y = o 

are the two families of curves 

xy — A and x 2 — y 2 = B 

Show that these two sets of curves are orthogonal trajectories. 

7. Given that y = (sirr 1 xf prove that (1 — x 2 )(dj/dx) 2 = Ay. 
Deduce that (1 - x 2 )(d 2 j/djc 2 ) - x(dyjdx) = 2. 

8. If y — A tan (x/2) where A is a constant, prove that 

(1 + cos x)(d 2 yjdx 2 ) = y. 

9. Write down the general solution of the differential equation 
dy/dt = — ky where & is a constant. 

A radio-active substance disintegrates at a rate proportional to 
its mass. If the mass remaining at time / is m, show that 

m = m 0 e~ kt 

where m 0 is the initial mass and k is a constant. 

One third of the original mass of the substance disintegrates in 
70 days. Calculate, correct to the nearest day, the time required for 
the substance to be reduced to have half its original mass. If the 
original mass was 100 g, calculate correct to the nearest g the mass 
remaining after 210 days. (J.M.B.) 

10. Find the curves such that the portion of the tangent included 
between the co-ordinate axes is bisected at the point of contact. 

11. Prove that if y = er kt (A sin pt + B cos pi) where k, p, A 
and B are constants then 

g + 2^ + (p 2 + fe 2 )y = 0 
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12. Solve the differential equation 

dy v + 9x 

13. Given that -r = - — ; — use the substitution y = zx to 

dx j + x 

obtain an equation expressing dz/dx in terms of z and x. Solve this 
equation and deduce that 

(3x + y)(3x - y) 2 = C 

where C is an arbitrary constant. (J.M.B.) 

14. A rectangular tank has vertical sides of depth h and a horizon- 
tal base of unit area. An inlet supplying water at a constant rate 
fills the tank in time T when running alone. An outlet, through 
which water flows at a rate proportional to the square root of the 
depth of water in the tank, empties the tank in time AT when 
running alone. Show that, if x is the depth of water at time t when 
both outlet and inlet are running then dxfdt = p — q\/x, where 
p = h\T and q = ^h\2T. Deduce that if both inlet and outlet are 
running, the initially empty tank will be filled in time 4r(21og e 2 — 1). 

(J.M.B.) 

15. A particle is moving in a straight line and its distance at 
time t from a fixed point O in the line is x. Its speed is given by 

50 — = (40 - x)(x - 20) 
dt 

and x = 25 when t = 0. Find an expression for x in terms of t. 
Find the greatest speed in the interval 20 < x < 40 and the value 
of t when the greatest speed is attained. (J.M.B.) 

16. Show that the substitution y = vx (where v is function of x) 
reduces the equation 

dy dy 
x + y— = x— — y 
dx dx 

to a separable equation for v and hence show that its solution is 

loge (x 2 + y 9 ) = 2 tan" 1 y - + C 
x 

17. Use the substitution y = vx, where v is a function of x, to 
reduce the differential equation 

dy 1 2 2 

x . - y = a x y 

dx 4 



353 



DIFFERENTIAL EQUATIONS 

to a differential equation involving v and x. Hence find y as a 
function of x given that y — 0 when x = 1. 

18. By using the substitution y = xz, or otherwise, solve the 
differential equation 

2 *i = y + l (j.m.b.) 

dx x x 2 

19. If d 2 sjdx 2 + s = 1 and when j = 2, ds/dx = 0 prove that 
(ds/dx) 2 = 2j — j 2 . If j = 0 when x = 0 prove also that s = 
1 — cos x. 

20. Show that, by means of the substitution y = t — x 2 , the 
equation 2 

2j: + x 2 + 2 = 0 

dx 2 

d 2 f 

becomes 1- / = 0 

dx 2 

Solve this latter equation and hence obtain the general solution of 
the original equation. 

21. The rate of cooling of a body is given by the equation 

11= -KT- 10) 
dt 

where Tis the temperature in degrees centigrade, A: is a constant, and 
t is the time in minutes. 

When t = 0, T — 90 and when t = 5, T = 60. Show that 
T = 41 i when t = 10. (J.M.B.) 

22. The motion of a particle P, whose co-ordinates are (x, y) 
referred to a pair of fixed axes through a point O, satisfies the 

eqUatiODS d 2 x , d»y 

_ = _wx; ^r = -w*y 

The initial conditions are 

x = a, v = 0, — = 0 and ^ = bw when f = 0 
dt dt 

Prove that the path of the particle is the ellipse 



(The general solutions of d 2 x/d/ 2 = — w 2 x, d 2 ^/dx 2 = — w 2 y may be 
quoted.) (J.M.B.) 
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23. A particle of mass m is projected with speed V vertically 
upwards from a point on horizontal ground. Its subsequent motion 
is subject to gravity and to a resistance kmv 2 where v is the speed and 
jfc is a constant. If its acceleration is equal to — g — kv 2 show that 

1 / V 2 \ 
the greatest height attained is ^ l°g e y + k ■ 

24. The horizontal cross-section of a tank is of constant area 
A ft 2 . Water is flowing into the tank at a constant rate of B ft. 3 /sec 
and at the same time water is leaking out from the bottom of the 
tank at the rate of Cx ft. 3 /sec, where jc ft. is the depth of water at 
time t sec. Show that ^(dx/dO = B - Cx. If x = 0 when t = 0, 
find x in terms of t. If A = 40, B = 1, C = h find the value of t 
whenjc = 2. (J.M.B.) 

25. (a) In the differential equation 

(x+y)^ = x 2 + xy + x+ 1 

change the dependent variable from y to z, where z = x + y. 
Deduce the general solution of the given equation. 
(b) The normal at the point P(x, y) on a curve meets the x-axis 

x(l + y 2 ) 

at Q and N is the foot of the ordinate of P. If NQ = ^ ^_ ^ , 

find the equation of the curve, given that it passes through the point 
(3, 1). (J-M.B.) 

26. A particle is projected vertically upwards with a speed 
gjk, where g, k are constants. If the subsequent motion is subject to 
gravity and to a resistance to motion per unit mass of k times the 
speed, then the acceleration is given by 

d 2 x , 

— = — g — kv 

Find expressions for the speed v and the height x reached after 
time t. Also show that the greatest height H the particle can reach 
is given by 

k 2 H = £(1 - log, 2) 

27. A particle moving along a straight line OX is at a distance x 
from O at time t and its speed is given by 

8t 2 = (1 - t 2 )x 2 
dt 
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If x = 4 when t = 1 prove that x = 8*/(l + t 2 ). Find 

(i) the speed when t = 0 

(ii) the maximum distance from 0 

(in) the maximum speed towards 0 for positive values of t. 

(J.M.B.) 

28. The equation of motion of a particle is 

2c(l + sin = g[2(cos « - cos 6) — (cos 2oc - cos 26*)] 

If a and 6 are small show that this equation reduces approximately 

If initially ? = 0 and 8 = a deduce that 

9 = « si "[y(|:) ,+ ?' 

29. The displacement of a particle at time / is x, measured from a 
fixed point and dx/dt = a(c* — x 2 ) where a and c are positive 
constants and x = 0 when ? = 0. Prove that 

= (e 2ac< - 1) 
* c ( e »«i + i) 

If x = 3 when r = 1 and x = tt when f = 2 prove that c = 5 and 
find the value of a. (J.M.B.) 

30. A mass is moving horizontally against a resistance which is 
proportional to its speed. If at any time t its speed is v and x is the 
distance moved its equation of motion is known to be 

P(V 2 -v 2 ) = 7V 2 v 2 — 
dx 

P, V being constant. 

Find an expression for x in terms of v and from this expression 
show that the distance covered by the mass while its speed increases 
7 V 3 

from IF to |F is ^ (6 log e i - 5). 
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INTRODUCTION TO CO-ORDINATE 
GEOMETRY 



17.1. CO-ORDINATES 



Cartesian Co-ordinates — When 
have two fixed reference lines, 
and Oy and are normally at ri 
enable us to locate any point P in 
distances from Oy and Ox. 

Referring to Figure 17.1 the 
axes define the position of P. 



drawing graphs it is necessary to 
These are known as the axes, Ox 
ght angles to each other. The axes 
a plane by means of its perpendicular 

lines PL, PM, perpendicular to the 
The lengths PM, PL are known as 



Figure 17.1 

the cartesian co-ordinates of P. The length PM (x) is known as the 
abscissa and the length PL (y) is known as the ordinate. The pair 
are written in order as (x, y). We note that if P is the point (x, y) 
then it is also true that OL = x, and OM = y. 

The usual sign convention is used. For points to the right of Oy 
the abscissa is positive, and for points to the left of Oy the abscissa 
is negative. For points above and below Ox the ordinate is positive 
or negative respectively. Thus the points A(4, 3), B(— 2, 5), C(— 4, 
—3), D(l, —3) are as shown in Figure 17.2. 

Polar Co-ordinates— The position of a point P in a plane can be 
described by other methods. Consider a fixed line Ox, O, the origin, 
being a fixed point on it. Referring to Figure 17.3 we see that the 
position of P is known if the angle POx and the distance OP are 
given. The angle POx (0 in Figure 17.3) is called the vectorial angle 
and is considered positive when measured in an anticlockwise 
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direction. The distance OP (r in Figure 17.3) is called the radius 
vector and is considered positive when measured from O along the 
line bounding the vectorial angle and negative in the opposite 
direction. Then (r, 0) are known as the polar co-ordinates of P. 



B(-2,5) 



-5 



C(-4.-3) 



A W,3) 



D(+1,"3) 
J-5 
Figure 17.2 



In Figure 17.3 if OP is produced backwards to P' so that OP = OP' 
then P' is the point (r, 0 + tt). Note that its polar co-ordinates could 
be given as (— r, 6), (r, 0 + 3tt) or in many other forms. To avoid 
confusion it is usual to take r as positive and the angle 0 between 
—tt and +7r, thus P' is the point [r, —(tt — 0)]. 




x 



Figure 17.3 



Example 1. Show on a diagram the position of the points A(4, 7J-/6), 
B(3, — 5ir/4), C(— 5, 7r/9), D(— 2, 27t/3) and where necessary give 
alternative polar co-ordinates for each point with r positive and 0 
between —tt and tt. Figure 17.4 shows the points A, B, C, D. From 
the figure it can be seen that, if r is to be positive and 0 between —it 
and tt, A(4, tt/6) is unaltered but B(3, — 5tt/4) becomes (3, 3tt/4), 
C(-5, tt/9) becomes (5, -8tt/9), D(-2, 2tt/3) becomes (2, -tt/3). 
The Transformation from Polar Co-ordinates to Cartesian Co- 
ordinates or Vice Versa — Consider Figure 17.5 where the point P 
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has cartesian co-ordinates (x, y) and polar co-ordinates (r, 0). Then 

x = ON = OP cos 0 = r cos 0 (17.1) 

y = PN = OP sin 0 = r sin 6 ....(17.2) 



B (3,-52) 




D(-2,-2f) 



Example 2. Find the cartesian co-ordinates of the points P(3, irj6) 
and Q(5, 3w/4). 

P is the point (3 cos (w/6), 3 sin (77/6)) i.e. (2-598, 1-5). 

Q is the point [5 cos (-3»r/4), 5 sin (-37r/4)]i.e. (-3-536, -3-536). 

From (17.1) and (17.2) we have by squaring and adding (or direct 
from Figure 17.5) 



and by division 



■ 2 = x 2 + y 2 
tan 0 = - 



..(17.3) 
..(17.4) 




Figure 17.5 



Example 3. Find the polar co-ordinates of the points A(— 4, 4) 
B(-3, -3). _ 4 

For A, r 2 = (-4) 2 + (4) 2 and 0 = tan" 1 
and for B, r 2 = (-3) 2 + (~3) 2 and 0 = tan" 1 J 

359 



INTRODUCTION TO CO-ORDINATE GEOMETRY 

It is best to draw a figure to find which value of 6 is required and 
from Figure 17.6 it can be seen that: A is the point (4 J 2, 377/4) and 
B is (3^/2, -3tt/4). 



A (-4, 4) 







4 






377 
— '' .' ' ' 


-4 | / 

| A. 


o 1 

yL 377 


B(-3,-3) 





Figure 17.6 

Exercises 17a 

1 . Indicate on a diagram the positions of the points whose cartesian 
co-ordinates are: A(3, 4), B(-5, 2), C(0, 6), D(6, 0), E(-l, -2), 
F(6, -5), G(-3, 0), H(0, -3). 

2. Indicate on a diagram the positions of the points whose polar co- 
ordinates are A(3, 77/4), B(4, 2t7/3), C(5, -77/4), D(3, 77), E(5, -tt/2), 
F(4, -577/6), G(2, 0). 

3. By means of a diagram rewrite the polar co-ordinates of the 
points A(-2, 3t7/4), B(5, 17t7/9), C(3, 477), D(-2, -5t7/4), E(-6, 
IO77/9), F(-4, -577/4), G(-6, - 1377/6) with the radii vectors all 
positive and the vectorial angles between —77 and 77. 

4. What are the cartesian co-ordinates of the points whose polar 
co-ordinates are (3, 77/2), (4, -77/3), (5, 77), (2, - 577/6), (3, -77/2). 

5. Find the polar co-ordinates of the points whose cartesian co- 
ordinates are (2, 2), (-3, -4), (0, 5), (-12, 5), (3, 0), (6, -3). 

6. Find which of the following points coincide A(3, 3), B(— 6, 
W3), C(3V2, 577/4), D(3, -3), E(-3, -5-196), F(3J2, -7t7/4), 
0(3^2, -5t7/4), H(-3, -3), J(-3V2, 377/4). 

7. The six points A, B, C, D, E, F, are equally spaced on the 
circumference of a circle radius 2, centre the origin. If A is the 
point (^2, ^2) write down the polar co-ordinates of the six points. 

8. On which line does the point P lie if its cartesian co-ordinates 
are {A, B) and its polar co-ordinates are (A, B) ? 

9. A point P is such that its x and y co-ordinates are equal both 
in magnitude and sign. Plot on a diagram several possible positions 
of P and deduce on which line P must lie. If P is such that its x and 
y co-ordinates are equal in magnitude but opposite in sign on which 
line must P lie? 
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10. ABCD is a square, AC is a diagonal. If the co-ordinates of 
A, C are (—5, 8), (7, —4) find the co-ordinates of B and D. 

17.2. THE DISTANCE BETWEEN TWO GIVEN POINTS 
IN TERMS OF THEIR CARTESIAN CO-ORDINATES 

Let PC*!, and Q(x 2 , y 2 ) be the two given points. Draw PA, 
QB parallel to Oj, and QL parallel to Ox. The angle PLQ (see 
Figure 1 7. 7) is a right angle. 

Then QL = BA = OA - OB = x 1 - x 2 

PL = PA — AL = PA — QB = ji — y 2 

and since PLQ is a right angle 





y 

Wiyzl^^"^ r 


3 d*) 






0 


B A 
Figure 17.7 



PQ = V(PL 2 + LQ 2 ) 

pq = vk*i - x *y + y*w ■■■■ < 17 - 5) 

In the above case we have assumed that all the co-ordinates are 
positive but, if due regard is paid to the usual sign convention, the 
formula is true in all cases. 

Example 1. Show that the points A(5, -6), B(-3, 0), C(-l, 2) 
form an isosceles triangle. 

Substituting in the formula (17.5) we have that 

BC = V{[(-3) - (-l)l 2 + [0 - 2?} = V8 = 2V2 
AB = V{[5 - (-3)] 2 + [(-6) - 0] 2 } = V100 = 10 
AC = V{[5 - (-1)] 2 + [(-6) - 2] 2 } = VlOO = 10 
since AB = AC the triangle ABC is isosceles. 
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Exercises 17b 

1. Show that the points A(6, 2), B(3, 6), C(-l, 3) and D(2, -1) 
are the vertices of a square. 

2. If P is the point (3, 4) and the reflections of P in Qx and Oy 
are A and B respectively find the distance AB. 

3. Show that the points A(f,f), B(^, §), C(f, -f), D(-f , f) 
are the vertices of a parallelogram. 

4. Find the lengths of the sides of the triangle ABC where A, B, C 
are the points (0, 4), (4, 10) and (7, 8) respectively. Hence show that 
(a) ABC is right angled. (Hint: use Pythagoras.) (b) AB = 2BC. 

5. The points A(x, 1) and B(— 6, —5) are equidistant from the 
point C(3, —2). Find two possible values for x. 

6. Find the distances between the following pairs of points: 
(0 (a, b), (-a, -b) 

00 (2a, 2b), (0, 0) 
(Hi) (3a, 3b), (a, b) 
(iv) (a + b,a — b), (b — a, a + b). 

7. Show that the points A(5, 4), B(8, 1), C(6, 3) lie on a straight 
line. (Hint: show that AC + CB = AB). 

8. The points P(x,y), A(4, 3) and B(-l, -3) are such that 
PA = PB. By equating the expressions for PA 2 and PB 2 show that 
lOx + I2y -15 = 0. 

9. Show, from first principles, that the distance between the two 
points whose polar co-ordinates are (r u 8 ± ) and (r 2 , 6 2 ) is given by 
VW + r*- 2^008^-^)]. 

10. Find the co-ordinates of the point P which is equidistant from 
the three points A(l, -1), B(9, 7), C(l, 7). 

17.3. THE CO-ORDINATES OF THE POINTS WHICH 
DIVIDE THE LINE JOINING TWO GIVEN POINTS 
INTERNALLY AND EXTERNALLY IN A GIVEN RATIO 

Internal division. In Figure 17.8 R divides PQ internally in the ratio 
k:l. 

External division. In Figure 17.9 R divides PQ externally in the 
ratio k:l. 

In both cases let P, Q and R be the points (x lt yj, (x 2 , y 2 ) and 
(X, Y) respectively. Then 

AC:CB = PM:MN = PR:RQ = k:l; 

hence = * 

CB / 

that is /AC - &CB = 0 
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Internal division External division 

AC = X- Xl ; CB = x 2 ~X AC^X-x^, CB = X-x 2 
hence hence 

l(X- Xl ) - k(x 2 -X) = 0 l{X-x 1 ) - k(X- Xi ) = 0 



whence 



X = 



similarly 



lx\ ~\~ kx% 
l + k' 

l + k 



whence 



.(17.6) X = 



.(17.7) 



similarly 
Y = 



lX\ kx% 
l-k 

lyi — fc?2 
l-k 



.(17.8) 
.(17.9) 




It is useful to remember that the formulae for external division 
are obtainable from those for internal division by changing the 
sign of either / or k. 





Q 

p(*i>ii^-- 
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Figure 17.9 



Example 1. The points A and B divide the line joining P(3, 2) and 
Q(7, 9) internally and externally in the ratio 5:4. Find the co- 
ordinates of A and B. 
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A is the internal divisor; therefore using (17.6) and (17.7) 
4x3+5x7 47 



X 



4 + 5 9 



v 4x2 + 5x9 53 ■ w« „x 
4^5 " ' A 1S point 9 > 

B is the external divisor; therefore using (17.8) and (17.9) 

Z = *X3-5X7 = 23 
4-5 

4x2 5x9 

Y = — = 37 ; B is the point (23, 37) 

Example 2. A, B, C, are respectively the three points (—5,2), 
(3, 4), (7, 5). Find (a) the ratio in which B divides AC and (b) the 
ratio in which C divides AB. 

(a) Let k:l be the required ratio. Then using the equations (17.6) 
and (17.7) and noting that (x lt y t ) and (x 2 , y 2 ) are the points (-5, 2) 
and (7, 5) respectively we have 

Ik + (-5)/ 5fc+2Z , 

— , , - = 3 and ■ = 4 

k+I k+l 

From the first of these two equations 

Ik - 51 = 3fe + 3/ 

hence 4/c = 8Z 

fc = 2 
f ~ 1 

As a check substitute in the second equation 

L.H.S. = 5x2+2xl = lg = 4 
2 + 1 3 

(b) Again let k:l be the required ratio and again use the equations 
(17.6) and (17.7) but this time (x^yj and (x 2 ,y 2 ) are the points 
(—5, 2) and (3, 4) respectively, hence 

3k +(-S)/ _ 4fc + 2/ 

fc + / ' fc + / 

364 



CO-ORDINATES DIVIDING THE LINE IN A GIVEN RATIO 



From the first of these two equations 



3k - 51 = 



Ik + 11 



-4k 



121 



k 



3 
1 



As a check substitute k = — 3, / = 1 in the second equation 



Note that in part {b) the formulae for the internal divisors were used 
but gave a negative value for the ratio indicating that C is an 
external divisor of AB. 

Exercises 17c 

1. A and B are the points (3, 5) and (—5, —7) respectively. Find 
the co-ordinates of the points which divide AB internally and 
externally in the ratio 3:1. 

2. Find the co-ordinates of the midpoint of the line joining the 
points A(5, 6), B(ll,2). 

3. P and Q are the points dividing the line joining A(— 3, —4), 
B(5, 12) internally and externally in the ratio 5:3. Find the co- 
ordinates of P and Q. 

4. A, B, C are the points (5, —3), (—4, 9), (14, —15) respectively. 
Given that ABC is a straight line find the ratios in which (a) B 
divides AC (b) A divides BC and (c) C divides AB. 

5. The line joining the points A(3, 4) and B(7, 6) meets the line 
joining C(l, 3) and D(ll, 8) at the point P. Given P is the midpoint 
of AB, find its co-ordinates and hence find the ratio CP:PD. 

6. The three points A(5, 6), B(— 3, 2), C(— 8, —5) form a triangle. 
Find the co-ordinates of the A', the midpoint of BC. If G is a point 
on AA' such that AG:GA' = 2:1, find the co-ordinates of G. 

7. The line joining A(a, b) and B(p, q) is divided into six equal 
parts by the points P l5 P a , P 3 , P 4 , P 5 . Find the co-ordinates of P 2 
and P 5 . 

8. The two points A(4, 3) and B(8, —6) together with the origin 
O form a triangle OAB. Find the co-ordinates of the point P in 
which the external bisector of AOB meets AB. {Hint: find the 
lengths OA and OB ; then the external bisector of an angle of a 
triangle divides the opposite sides externally in the ratio of the sides 
containing the angle.) Deduce that the internal bisector of the angle 
AOB is the x-axis. 



L.H.S 



4(-3) +2x1 = Z1 10 
-3 + 1 ~ -2 
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9. If A(x lt y-,), B(x 2 , J2), C(x 3 , y 3 ) are the vertices of the triangle 
ABC write down the co-ordinates of A' the midpoint of BC. Hence 
find the co-ordinates (x, y) of G the point which divides AA' 
internally in the ratio 2:1 (G is known as the centroid). 

10. Find in what ratio the point (4b — 2a, 9c — a) divides the line 
joining the points (a + b, 3c + 5a) and (5b — 3a, 1 lc — 3a). 

17.4. THE AREA OF A TRIANGLE IN TERMS OF 
THE CO-ORDINATES OF ITS VERTICES 

Let the triangle be ABC where A, B and C are the points y t ), 
(*2> 7a)> (*3> J's) respectively. 



Draw AP, BQ, CR, perpendicular to Ox (see Figure 17.10). Then 
area AABC = area of trapezium APRC — area of trapezium 

APQB — area of trapezium BQRC. 
= KAP + CR) . PR - i(AP + BQ) . PQ 

- KBQ + CR) . QR 

= i0>i + y 3 )(x z - - i(y t + y^( Xi - xj 

- i(>2 + y 3 )(x 3 - * 2 ) 

which when simplified gives 

area AABC = l(xiy s — x^ x + x^y z — x^y 2 + x^ — x^) 



The numerical value for the area is independent of the order in 
which the vertices are taken. However, if the order is such that on 
going round the triangle the area is always on the left hand the area 
will be positive. 




Figure 17.10 



....(17.10) 



366 



THE AREA OF A TRIANGLE 

Condition for Three Points to be Collinear — If the three points 
A(xi,Ji), B(x 2 , y 2 ) and C(* 3 , y 3 ) are collinear then the area of the 
triangle ABC is zero. Hence from (17.10) the condition for the 
three points to be collinear is 

Xiy» — X2J1 +X2J3 — X3J2 + *3Ji — *i/3 =0 (17.11) 

Example 1. Given the four points A(3, 4), B(9, 7), C(7, 6) and 
D(5, —3). Show that A, B and C are collinear and find the area of 
the triangle ABD. Consider the area of ABC, by substituting the 
co-ordinates of A, B, C in (17.10) 

Area A ABC = 1(3x7-4x9 + 9x6-7x7 + 7x4-6x3) 
= K21 - 36 + 54 - 49 + 28 - 18) 
= 0 

Hence A, B, C are collinear. 

The area of A ABD, using the co-ordinates of A, B, D in (17.10), 
is given by 

Area A ABD = |[3x7-4x9 + 9x (-3) -7x5 

+ 5x4- (-3) x 3] 
= 1(21 - 36 - 27 - 35 + 20 + 9) 
= 24 square units 

Exercise 17 d 

1. Find the area of the triangle ABC where A, B and C are the 
points (5, 6), (3,2), (8,-1). 

2. Show that the points A(l, 5), B(-3, 9) and C(-2, 8) are 
collinear. 

3. Find the areas of the triangles whose vertices are : 
(0 (3, 4), (5, 6), (-2,0) 

(n) (0,0), (1,-2), (3,-1) 

(iii) (2, -7), (7, 3), (9, 7) 

(iv) (4, 7), (0, 2), (-3, 0). 

4. A, B, C are the points (0, 4), (4, 10), (7, 8) respectively. Using 
Pythagoras' theorem prove that angle ABC is a right angle. Find 
the area of the triangle ABC by means of the formula (17.10) and 
verify your result by using the formula for the area £AB . BC. 

5. Show that the four points A(-7, 5), B(l, 1), C(5, -1), 
D(13, —5) all lie on a straight line. 

6. If the points A(5, 6), P(x, y) and B(2, 3) are collinear show that 
x - y + 1 = 0. 
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7. The points A(3, 4), B(5, 3), C(-l, -1) and D(-3, 0) form a 
quadrilateral. Show that the midpoint P of AC lies on the line 
BD. Show also that the area of triangle PAB is equal to the area 
of the triangle PCD. 

8. Find the area of the quadrilateral ABCD where A, B, C and D 
are the points (1, 1), (5, 4), (4, —1) and (—3, —12) respectively. 

9. The four points A(0, 0), B(5, 1), C(-4, 4) and D(-l, -5) 
form a quadrilateral. Find the areas of the triangles ABC and ACD 
and hence find the area of the quadrilateral by adding the two 
results. Draw a figure and explain why the sum of the areas of 
triangles ABD and CBD do not equal the area of the quadrilateral. 

v, — v 2 J2 — ya 

10. Show that the condition = is equivalent to 

Xi X 2 X 2 X$ 

the condition (17.11) for the three points (x lt yj (x 2 ,y 2 ) (x 3 ,y 3 ) to 
be collinear. 



17.5. LOCI 

If a curve can be defined by a geometrical property common to 
all points on it then there will be an algebraic relation which is 
satisfied by the co-ordinates of all points on the curves. Such an 
algebraic relation is called the equation of the curve. Conversely 
all points whose co-ordinates satisfy a given algebraic relation are on 
a curve known as the locus of the given equation. 

Example 1. A given circle has its centre C at the point (3, 4) and 
its radius is 5 units. Find its equation. 

In order to find the equation of the circle we have to find the 
algebraic relation satisfied by all points on the curve. 

Let P(x, y) be any point on the curve 

Then PC is a radius of the circle 

hence PC = 5 

thus V[(x - 3) 2 + (y - 4) a ] = 5 

or (x - 3) 2 + (J - 4) 2 = 25 

which is the required equation. 

Example 2. A point C moves so that its distances from two fixed 
points A(5, 3) and B(7, 4) are always equal. Find the equation of the 
locus of C. 
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Let C be the point (x, y) 
Since CA = CB. 

CA 2 - CB 2 

.-. (x - 5) 2 + (j - 3) 2 = (x - 7) 2 + (j - 4) 2 [see (17.5)] 
x 2 - lOx + 25 + y % - 6y + 9 

= x 2 - Ux + 49 + y z - 8j + 16 
thus 4jc + 2j = 31 which is the required equation. 

Example 3. A circle of radius 6 units passes through O the origin 
of co-ordinates and has the x-axis as a diameter. Find its polar 
equation. 



P(r,0) 




Figure 17.11 



Since the polar equation is required let any point P on the circle 
have polar co-ordinates (r, 6) (see Figure 17.11). 

Since OA is a diameter, angle OPA is a right angle hence OP/OA = 
cos 8, thus 

OP = OA cos 0 



or 



r = 12 cos 6 



which is the required equation. 

The equation of the curve need not be a direct relation between 
the co-ordinates (r, 6) or (jc, y) of any point on the curve. The 
co-ordinates can be obtained in terms of a third variable known as a 
parameter. 

Example 4. A circle has its centre C at the point (10, 8) and its 
radius is 7 units. Find its equation. 



18 
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Referring to Figure 17.12, CLD is parallel to Ox. P(x, y) is any 
point on the circle and PCD = 0. As 0 varies P describes the 
circle. 

y = PB = PL + LB = PL + CA 

= PC sin 0 + 8 

= 7 sin 0 + 8 
x — OB = OA + AB = OA + CL 

= 10 + PC cos 0 

= 10 + 7 cos 0 

Hence x = 7 cos 0 + 10, j> = 7 sin 0 + 8 ... .(17.12) 





■y 


4« 


P (x,y) 






C(10,8) 




L 1 


D 


0 






h B 





Figure 17.12 

are the parametric equations of the circle and for any value of 6 the 
equations (17.12) give the x and y co-ordinates of a point on the 
circle. 

The x, y equation can be obtained by eliminating the parameter 6. 
From equation (17.12) 

x— 10 = 7 cos 6; y - 8 = 7 sin 6 

Squaring and adding gives 

(x - 10) 2 + (y - 8) 2 = 49 (cos 2 6 + sin 2 0=1) 

which is of the same form as the circle in Example 1. 

Exercises 17 e 

1. Find the equation of the circle centre (3, —4) radius 7. 

2. A point P moves so that PA = 2PB where A, B are the fixed 
points (—2, 1), (5, 6) respectively. Find the locus of P. 
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3. A(3, 2) and B(6, 4) are two fixed points and the point C moves 
so that the angle ACB is always a right angle. Using Pythagoras' 
theorem find the locus of C. 

4. A circle of radius 4 units passes through O the origin and has the 
j-axis as a diameter. Find its polar equation. 

5. Find the equation of the circle on AB as diameter where A and 
B are the points (—3, —4) and (7, 20). 

6. Find the equations of the curves whose parametric equations are 
(0 x — ct, y = cjt 

(h) x = a cos 6, y = b sin 6. 

7. A point P moves so that its perpendicular distance from the 
y-axis is always equal to its distance from the point (2, 3). Find the 
equation of the locus of P. 

8. A point P moves so that its distance from the axis of x is half 
its distance from the origin. Find the locus of P. 

9. A point P moves along a line parallel to the axis of x at a 
distance 6 units from it. Find the polar equation of the locus of P. 

10. A(0, 2) and B(0, —2) are two fixed points. The point P 
moves so that PA + PB = 8. Find the equation of the locus of P. 
(Hint: use the result (17.5) but before simplifying, rewrite the given 
condition in the form PA = 8 — PB.) 

17.6. THE POINTS OF INTERSECTION OF TWO LOCI 

In order to find the points of intersection of two loci we note that 
where they intersect, there is a point common to both curves. The 
co-ordinates of this point will satisfy the equations of both curves 
simultaneously. Thus if the equations are solved simultaneously the 
solutions will be the co-ordinates of the common points. 

Example 1. Find the point of intersection of the two loci 3x — 
y — 5 = 0 and 12* + y - 25 = 0. 

3x -y - 5 = 0 
12* + y - 25 = 0 
Adding these equations eliminates y and gives 

15* - 30 = 0 

Thus x = 2, and by substituting in the first equation y = 1. The 
required point is (2, 1). 

Example 2. Find the points of intersection of the circle (x — 3) a + 
(y — 4) 2 = 25 (see section 17.5, Example 1) and the locus 

y + x - 12 = 0 



371 



INTRODUCTION TO CO-ORDINATE GEOMETRY 



The equation of the circle simplifies to 

x 2 + y 2 - 6x - Sy = 0 
and from the second equation 

y = 12 — x 

Substituting (ii) in (i) 

x 2 + (12 - xf -6x- 8(12 - x) = 0 
2x 2 - 22* + 48 = 0 
Thus 2(x - 3)(x - 8) = 0 

x = 3 or 8 



....(ii) 



....(i) 



and substituting in (ii) the two points are (3, 9) and (8, 4). 

Example 3. Find the points of intersection of the two circles 
r = 12 cos 6, and r = 6. 



Since r = 12 cos 0 and r = 6, at the points of intersection 6 = 
12 cos 6, thus cos 6 = \ 



Hence the required points are A(6, 7r/3) and B(6, — w/3) (see Figure 
17.13). 

Exercises 17 f 

1. Find the points of intersection of the two loci 3x + 2y — 1 = 0, 
2x — 3j + 21 = 0. 

2. Find the points of intersection of the circle (x — 5) 2 + 
(y — 6) 2 = 49 and the locus y + x — 18 = 0. 

3. Find the points of intersection of the two circles x 2 + 
(y + l) 2 = 2 and (x + l) 2 + (y + 2) 2 = 4. 

4. Find the points of intersection of the circle r = 10 and the 
locus r cos 0 = 5^/3. 

5. Show that the three loci whose equations are x + y + 1 = 0, 
3x + 2j + 6 = 0, 2jc + 5y — 7 = 0 have a common point. 



A(6,f ) 




r = 12cos 0 



■x 



Figure 17.13 
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6. Find the point or points common to the two loci whose 
equations are x 2 + y 2 + 6x + 8j = 0 and 4x + 3y — 1 = 0. 

7. Show that the two circles (x — 3) a + (y - 4) 2 = 25 and 
(x - l) 2 + (y - f) 2 = 56J touch each other. 

8. Find the points common to the two loci whose equations are 
r — 6 cos 6, r = 6^/3 sin 0. 

9. Find the points common to the two loci whose equations are 
y 2 - 6y - 4x + 1 = 0, 2y - x - 11 = 0. 

10. Find the point of intersection of the loci x — y = 3, jc + 
3y = 1. Show that the locus whose equation is x 2 — xy — 3x = 0 
passes through this point. 

17.7. CHANGE OF ORIGIN 

Let Ox, Oy be the original axes, O' the new origin and (h, k) the 
co-ordinates of O' referred to the original axes. 



y 


\ y ' 

0'(h,k) 


P 
N 


r : 1 

1 

1 




0 


K M 



x' 



Figure 17.14 



Through O' draw OV and O'y' parallel to and in the same sense 
as Ox and Oy respectively (see Figure 17.14). 

Suppose P is any point whose co-ordinates referred to the old 
axes are (x, y). We require to find its co-ordinates, say (X, Y), 
referred to the new axes. 

Draw PM parallel to Oy cutting Ox in M and O'x' in N. 

Then x = OM = OK + KM (see Figure 17.14) 

= OK + O'N 

= h + X 
and y = MP = MN + NP 

= KO' + NP 

= k + Y 
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The old co-ordinates are given in terms of the new co-ordinates by 
the two equations. 

x = h + X; y = k+Y ....(17.13) 

If we use the equations (17.13) to substitute for x and y in a given 
equation, the equation of the curve referred to the new axes will be 
obtained. 

Example 1. Find the equation of the straight line 3x + 2y + 1 = 0 
referred to axes through the point (1, —2). 
In this case h = \,k = —2 

.'. from equation (17.13) x — 1 + X, y = —2 + Y 

Substituting in the given equation we have that 

3x + 2y + 1 = 0 

becomes 3(1 + X) + 2(-2 + Y) + 1 = 0 

i.e. 3^+27=0 

(a straight line through the new origin). 

Exercises 17 g 

Change the origin of co-ordinates in each of the following cases : 



1. 3x - 2y + 4 = 0; 

2. 5x + y - 7 = 0; 

3. 2y — 5x - 3 = 0; 

4. x + 5y — 2 = 0; 

5. 2x — 3y = 0; 

6. = 4a(x - 1); 
(x-l)* , (y- 3) 2 



4 ' 16 
8. (x - 3) 2 + (y - 3) 2 
n (x+iy (y- 2f 



= l; 

= 25; 
= l; 



10. x* + y 2 



16 

8x + 6j = 0; 



new origin (3, 2) 

(-2, -5) 

(1,-1) 
(-3, 1) 
(5,2) 
(1,0) 

(1,3) 

(3, 3) 

(-1,2) 

(4, -3) 



EXERCISES 17 

1. Find the cartesian co-ordinates of the points whose polar 
co-ordinates are (6, —it\2), {^2, 3tt/4), (2, tt/6), (8, tt/2), (^2, 

-377/4), (5, 77). 

2. Find the polar co-ordinates of the points whose cartesian 
co-ordinates are (5, -5), (-^3, -1), (-3, 3),(1, ^3), (0, 2), (3, 0). 
Draw a diagram of the points. 
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3. Given the cartesian co-ordinates of A, B, C, D are (4,4), 
(—4, —4), (—5, 5), (3, —1) and the polar co-ordinates of E, F, G, 
H, J are (2, tt/6), (-4^2, 5^/4), (4,/2, -5tt/4), (-5^2, -tt/4), 
(4^/2, llw/4), find which points coincide. 

4. Find the lengths of the sides of the quadrilateral whose vertices 
are the points A(5, 3), B(6, 7), C(8, 1), D(5, —3). Also find its area. 

5. Show that the four points A(6, 7), B(7, 10), C(0, -3), D(-l, 
—6) form a parallelogram. 

6. Show that the three points A(7, 4), B(10, 2), C(6, -4) form a 
right angled triangle. Find the co-ordinates of a point D such that 
ABCD is a rectangle. 

7. Rewrite the following polar co-ordinates with the radii vectors 
all positive and the vectorial angles between — n and it; A(— 5, n), 
B(-3, -377/2), C(-5,7tt/2), D(3, 6tt), E(-5, 3tt), F(-l,f7r), 
G(3, |tt). 

8. Find the points P and Q which divide the line joining A(3, 2) 
and B(10, 16) internally and externally in the ratio 3:4. 

9. Show that the four points A(3, 4), B(9, 13), C(U, 16) and 
D(15, 22) all lie on a line. Find the ratios in which B and D divide 
the line joining A and C. 

10. Find the equation of the locus of a point which always moves 
so that its distance from the x-axis is always twice its distance from 
the point (2, —3). 

1 1 . The points A(3, 4), B(2a, 5), C(6, a) form a triangle whose area 
is 19| square units. Find the two possible values of a. 

12. Find the co-ordinates of the point which is equidistant from the 
three points A(3, 4), B(13, 6), C(3, 4). 

13. The polar co-ordinates of the vertices of a triangle are given 
by the following table. 



e 


TT/6 


—. tt/3 


2w/3 


r 


12 


16 


9 



Find the lengths of the sides of the triangle and its area. 

14. Show that the following points A(5, 6), B(-l, f), C(-5, -2) 
are collinear and find the ratios: (/) AB:BC (it) AC:CB (Hi) 
BA:AC. 

15. Find the co-ordinates of the centroid and of the circumcentre 
of the triangle ABC where A, B, C are the points (—2, —3), 
(8, 11) and (—4, 9) respectively. 

16. Find the area of the quadrilateral whose vertices are the 
points A(5, 4), B(8, 5), C(6, -2), D(-3, -1) respectively. 
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17. Find the equation of the locus of a point which moves so that 
the sum of the squares of its distances from the points (3, 0) and 
(—3, 0) is equal to 72 units. 

18. Find the ratios in which the line joining the points A(8, 2), 
B(— 2, 7) is divided by the points (12, 0) and (0, 6). 

19. The straight lines 3x + by + 1 = 0 and ax + 6y + 1 = 0 
intersect at the point (5, 4). Find the values of a and b. If the first 
line meets the x-axis at A and the second meets the y-axis at B, find 
the length AB. 

20. O is the origin of co-ordinates and B is the point (0, 6). Find 
the polar equation of the circle on OB as diameter. 

21. The line 3y = ax + 9 touches the curve y 2 = 4x. Find the 
value of a. 

22. Show that the co-ordinates of the point common to the curve 
y 2 = 4ax and the line t y — x = at 2 are (at 2 , 2at). 

23. j and s' are two circles of radii 1 and 3 respectively and 
centres A(0, 0) and B(— 1, 3) respectively. If s and s' meet at the 
points P and Q, show that Z.APB = ZAQB = 90°. 

24. A point moves so that its distance from the axis of x is equal 
to its distance from the point (1, 1). Find the equation of its locus. 

25. Given that P is the point (4, 7), write down the co-ordinates of 
the points which are (f) the reflection of P in the x axis (ii) the 
reflection of P in the line y = x (Hi) the reflection of P in the line 
y = -x. 

26. Find the equation of the loci whose parametric equations are 
(i) x = 4t 2 , y = 16?; (ii) x = 4 + t, y = 6— Ijt. 

27. Show that the point P with co-ordinates [(1 — k)x x + kx 2 , 
(1 — k)y x + ky 2 ] lies on the line joining A(x lt j x ) and B(x 2 , j 2 ) and 
that AP = A:AB. 

28. The points A, B, C have the co-ordinates (2,3), (—11,8) 
and (—4, —5) respectively. The point D is such that ABCD is a 
parallelogram having AC as diagonal. Find the co-ordinates of the 
midpoint of AC and deduce the co-ordinates of D. 

29. A variable line meets the axes at A, B. O is the origin. If AB 
moves so that the area of AAOB is constant, find the locus of the 
midpoint of AB. 

30. A point P moves along the straight line which passes through 
the point A(5, 0) and makes an angle of 45° with the x-axis. Find 
the equation of the locus of P. (Hint: use the sine rule on the 
triangle OAP.) 
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THE STRAIGHT LINE 



18.1. THE EQUATION OF A STRAIGHT LINE 
PARALLEL TO ONE OF THE CO-ORDINATE AXES 

In Figure 18.1 let P(x,y) be any point on the line. Since the 
ordinate PN is equal to OA for all positions of P then 

y = b ....(18.1) 

is true for all points on the line and is the required equation. 





y 








P(x,y) 


A 


* 
















0 


N 



B 



Figure 18.1 



Similarly x = a is the equation of a line parallel to Oy and distance 
a from it. In particular the axes Ox and Oy have the equations 
y = 0 and x = 0 respectively. 

18.2. THE EQUATION OF ANY STRAIGHT LINE IN 
TERMS OF ITS SLOPE AND ITS INTERCEPT ON 
THE j-AXIS 

Consider Figure 18.2; ABP is the straight line, OB = c, and angle 
BAO = 6. P(x y) is any point on the line, PN is its ordinate and 
BM is parallel to Ox. Then 

ZPBM = ZBAO = 0 

thus PM = BM tan 0 

y — c = x tan 6 

y = x tan 6 + c 
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tan 0 is the slope of the line and is generally denoted by m. Hence 
the required equation is 

y = mx + c ....(18.2) 




Figure 18.2 



Example 1. Write down the equation of the line which makes an 
angle of 45° with Ox and cuts Oj at a distance of 3 units above the 
origin. 

From (18.2) the required equation is 

y = x tan 45° + 3 
that is y = x + 3 (see Figure 18.3) 




■x 



Figure 18.3 



Example 2. Write down the equation of the line which makes an 
angle of 150° with Ox and an intercept of —3 units on Oy. 

In this case c = — 3 and m = tan 150° = — • Hence the 

required equation is y = Lx — 3 (see Figure 18.3). 
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ANY FIRST DEGREE EQUATION REPRESENTS A STRAIGHT LINE 

Example 3. Sketch the line whose equation is y = — x — 2. 

Comparing y = —x — 2 with y — mx + c we have that tan 6 = 
m = — 1 and c = —2; hence 6 = 135° and c = —2. 

Thus the line makes an angle of 135° with the positive direction of 
Ox and cuts Oy at a distance of 2 units below the origin (see Figure 
18.3). 

It will be noticed that so far all the equations of a straight line are 
of the first degree in x and y. We shall now prove that any equation 
of the first degree in x and y represents a straight line. 

18.3. ANY EQUATION OF THE FIRST DEGREE IN 
x AND y REPRESENTS A STRAIGHT LINE 

The most general form of the equation of the first degree is 

Ax + By+C = 0 ....(18.3) 

In order to prove that this equation represents a straight line it 
is sufficient to show that the area of the triangle formed by joining 
any three points on the locus is zero. 

Let (Xi, jj), (x 2 , y 2 ), fejJs) be any three points on the locus. 
Since the points are on the locus of the equation (18.3) their co- 
ordinates must satisfy the equation; thus 

Ax x + By x + C = 0 

Ax 2 + By 2 + C = 0 

Ax 3 + By 3 + C = 0 

Subtracting the first of these equations from the second and third 
in turn we obtain 

A(x 2 — xj + B(y 2 — Ji) = 0 

A(x 3 — xO + B(y 3 — y x ) = 0 

By considering the value of the ratio A\B obtained from each of these 
equations we have 

(y 2 - _ A = _Ov=J^) 

(x 2 — Xj) B (x 3 — Xj) 

thus (y 2 — j 1 )(x 3 - Xj) = {y 3 - y^){x 2 — x x ) 

whence Xjj 2 — x^ + Xgy 9 — x^ + x 3 y x — Xjj 3 = 0 

which [see (17.11)] proves that the area of the triangle formed by 
the three points is zero. Hence the locus is a straight line. 
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The equation Ax + By + C = 0 appears to involve three con- 
stants, but we can divide throughout the equation by any constant 
(which is not zero). Dividing by B we have 

a AC 

that is v = x 

B B 

and comparing this with 

y = mx + C [see (18.2)] 

we have that 




....(18.4) 



Example 1. Find the slopes of the lines 3x + 12y — 3 = 0, 
5x — 2y — 4 = 0 and the lengths of their intercepts on Oy. 
Rewriting the two equations we have 

12y = — 3x + 3 and 2y = 5x — 4 

thus y — —\x + J and y = \x — 2 

On comparing these equations with y = mx + c we see that their 
slopes are 

tan 0 X = -| (0! = 165° 58') 
tan0 2 = f (0,= 68° 12'), 
and their intercepts on Oy are 

Cj = i; c 2 = -2 

Exercises 18a 

1. Write down the equations of the following lines: 

(0 the line making an angle of 20° with Ox and an intercept of 
+ 5 units on Oy 

(ii) the line making an angle of 150° with Oy and an intercept of 
—4 units on Oy 

(Hi) the line through the origin making an angle of 50° with Ox 
(iv) the line through the origin making an angle of 20° with Oy. 

2. Find the equations of : 

(0 the line through the origin parallel to the line y — 5x + 2 
(ii) the line through the origin parallel to the line 3x + 2y + 4 = 0 
(Hi) the line which makes an intercept of +4 units on Ox and 
whose slope is | 
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(iv) the line parallel to Ox and passing through the point of 
intersection of 2y — 3x + 4 = 0 and the j-axis. 

3. Find the slopes, and the lengths of the intercepts the following 
lines make on Oy: 

(i) 3y - 4x + 6 = 0 
(/z) 2y + 2x - 3 = 0 
(Hi) 5x — 3y = 0 
(iv) y - 6 = 0. 

4. Plot the two points A(0, 5) and B(3, 9) on a diagram. Hence 
show that the slope of the line AB is f . Write down the equation of 
AB. What is the slope of the line if A and B are the points (x x , y x ) 
and (x 2 , y 2 ) respectively ? 

5. Plot the two points A(0, 3) and B(— 2, 7) on a diagram. Hence 
show that the slope of the line AB is —2. Write down the equation 
of AB. If A and B are the points (x u y x ) and (x 2 , j 2 ) what is the 
slope of AB? Does this agree with the result in Exercise 4? 

18.4. USEFUL FORMS OF THE EQUATION OF A 
STRAIGHT LINE 

The Equation of the Straight Line Making Intercepts a and b on 
Ox and Oy Respectively — P(x, y) is any point on the line, PN is the 





V 






1 


L 


P(W) 




b 

i 

Y 








0 




N 





Figure 18.4 

ordinate (see Figure 18.4). Now 

AMPO + ALPO = ALOM 
Hence \ay + \bx = \ab 

Divide throughout by \ab, then 

- + y -=\ ....(18.5) 
a b 

This is called the intercept form of the equation of the straight line. 
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Example 1 . Write down the equations of the lines making intercepts 
a and b on Ox and Oj respectively, and rewrite the equations in the 
form y = mx + c where 
(0 a = 2, b = 3 

(«)a=-l, b = 4 

(hi) a = 5, b = —2 

(id) a = —3, b = — 4 

(i) x\2 + y/3 = 1 thus 3x + 2y = 6 

i.e. j = — f x + 3 

(ii) x/— 1 + j/4 = 1 thus 4x — y = —4 
i.e. j = 4x + 4 

(iii) x/5 + yj-2 = 1, thus -2x + 5y = -10 
i.e. j = fx — 2 

(h>) x/-3 + yl-4 = 1, thus -4x - 3y = 12 
i.e. j = —fx — 4 

77ze Equation of a Straight Line with Given Slope m and Passing 
Through a Given Point P(x 1; j x ) — The equation of a line with slope 
m is by (18.2) y = mx + c. In this case c is unknown, but since 
P(Xi ji) lies on the line, y x = mx± + c and so, by subtraction 

y — y x — m(x — x^ (18.6) 

which is the required equation. 

Example 2. Write down the equation of the line with slope — § 
and passing through the point (—3, 4), and simplify the equation. 
By (18.6) the equation is (y — 4) = -|(x + 3), that is 

3y — 12 = — 2x — 6 

3y + 2x - 6 = 0 

The Equation of a Line Passing Through Two Given Points (x l3 jj) 
and (x 2 , j 2 ) — The equation of a line through a given point (x 1; y t ) is 
by (18.6) y — y 1 = w(x — x x ). In this case m is unknown. However 
(x 2 , j 2 ) also lies on line. Hence on substituting in the equation we 
have y 2 — y x = w(x 2 — x x ), whence by division 

y=y±-*=* ....(is.?) 



yi y% x 2 x i 

which is the required equation. 
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Example 3. What is the simplified form of the equation of the 
lines through the following pairs of points (j) (3,4), (6,8); (//) 
(5, 3), (7, -2)? 
(z) On substituting in (18.7) we have 

y — 4 _ x — 3 
8_4~6-3 



that is 




3y - 12 = 4x - 12 
thus 3y — Ax 




Figure 18.5 



(k) On substituting in (18.7) we have 

y — 3 _ x — 5 
-2 - 3 ~ 7 - 5 



that is 




2y - 6 = -5x + 25, 
i.e. 2y + 5x — 31 = 0 

The Equation of a Line such that the Length of the Perpendicular 
from the Origin to the Line is p, and the Angle that Perpendicular 
Makes with Ox is a Referring to Figure 18.5, PO is the perpendicular 
from the origin to the line. Since ZOPM = 90° 

OM 

= sec a 

OP 
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Thus OM = OP sec a = p sec a .... (i) 

also L LOP = 90° - a 

so that — = sec (90° - <x) 

OP 

OL = OP sec (90° - a) = p sec (90 - a) ... .(ii) 
But OM, OL are the intercepts the line makes on the axes Ox and 
Oy. Hence by (18.5) its equation is 

= 1 



p sec a p sec (90° — a) 

that is x cos « + y cos (90° — a) = p 

x cos a + y sin a =p (18.8) 

This is called the perpendicular form of the equation of a straight 
line. 

Example 4. If in Figure 18.5 OP = 5 units and Z POL = 20°, 
find the equation of the line LM. In (18.8) 

a = ZPOM = 90° - ZPOL 

= 90° - 20° 
= 70° 

and OP = p = 5 units 

Hence LM is the line x cos 70° + y sin 70° = 5. 

Example 5. If in Figure 18.5 the equation of PLM is 3x + Ay — 
12 = 0; put this equation into both (i) the intercept and (ii) the 
perpendicular form. 

(i) 3x + 4y - 12 = 0 

x y 

If we divide by 12, ^ + ^ = 1 as required. 

(ii) If instead we divide by ^/(3 2 + 4 2 ) = 5 then 

i* + ty = i 

which is the perpendicular form because |, f are the cosine and sine 
of some angle since the sum of their squares in unity. 

Exercises 18b 

1. Find the equations of the following lines: 

(i) passing through the points (5, 3), (—2, 1) 

(ii) passing through the points (6, —2), (3, 7) 
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(Hi) making an angle of 135° with Ox and passing through the 
point (—2, 5) 

(iv) parallel to 2y + 3.x — 4 and passing through the point 
(5, -2) 

(v) passing through the points (—5, 0) (0, —2) 

(vi) such that the length of the perpendicular to the line from the 
origin is 6 units and the perpendicular makes an angle of 45° with Ox. 

2. Write down the equation of the line making intercepts of 
—5, +3 on the x- and j>-axes respectively. Put the equation into 
the perpendicular form. 

3. Find the slope of the line through the points (5, 3), (7, —2). 
Also find (i) the perpendicular form (ii) the intercept form, of its 
equation. 

4. O is the origin and a line OA of length 2a makes an angle a 
with the x-axis. Find the equation of the perpendicular bisector of 
OA. 

5. A line makes an obtuse angle d with the positive direction of 
Ox. If a is the angle the perpendicular to the line from the origin 
makes with the positive direction of Ox, find the relation between 
a and 0. Does the same relation hold when 6 is acute ? 



18.5. THE CO-ORDINATES OF THE POINT OF 
INTERSECTION OF TWO STRAIGHT LINES 

Let the equations of the lines be 

a x x + b{y + d = 0; a 2 x + b 2 y + c 2 = 0 

As we have noted in section 17.6 to obtain the point of intersection 
we solve these equations simultaneously. Eliminating x and then 
y we obtain 

x — y 1 



The values of x, y for the point of intersection are 



.(18.9) 



x _ b x c 2 b 2 Ci _ a\C 2 a 2 Ci 

a x b 2 — a 2 b x a x b 2 — a 2 b x 

We note that if a x b 2 — a 2 b 1 = 0 there is no solution. But this may 
be written 

a x b 2 — a 2 b\ 

that is 

bi b 2 
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and thus the slopes [see (18.4)] of the two lines are equal. That is the 
lines are parallel and have no point of intersection. 

If in addition either b±c 2 — 6 2 c i = 0, or a x c 2 — a 2 c x = 0 then 

- = r = - (= fcsa y) ....(i8.il) 

a 2 o 2 c 2 

and from this we see that all three of the quantities in (18.9) are zero 
and x and y are indeterminate. The geometrical explanation is that 
since from (18.11) a x — ka 2 ; b x = kb 2 ; c x = kc 3 one equation is a 
multiple of the other and the lines coincide. 

Example 1. Find a general solution for the point of intersection 
of the lines ax + 5y + b — 0; 2x + j + 3 = 0 and discuss the 
three cases (i) a ^ 10 (ii) a = 10; b # 15 (Hi) a = 10; b = 15. 
From equations (18.9) the solution is given by 



15 - b 3a -2b a - 10 

15 - b —3a + 2b 

x = ; y = 

a - 10 a - 10 

Case (/): since a 10, 

a - 10 # 0 

and hence a real point of intersection exists. 
Case («): since a = 10, b 15 

a — 10 = 0 but 15 - b ^ 0 

hence the lines are separate but parallel. 
Case (Hi): ifa = 10, b = 15 then the equations are 

lOx + 5y + 15 = 0 

and 2x + y + 3 = 0 

and the first equation is a multiple of the second and the lines are 
not distinct. 



18.6. THE POSITIVE AND NEGATIVE SIDES 
OF A LINE 

Consider any straight line and let its equation be ax + by + c = 0. 
Let P(x x , y x ) be any point and let the line through P parallel to the 
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j>-axis cut the line in the point Q whose co-ordinates are (x t , y 2 ). 
Then it is clear from Figure 18.6 that so long as P remains on the 
same side of the straight line PQ is drawn in the same direction. 
If P is a point on the other side of the line then PQ is drawn in the 
opposite direction. That is PQ is positive for all points on one side 
of the line and negative for all points on the other side. 

Now PQ = Ji — J2 (0 

and since the point Q(x 1; y 2 ) lies on the line 

+ by 2 + c = 0 

ax 1 + c .... 
i.e. y 2 = r . • • .(n) 





' y 


,Q(y 2 ) 




0 





-~0 



Figure 18.6 



From (i) and (ii) 

PQ-„-(-a±«) 

_ flXx + feyi + c 



Since the sign of PQ changes as P crosses the line then it follows from 
(iii) that the sign of ax x + by x + c (b is fixed) must alter as P crosses 
the line. Thus the line divides the co-ordinate plane into two parts 
such that ax + by + c is greater than or less than zero. If c> 0 
the origin is on the positive side of the line. If c < 0 the origin is on 
the negative side of the line. 
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Example 1. The co-ordinates (x, y) of a point P satisfy all three of 
the inequalities 

2x + 3y — 6 > 0 

x — y + 6 > 0 

j + 5x — 20 < 0 

Draw a diagram to show the area within which P must lie. Figure 
18.7 shows the required area. 
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Exercises 18c 

1. Show that the three lines 3x — 2j> + 1 = 0, x + 2y + 3 = 0, 
7x — 2j + 5 = 0 pass through the same point. 

2. Find the points of intersection of the following pairs of lines. 

(a) 2x + 3y — 13 = 0; 3x - y - 3 = 0 

(b) 2x + y - 2 = 0; 4x + 5 j> + 5 = 0 

(c) x/a + j/& = 1 ; x\b + yja=\ 

(d) y = 4x; y = 3x + 2. 

3. Show that the following three lines do not form a triangle 
(i) 18x - I2y + 9 = 0, (//) I2x + Sy - 6 = 0, (///) 8j = 12x + 6. 

4. What must be the value of k in order that the lines (i) 2x + 
y — 3 = 0, 07) for + 3y + 1 = 0, (Hi) x + j + 7 = 0 may meet 
in a point. Discuss the cases when k = 3 and k = 6. 
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5. Find the equation of the line joining the origin to the point 
of intersection of the lines x + 2y + 5 = 0, 3x — 2y — 13 = 0. 

6. A point P has co-ordinates (x, y). Draw separate sketches 
showing the area in which P must lie in the following cases. 

(i) 3x + 2y - 1 > 0 
iii) 2x - y - 4 < 0 
(Hi) x + y + 5 > 0 
(iv) 2x - y + 7 < 0. 

7. A point P(x,y) is such that its co-ordinates satisfy all the 
inequalities x + y — 6 < 0, y — 2x + 6 > 0, Ax + y > 0, y — 
2x — 6 < 0; show in a sketch the area within which P must lie. 

8. If in Exercise 7 all the inequality signs are reversed, in which 
area must P(x, y) lie? 

9. Show that for one particular value of k all the lines kx — 
3 y - 3 = 0, -x + 2y - k = 0, 9x - 4y - 11 = 0, I3x - ky - 
19 = 0 pass through one point and state the co-ordinates of the 
point. 

10. A point P(x, y) lies within the triangle formed by the three 
lines 5x + ly - 35 = 0, Ax - Uy - 28 = 0, 14x + 3y + 68 = 0. 
Write down with the aid of a sketch the three inequalities its co- 
ordinates must satisfy. 

18.7. THE ANGLE BETWEEN TWO STRAIGHT LINES 

If the equations of the lines are given in the perpendicular form 
[see equation (18.8)] 



Then referring to Figure 18.8 the required angle is either a — p 
or _ ( a _ p). Because a and /3 are the angles the perpendiculars 




Figure 18.8 



x cos a + y sin a — p x = 0, 



x cos P + y sin /? — p 2 = 0 
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from the origin to the two lines make with Ox, then the angle 
between the perpendiculars is a — /S. Also the angle between any 
two lines is equal or supplementary to the angle between two lines 
perpendicular to them. Hence the required angle is 

(a-/3) or w -(« — /?) ....(18.12) 
If the equations of the lines are given in the form y = m x x + c x ; 
y — m 2 x + c 2 and 0 l5 0 2 are the angles the lines make with Ox then 

tan0 1; m 2 = tan0 2 (i) 





y / 










0 





Figure 18.9 

Referring to Figure 18.9 it can be seen that the required angle is 
0! - 0 2 . Now 



tan (0 X - 0 2 ) = 



tan 0 t — tan 0 2 
1 + tan B x tan 0, 
m, — m 



1 + m 1 m 2 

Thus the required angle is 

tan" 1 ( m * ~ m A 

\1 + m-jn 2 l 



from (i) 



.(18.13) 



If the equations of the lines are given in the form a x x + + 
cj = 0; a 2 x + b 2 y + c 2 = 0 then from (18.4) m x = - ^ , m 2 = 
— — . Hence the required angle is 



that is 



tan 



tan 




Va^a + bjbj 



..(18.14) 
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THE ANGLE BETWEEN TWO STRAIGHT LINES 
Referring to equation (18.13) it should be noted that if 

WlOT2 =_l ....(18.15) 

that is m 1 = — 

then the angle between the lines is tt/2, and the lines are perpen- 
dicular. 

Similarly from (18.14) the lines are perpendicular if 

a 1 a i + b 1 b 2 = 0 ....(18.16) 

Example 1. Find the angle between the lines y = \x + f ; y = 
i* + f. 

The slopes of the lines are m 1 — \ and m 2 = \. Hence from 
(18.13) the required angle is 



\i + *.*/ 



tan . 

that is tan- 1 (— \). 

The negative sign indicates that the obtuse angle between the lines 
is being found; hence the required acute angle is tan _1 (|) = 



Example 2. Find the equation of the line which is perpendicular 
to the line 2x + 3y — 1 = 0 and passes through the point (4, 3). 
From (18.4) the slope of the given line is 

m x = -§. 

Hence the slope of a perpendicular line is 

1 

m» = 



2. 

= 2 

Since the required line passes through the point (4, 3) its equation is 
[see (18.6)] 

(y - 3) = -l(x - 4) 
that is 2y - 3x + 6 = 0 

Example 3. OA and OB are the equal sides of an isosceles triangle 
lying in the first quadrant. OA and OB make angles d 1 and 0 2 
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respectively with Ox. Show that the gradient of the bisector of the 
acute angle AOB is cosec 8 — cot 8 where 0 = 0 X + 0 a . 
Referring to Figure 18.10 

Let 

Hence 




Figure 18.10 



Now 



the gradient of PO = tan ZPCbc 

t e 

= tan - 
2 

e 

sin - 
2 



cos ■ 



e 



2 sin 2 - 
= 2_ 

- • B 6 

2 sin - cos - 

2 2 

_ 1 — cos 8 
sin 6 

= cosec 6 — cot 8 
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PERPENDICULAR DISTANCE OF A POINT FROM A LINE 
Exercises 18d 

1 . Find the acute angles between the following pairs of lines : 

(a) y = 3x + 4; y = 2x — 1 

(b) 3x + 4y + 7 = 0; 4x - 5 y + 2 = 0 

(c) x cos (a — 7r/4) + y sin (a — 7r/4) = 3 ; 
x cos (a + + y sin (a + w/4) = 7 

(J) 5x - 6y + 7 = 0; 6x + 5y - 3 = 0. 

2. Find the equation of the line perpendicular to the line 3x + 
2y + 4 = 0 and passing through the point (5, 6). 

3. Find the equation of the line passing through the points (1,4) 
and (—2, 7) and show that it is perpendicular to the line x — y + 
3 = 0. 

4. Given the two lines x + y + 7 = 0 and ^J3x — y + 5 = 0, 
put their equations into the perpendicular form and hence find the 
acute angle between them. Verify your result by using (18.14). 

5. Find the equations of the sides of the triangle ABC where 
A, B, C are the points (5, 7), (3, 3), (7, 1) respectively. Hence show 
that the triangle ABC has angles of 90°, 45° and 45°. Verify this 
result by finding the lengths of the sides of the triangle. 

18.8. THE PERPENDICULAR DISTANCE OF A POINT 
FROM A STRAIGHT LINE 

Let P(x u y x ) be the point and the equation of the line be 

x cos a + y sin a = p ....(18.17) 

Referring to Figure 18.11, any line parallel to the given line is 

x cos a + y sin a = p' 

and this passes through the given point P(xj, y-i) if 

x x cos a + y 1 sin a = p' ... .(18.18) 

Now the required distance is 

PC = AB 

= OB - OA 

= />'-/> 

= X! cos a + j x sin a — p 
Hence the required result is 

cos a + y t sin a 



[from (18.18)] 
-p ....(18.19) 
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If the equation of the line is given as ax + by 
rewritten 

b 



c = 0 it may be 



-x + 



■y+- 



= o 



V(a 2 + & 2 ) M + bY V(« 2 + & 2 ) 
which is in the perpendicular form because 

a , b 

V(a 2 + fc 2 ) a " J(a* + b*) 

are the sine and cosine of an angle since the sum of their squares is 
unity. Hence from (18.19) the length of the perpendicular is 



ax x + by x + c 

V(« 2 + f> 2 ) 



.(18.20) 




Figure 18.11 

If the denominator ^/(a 2 + 6 2 ) is always taken as positive, then 
the length of the perpendicular from any point on the positive side 
of the line will be positive and from any point on the negative side 
of the line it will be negative (see section 18.6). 

Example 1. Find the length of the perpendicular from the point 
P(2, —4) to the line 3x + 2y — 5 = 0 and state which side of the 
line P is on. 
From (18.20) the length of the perpendicular is 

3 x (2) + 2 x (-4) - 5 _ 7 

V(3 2 + 2 2 ) * 

Thus the length of the perpendicular is 7/^/13 and it is on the negative 
side of the line. Substituting the co-ordinates (0, 0) of the origin in 
the equation of the line 3x + 2y — 5 we obtain —5. Thus the origin 
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is also on the negative side of the line. Hence P is on the same side 
of the line as the origin. 

Exercises 18e 

1. Find the lengths of the perpendiculars from the point P to the 
line L in the following cases: 

(a) P(3, 4), L = 3x + 4y + 6 = 0 

(b) P(-2, -1), L = 3x + 4y + 6 = 0 

(c) P(5, 6), L = 3x - 6 = 0 

(d) P(-3, -2), L = 5x - Yly + 1 = 0. 

2. Find the lengths of the perpendiculars from P(3, 4) to the two 
lines Ix + 24y —1=0 and 3x + 4y — 36 = 0 and state on which 
sides of the lines the point P is situated. 

3. Show that the point P(l, 1) is equidistant from the three lines 
5x + I2y + 9 = 0, 3x + Ay — 17 = 0, 3x — 4y — 9 = 0. Is P the 
incentre of the triangle formed by the three lines ? 

4. The point P(a, 2) is equidistant from the two lines 4x — 
3y + 7 = 0 and Ix + 24y - 30 = 0; find the value of a. 

5. Find the incentre of the triangle formed by the three lines 
12jc - 5y + 9 = 0, 3x + 4y - 27 = 0, 5x + Yly - 45 = 0. 

18.9. THE EQUATION OF A STRAIGHT LINE 
THROUGH THE POINT OF INTERSECTION OF 
TWO GIVEN STRAIGHT LINES 

Let the equations of the straight lines be 

a x x + biy + c x = 0, a z x + b^y + c 2 = 0 (18.21) 

Consider the equation 

(a t x + biy + c x ) + A(a 2 x + b& + c£ = 0 .... (18.22) 

where A is any constant. 

This is the equation of a straight line since it is of the first degree 
in x and y. Further it is satisfied by the co-ordinates of the common 
point of the two given lines, since these co-ordinates satisfy simul- 
taneously the equations (18.21) and hence must satisfy the equation 
(18.22). Thus it is the required line. 

This is an example of a more general device used in co-ordinate 
geometry; namely if S x = 0 and 5 2 = 0 are the equations of any 
two loci then S x + kS^ = 0 is the equation of a locus through the 
common points of 5 X = 0 and S 2 — 0. 

In the case of the straight line (18.22) a second condition is 
required to find X. 
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Example I. Find the equation of the line drawn through the point 
of intersection of the lines 3x + 2y — 3 = 0, 5x — y + 8 = 0 
which also passes through the point (2, 2). 

Any line through the point of intersection is given by (3x + 
2y - 3) + A(5x - y + 8) = 0. 

If this passes through the point (2, 2) its co-ordinates satisfy the 
equation and hence 

(6 + 4 - 3) + A(10 - 2 + 8) = 0 
7 + 16A = 0 

Hence the required equation is 

(3jc + 2y - 3) - A(5x - y + 8) = 0 
i.e. 16(3x + 2y - 3) - 7(5x - y + 8) = 0 

i.e. 13* + 39j - 104 = 0 

i.e. x + 3y — 8 = 0 

Example 2. Find the equation of the line drawn through the point 
of intersection of 3x — y — 13 = 0 and x — 4y + 3 = 0 and which 
is perpendicular to 5y + 2x — 0. 

Any line through the point of intersection is given by (3x — 
y - 13) + ).{x - Ay + 3) = 0, that is (3 + K)x - (1 + 4% - 

3 -f- A 

13 + 3 A = 0. Its slope is ^ ^ . Hence it is perpendicular to 
5^ + 2x = 0 whose slope is — | if 

3+A X--=-l [see (18.15)] 



1 +4A 5 
i.e. 6 + 2A = 5 + 20A 

whence ?• = vg 

Therefore the required equation is 

Qx - y - 13) + AC* - 4y + 3) = 0 
i.e. 55x — 22y — 231 =0 

i.e. 5x — 2y — 21 = 0 
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THE EQUATION OF A STRAIGHT LINE 

In the particular cases when X has either of the values 

M + bp 

V(«5 + b D 

equation (18.22) may be written 

(a lX + b,y +ej)=± + (a 2 x + b 2 y + c 2 ) 

thati. + + Cl = ± a * X ,\ b ° y + C * ....(18.23) 

which shows that the perpendiculars from the point (x, j>) to either 
of the lines a x x + + c x = 0 or a s x + b^y + c 2 = 0 are equal in 
magnitude. Hence (18.23) gives the equations of the bisectors of the 
angles between the lines. 

To distinguish between the two bisectors, write the equations of 
the lines with their constants both positive and take both the 
denominators positive. Then taking the positive sign in (18.23) gives 
the bisector of the angle in which the origin lies. 

Example 3. Write down the equations of the bisectors between the 
lines 3x — y — 2 = 0 and 2x — 2y + 7 = 0. 

Rewriting the first equation — 3x + y + 2 = 0, the equations of 
the bisectors are given by 

-3x + y + 2 = 2x - 2y + 7 

Vio V 8 

Thus 2 % /2(— 3x + y + 2) = +,/10(2jc — 2y + 7) is the equation 
of the bisector of that angle in which the origin lies ; that is 

(V5 + 6)x - 2(1 + V5)j + 7V5 - 4 = 0 
and the other bisector is 

(V5 - 6)x + 2(1 - V5)j + 7^5 + 4 = 0 
Exercises 18f 

1. A line passes through the point of intersection of the lines 
3x + 2y — 1 = 0 and 5x + 6y + 1 = 0. Find its equation in the 
following cases : 

(a) if it also passes through the origin 

(b) if it is perpendicular to 4x — y = 0 

(c) if it is parallel to 2x + 3y — 1 = 0. 
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2. Find the equations of the bisectors of the angles between the 
lines 2x + Ay — 3 = 0 and 2x — y + 7 = 0 and verify that the 
bisectors are at right angles to one another. 

3. Show that one of each pair of bisectors of the angles between 
the lines 3x — 4y — A = 0, \2x - 5y + 6 = 0, Ix + 24y - 56 = 0 
taken in pairs, pass through the point (1, 1). 

4. Two lines through the origin have a combined equation 
ly 2, — xy — 6x 2 = 0. Factorize this in order to find the separate 
equations of the two lines and hence show that the combined equation 
of the internal bisectors of the angles between the two lines is x 2 — 
I6xy - y 2 = 0. 

5. Find the equation of the two lines through the point of inter- 
section of the lines 3* + 2y — 1 = 0 and 2x — y + 7 = 0 which 
are also 

(a) perpendicular to 3x + 2y — 1 = 0 

(b) perpendicular to 2x — y + 7 = 0. 

EXERCISES 18 

1. P, Q, R are the three points with co-ordinates (1, 0), (2, —4), 
(—5, —2) respectively. Find: 

(a) the equations of PQ, QR, PR 

(b) the equation of the line through P perpendicular to QR 

(c) the equation of the line through Q perpendicular to PR 

(d) the point of intersection of the lines (b) and (c) 

(e) the area of the triangle PQR. 

2. Find the equation of the perpendicular bisector of AB where 
A, B are the points (3, 2), (5, 1) respectively. 

3. Sketch on the same diagram the lines whose equations are: 

(a) y = 3x 

(b) y = -3x 

(c) 2x + 3y - 12 = 0 

(d) 3x - 5y + 75 = 0 

(d) 3x-5y + 15 = 0 

(e) x - 7 = 0 

if)y + 8 = o. 

4. Find the equation of the lines through the point (6, 5) which are 

(a) perpendicular to 3x — Ay = 0 

(b) parallel to 3x — Ay = 0. 

5. Find the equation of the line joining the points (3, 6), (5, 7) 
and show that it is perpendicular to the line joining the points 
(-3, 4), (-2, 2). 

6. Rewrite the equation of the line 5x — Ay — 20 = 0 in (a) 
intercept form (Z>) perpendicular form. 



398 



EXERCISES 



7. The co-ordinates of the three points L, M, Nare(a,a),(— a, —a) 
and (0, —a) respectively. A point X is taken on MN such that the 
ratio of MX to XN is t: 1 and a point Y is taken on LX such that 
the ratio of LY to YX is also t:l. Prove that the co-ordinates of 
X and Y are respectively 



1 + *' 



and 



a q(l - f) l 

+ tf ' 1 + t J 



(1 + 0 ! 



(J.M.B., part) 

8. Show that the three equations x + 2y — k = 0, x + ky — 
2 = 0 and kx + 4y — 4 = 0 are consistent when k = —4 or 2. Give 
a geometrical interpretation in either case. Discuss the case when 
k = -2. 

9. Find the co-ordinates of the incentre and of the three excentres 
of the triangle formed by the lines y = 0, 3x — 4y = 0, 4x + 3y = 20. 
Prove that the area of the triangle formed by the three excentres is 
five times that of the triangle formed by the three given lines. 

10. The lines L x , L 2 , L 3 have the equations x + y + 1 = 0, 
j + 2* + 2 = 0, 3y — 9x + 1 1 = 0 and meet the j-axis at the 
points A, B, C respectively. If D is the point (—2, —3) prove that 
DA, DB and DC are perpendicular to L x , L 2 , L 3 respectively. 

11. Find the co-ordinates of the foot of the perpendicular from 
the point (x lt y x ) to the line ax + by + c = 0 and deduce that the 
co-ordinates of the image of the point in the line are 

*i — tttz ( ax i + b yi + c )> y-i- — a 2b , 2 + b yi + c ) 

a 2 +b 2 a 2 + b 2 

(J.M.B., part) 

12. The vertices B, C of a triangle ABC he on the lines 3y = 4x, 
y = 0 respectively, and the side BC passes through the point (f , §)• 
If ABOC is a rhombus where O is the origin of co-ordinates, find the 
equation of the line BC and prove that the co-ordinates of A are 
(1,1). (L.U.) 

13. A point P lies in the plane of the triangle ABC and G is the 
centroid of this triangle. Prove that 

PA a + PB 2 + PC 2 = 3PG 2 + KBC 2 + CA 2 + AB 2 ) 

What is the least value of PA 2 + PB 2 + PC 2 as P varies in the plane ? 

14. Given the four points (ajm r ,am r ), (r = 1,2,3,4) find the 
condition that the line joining any two of the four points is per- 
pendicular to the line joining the other two. 
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15. A, B, C are the points (-4, -2), (3, 1), (-2, 6). D is a point 
on the opposite side of AB to C which moves so that the area of the 
triangle ADB is always 50 square units. Find the equation of the 
loeus of D. If CD meets AB at the point Q verify that the ratio 
CQ:QD is constant for all positions of D. 

16. A, B, C, D are the points (x^y^), (x 2 ,y 2 ), (x 3 ,y 3 ) (x^y^. 
Show that ABCD is a parallelogram provided that x^ + x 3 = 
x s + x t and y x + y 3 = y z + y 4 . Show also that the parallelogram 
is a rectangle if 

17. Without drawing a figure determine whether the point (4, 3) 
is inside or outside the triangle formed by the lines y = x + 6 
3y + 4x - 24 = 0, y + 8 = 0. 

18. The altitudes AD, BE, CF of a triangle ABC are x + y = 0, 
x — 4y = 0 and 2x — y = 0 respectively. If the co-ordinates of A 
are (k, —k) find the co-ordinates of B and C. Find also the locus of 
the centroid of the triangle ABC as k varies. 

19. Find the equations of the lines through the point (2, 3) which 
make angles of 45° with the line x — 2y = 1 . (L.U.) 

20. Obtain the equation of the straight line through the point 
P(A ; k) perpendicular to the line ax + by + c = 0. PA, PB are the 
perpendiculars from P to the lines y = x, y = \x. Find the co- 
ordinates of M, the middle point of AB, and show that if P moves on 
the line 5x + Ay + 10 = 0 then M will move on the line x — 
ly = 5. (W.J.C.) 

21. Show that the area of the parallelogram formed by the lines 
3jc + Ay = Ip, 3x + Ay = Iq, Ax + 3y = Ir, Ax + 3y = Is is 
7Q> — q)(r — s). 

22. The length of the perpendicular to a line from the origin is 
5 units. The line passes through the point (3, 5). Find its equation. 

23. Show that any point on the line Ax + ly — 26 = 0 is equi- 
distant from the two lines 3x + Ay — 12 = 0 and 5x + \2y — 52 = 0. 

24. Find the values of k for which the lines 2x + ky + A = 0, 
Ax — y — 2k = 0, 3x + y — 1 = 0 are concurrent. 

(J.M.B., part) 

25. Show that the line y(m + 1) = x(m — 1) + 4 always passes 
through a fixed point and find the co-ordinates of that point. 

*26. OA and OB are the equal sides of an isosceles triangle lying 
in the first quadrant. The slopes of OA and OB are & and 1 and the 
length of the perpendicular from O to AB is ^/13. Find the equation 
of AB. (Use the result of Example 3 in section 18.7.) 

*27. The points P, Q are such that the line x cos a + y sin a = p 
is the perpendicular bisector of PQ. If the co-ordinates of P are 
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(x, y) find the co-ordinates of Q. If the line is fixed find the locus of 
Q as P moves along the y-axis. 

*28. The vertices O, A, B of a square OABC are the points 
(0, 0), (1, 0) and (1, 1) respectively. P is a variable point on the side 
BC. OP produced meets AB produced at Q and a line through B 
parallel to CQ meets OP at R. Prove that R lies on the diagonal AC 
when CP = — l)/2. Find the equation of the locus of R as P 
varies and give a rough sketch of the locus. (L.U.) 

*29. (a) Find the gradients of the bisectors of the angle between 
the lines y — 7x = 0, x + y = 0. 

(b) If A, B, C and D are the points on the x-axis with abscissae 
2, 4, 6 and 8 respectively, find the co-ordinates of the two points P 
and Q in the first quadrant which are such that 

tan APB = tan CPD = tan AQB = tan CQD = f (J.M.B.) 

*30. Find the condition that the lines 

a x x + b-y + c x = 0, a 2 x + b 2 y + c a = 0, a 3 x + b 3 y + c 3 = 0 

are concurrent. 



14 
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THE CIRCLE 



19.1. THE EQUATION OF A CIRCLE 

Let C(a, b) be the centre and r the radius of the circle. Let 
P(x,y) be any point on the circumference of the circle then (see 
Figure 19.1) 

CP = r 

thus CP 2 = r 2 




x 



Figure 19.1 



Now referring to equation (17.5) which gives an expression for the 
distance between two points, we have 

(x - af + (y - by = r 2 ....(19.1) 

which is the required equation. 

If we let a = b = 0 the centre of the circle will be the origin and 
the equation reduces to 

x 2 +j/ 2 = r 2 (19.2) 

Equation (19.1) may be written 

x 2 + y 2 - lax - 2by + a* + b* = r 2 
The equation of a circle is thus of the form 

x 2 +y* +2gx +2fy + c = 0 ....(19.3) 
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where g, f, c are constants. Conversely equation (19.3) can be 
rewritten 

x 2 + 2gx + g 2 + y 2 + 2fy +f 2 = g 2 +f 2 - c 
that is (x + g) 2 + 0 +/) 2 = g 2 +f 2 - c 

Comparing this with (19.1) we see that 

(19.3) represents a circle centre (—g, —f) radius ^J(g 2 +f 2 — c) 

....(19.4) 

In general the equation of a circle is such that 
(/) the coefficients of x 2 and y 2 are equal 
(z7) there is no term in xy. 

Example 1. Find the equation of the circle centre (—3, 4) radius 7. 
The equation is 

(x + 3) 2 +(y- 4) 2 = 7 2 
or x 2 +y 2 + 6x - &y - 24 = 0 

Example 2. Find the centre and radius of the circle 4x 2 + 4y 2 — 
I2x + 5 = 0. 

In order to put the given equation into the standard form (19.1) 
it is first necessary to divide throughout by 4, thus 

x 2 +y 2 -3x + % = 0 
that is x 2 - 3x + (-I) 2 +y 2 = (-|) 2 - f 

i.e. ( X _|)2 +J 2 =1 

Thus the circle has centre (f, 0) radius 1. 

Example 3. Find the equation of the circle centre (+4, —7) 
which touches the line 3x + 4y — 9 = 0. 

Since the line is a tangent then the radius of the circle is equal to 
the perpendicular distance from the centre to the line. Thus 

radius = 3(4) +^ 7 ;- 9 
V(3 2 + 4 2 ) 

= ^5 
_ 5 

= -5 
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Thus the equation of the circle is 

(x - 4) 2 + (y + 7) 2 = 25 
that is x 2 + y 2 - 8x + Uy + 40 = 0 

Example 4. Find the equation of the circle with AB as diameter. 
A, B are the points (x u jj), (x 2 , y 2 ). 

Let P(x, y) be any other point on the circumference of the circle 
(see Figure 19.2). 




Figure 19.2 



The slopes of AP and BP are 



and 



X X-± X Xq 

respectively. 

Since AB is a diameter ZAPB = 90°; thus AP and PB are 
perpendicular; hence by (18.15) the product of their slopes is —1. 
Thus 



( y — yi \ h - y* \ = 

\x — xj \x — xj 



-1 



or 



(x - XjKx -x 2 )+(y- yi )(y - y 2 ) = 0 .... (19.5) 

which is the condition satisfied by the co-ordinates of any point on 
the circle and is therefore the required equation. 

Exercises 19a 

1. Write down the equations of the following circles: 
(0 centre (3, 7) radius 5 
(if) centre (—3, —7) radius 6 
(Hi) centre (5, 0) radius 5 
(iv) centre (0, —3) radius 4. 
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2. Find the centre and radius of the following circles: 
(i) x 2 + y 2 + Ix + 6y + 6 = 0 

(h) 9x 2 + 9y 2 + Tlx + \2y + 19 = 0 
(hi) x 2 + y 2 — 5x = 0 

(iv) 4x 2 + Ay 2 - 287 + 33 = 0 

(v) x 2 + y 2 - lax + 2by + 2b 2 = 0 (a, b constant) 
(w) x 2 + y 2 + 2ax — lay = 0 (a constant) 

3. Find the equation of the circle centre (7, —6) which touches 
the line 3x — Ay + 5 = 0. 

4. Find the equation to the circle which has the points (3, 2) 
(0, — 1) as ends of a diameter. 

5. Find the equation of the circle centre (3, —2) touching the line 
x +y - 3 = 0. 

6. Show that the circle x 2 + y 2 — 2x — 2y + 1 = 0 touches both 
Ox and Oy. 

7. Show that the circle x 2 +y 2 — lax — 2ay + a 2 = 0 (a is a 
positive constant) lies wholly in the first quadrant and touches both 
Ox and Oy. 

8. Use the result of Exercise 7 to find the equation of the circle 
lying in the first quadrant which touches both axes and also the line 
5x + \2y - 52 = 0. 

9. Find the equation to the diameter of the circle x 2 + y 2 — 
8x + 6y + 21 =0 which when produced passes through the point 
(2, 5). 

10. Find the equation of the circle which passes through the point 
(1, 1) has a radius of %yjl0, and whose centre lies on the line y = 
3x - 7. 

19.2. THE EQUATION OF A CIRCLE THROUGH 
THREE NON-COLLINEAR POINTS 

Let the equation of the circle be x 2 + y 2 + 2gx + 2fy + c = 0 
and the three points be (x^y^ {x 2 ,y 2 ) (x 3 ,y 3 ). Since the circle 
passes through all three points the co-ordinates of each point must 
satisfy the equation of the circle. Hence 

*?+Ji 2 +2^ +2/y 1 + c = 0 
xt+yt+2gx 2 + lfy 1 + c = o 

*t+A + 2gx» + yy* + c = o 

are three simultaneous equations which can be solved for g,f, and c. 

Example 1. Find the equation of the circle through the points 
(6, 1), (3, 2) (2, 3). 
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Let the equation of the circle be x 2 + y 2 + 2gx + 2fy + c = 0. 
Then since (6, 1) lies on the circle 

36 + 1 + I2g + 2f+c = 0 

similarly 9 + 4 + 6g + 4f+ c = 0 

and 4 + 9+4£ + 6/+c = 0 

Solving these simultaneous equations we have 

/= -6, g = -6, c = 47 

Hence the required equation is 

x 2 + y 2 - I2x - I2y + 47 = 0 

Exercises 19b 

Find the equations of the circles passing through the following 
points and state the length of the respective radii. 

1. (0,0), (3, 1) and (5, 5) 

2. (5,0), (6,0) and (8, 1) 

3. (3, 2), (1, 1) and (1, 0) 

4. (2, 1), (-2, 5) and (-3, 2) 

5. Find the equation and radius of the circumcircle of the tri- 
angle formed by the three lines 2y — 9x + 26 = 0; 9y + 2x + 
32 = 0; lly- 7x - 27 = 0. 



19.3. THE EQUATION OF THE TANGENT AT 
THE POINT (jc^ji) ON THE CIRCLE 

x 2 +y 2 + 2gx + 2fy + c = 0 

Differentiating the equation with respect to x we have 

2x+2^+2g+2/^ = 0 
dx ax 

dy^ _ (x + g) 

dx (y+f) 

Hence the gradient of the tangent at the point (x x , yj is — ~t f \ 
Hence by (18.6) the equation of the tangent is vi +/) 

to +/) 
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or yyi +yf-yl- ji/= + x l - s x + g*i 

i.e. xx 1 + yy x + gx +fy = x\+ y\ + gx 1 +fy 1 
Now add gx x + fy x + c to both sides to obtain 
xx 1 +yy t +g(x + xj +f(y +yj + c = x\ + y\ + 2gx x + 2fy 1 + c 

= 0 

because (x u y^) lies on the circle. Hence the required equation is 
xx 1 +y yi +g(x + xj +f(y +y t ) + c = 0 ... .(19.6)* 

Example 1. Find the equation of the tangent at the point (— f , 1) 
on the circle 4x 2 + 4y* - I2x + 24y - 55 = 0. 

When using equation (19.6) to find the equation of the tangent it is 
not necessary to reduce the coefficient of x 2 and y z to unity, as it was 
when the centre and radius had to be found (see section 19.1, 
Example 2). 

Hence the equation of the tangent is 

4x(-*) + Ay . 1 - 6(x - f) + I2(y + 1) - 55 = 0 
that is Sy - 6x — 17 = 0 

Example 2. Find the equation of the tangent at the point (1, 0) 
on the circle x 2 + y 2 — 5x — y + 4 = 0. 
The equation of the tangent is 

x . 1 + y . 0 - K* + 1) - i(y + 0) + 4 = 0 

that is 3x+y — 3 = 0 

Exercises 19c 

Find the equations of the tangents to the following circles at the 
given points. 

1. x 2 +y 2 - 10y = 0; (3,9) 

2. 2x 2 + 2y 2 + x-Uy-l= 0; (-2, 5) 

3. x 2 + y 2 + 3x - 3y - 38 = 0; (-7, -2) 

4. 9x 2 + 9y 2 - 12* + 42y - 236 = 0; (-2, §) 

5. Verify that the point (8, 6) is common to both the circles 
X 2 +y 2_ Ux _ 7y + 30 = 0 and x 2 - x + 3.y - 110 = 0. 

* Note that this equation can be obtained from the general equation of a 
circle by replacing x 1 by xx lt _y s by yy u 2x by (.x + xj, and 2y by (y + yd- 
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Find the equations of the tangents to each of the circles at the point 
(8, 6) and hence deduce that the circles touch each other. 



19.4. THE LENGTH OF THE TANGENT FROM 
A POINT P(Z, Y) OUTSIDE THE CIRCLE 

x 2 +y* + 2gx + 2fy + c = 0 

Referring to Figure 19.3, C is the centre of the circle and T the 
point of contact of the tangent. PT is perpendicular to the radius 
TC. 




P(X,Y) 



Figure 19.3 



Hence PT 2 = PC 2 — CT 2 ....(i) 

From (19.4) C is the point (— g, -/) and P is the point (Z, Y) 
hence 

pc 2 = (x + g) 2 + (r+/) 2 ....(ii) 

Also from (19.4) 

TC = radius = J(g 2 +f 2 - c) .... (iii) 

Hence substituting (iii) and (ii) in (i) 

PT 2 = (Z + gf + ( Y +/ 2 ) - (g 2 +p - c) 

= Z 2 + Y 2 + 2gX + 2fY + c ....(19.7) 

Thus the square of the length of the tangent is obtained by sub- 
stituting the co-ordinates of the point in the left-hand side of the 
equation of the circle. Note that if PT 2 has a negative value it 
indicates that P is inside the circle. 

Example 1. Find the length of the tangent from the point (5, 6) 
to the circle x 2 + y* + 2x + 4j — 21 = 0. 
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POINT OF INTERSECTION OF THE LINE AND THE CIRCLE 

From (19.7) 

PT 2 = 5 2 + 6 2 + 2 x 5 + 4 x 6 — 21 
= 74 

hence PT = ^74 

19.5. THE POINTS OF INTERSECTION OF THE 
STRAIGHT LINE y = mx + c AND THE 
CIRCLE x 2 +y 2 = r 2 

The co-ordinates of the points of intersection will satisfy the 
equations of the line and the circle simultaneously 

i.e. x 2 + y 2 = r 2 . . . . (i) 

and y = mx + c . . . . (ii) 

Substituting in (i) from (ii) we have 

x 2 + (mx + c) 2 = r 2 

or (1 + m 2 )x 2 + 2mcx + c 2 - r 2 = 0 .... (19.8) 

•This equation has real, coincident or complex roots according to 
whether the discriminant of this quadratic viz. 

(2mc) 2 - 4(1 + m 2 )(c 2 - r 2 ) = 4(r 2 (l + m 2 ) - c 2 ) 

is positive zero or negative [i.e. according as c 2 is less than, equal to, 
or greater than r 2 (l + m 2 )]. 

Example 1. Find for what values of c the line y = 2x + c meets 
the circle x 2 + y 2 = 9 in two real, coincident and imaginary points. 
Illustrate with a diagram. 

Substituting j = 2x + c in the equation of the circle x 2 + y 2 = 9, 
we obtain 

x 2 + (2x + cf =9 

5x 2 + 4cx + c 2 - 9 = 0 

The discriminant of this quadratic is 16c 2 — 20(c 2 — 9) = 180 — 4c 2 . 
Hence 

if 180 — 4c 2 > 0 i.e. c 2 < 45 we have real roots; 

if 180 — 4c 2 = 0 i.e. c 2 = 45 we have coincident roots; 

if 180 — 4c 2 < 0 i.e. c 2 > 45 we have complex roots 
(see Figure 19.4). 
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The geometrical interpretation of these results is quite generally: 
if c 2 < r 2 (l + m 2 ) the line cuts the circle in two distinct points; if 
c 2 = r 2 (l + m 2 ) the line is a tangent to the circle; if we obtain 
c 2 > r 2 (l + m 2 ) the line and circle do not meet. 

Referring back to (19.8) the condition for y — mx + c to be a 
tangent to the circle x 2 + y 2 = r 2 is c 2 = r 2 (l + m 2 ) 

i.e. c == ±iy/(l + m 2 ) 

Thus the two lines 

y = mx ± rV(l + m 2 ) .... (19.9) 

are always tangents to the circle x 2 + y 2 = r 2 . 




Figure 19.4 

Example 2. Find the equations of the tangents to the circle x % + 
y 2 = 25 which pass through the point (15, —5). 

The radius of the given circle is 5 units. Hence from (19.9), 
y = mx ± 5^/(1 + m 2 ) are always tangents to the circle. These 
lines pass through the point (15, —5) if these co-ordinates satisfy 
the equation, 

-5 = 15m ± 5^(1 +m 2 ) 
i.e. (-5 - 15m) = ±5^(1 + m 2 ) 

On removing the common factor 5 and squaring we have 

(1 + 3m) 2 = 1 + m 2 

8m 2 + 6m = 0 
which has two roots m = — f or 0. 
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Hence the two tangents are 

y=-ix + VO + A) 
and j = 0- 5^(1 + 0) 

i.e. 4y + 3x = 25 or y = —5 
Exercises 19d 

1. Find the lengths of the tangents from the point (5, —2) to (i) 
the circle x 2 + y 2 + 2x — 3y = 0 and (ii) the circle x 2 + y 2 — 
x-5y + 9 = 0. 

2. Find if the points A(2, -1), B(-2, -1), C(3, -2) are inside, 
outside, or on the circle x 2 + y 2 — 2x + y — 5 = 0. 

3. The length of the tangent from the point (3, 2) to the circle 
x 2 + y 2 — 2x — 3y + k = 0 is 9 units. Find the value of k. 

4. Find the points of intersection of the line x + y — 3 = 0 and 
the circle x 2 +y 2 + x — 5y + 4 = 0. 

5. Find the equations of the tangents to the circle x 2 + y 2 = 289 
which are parallel to the line Sx — I5y = 0. 

6. Write down the equation of the tangent to the circle x 2 + 
y 2 — 3x + 5y = 0 at the point (0, 0). 

7. Show that the line 3x — Ay — 10 = 0 is a common tangent of 
the two circles x 2 + y 2 = 4 and x 2 + y 2 — 22x — 24y + 240 = 0. 

8. Given the three circles 

x 2 +y 2 - 16x + 60 = 0 

x 2 +y 2 - I2x + 20 = 0 

x 2 + y 2 — 16* - I2y + 84 = 0 

find (i) the co-ordinates of a point such that the lengths of the 
tangents from it to each of the three circles are equal (//) the length 
of each tangent. (L.U.) 

9. (i) Find the radius and co-ordinates of the centre of the circle 
x 2 + y 2 — 2x — 6y + 6 = 0. (h) If the line x — 2y meets the circle 
x 2 + y 2 — Sx + 6y — 15 = 0 at the points P, Q, find the co- 
ordinates of P and Q and the equation to the circle passing through 
P, Q and the point (1, 1). (L.U.) 

10. A circle touches the 7-axis at (0, 3) and passes through (9, 0). 
Find its equation. Find also the equation of the other tangent from 
the origin. (W.J.C.) 

EXERCISES 19 

1. A circle, the co-ordinates of whose centre are both positive, 
touches both axes of co-ordinates. If it also touches the line 
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3x + 4y — 60 = 0 find its equation and the co-ordinates of its 
point of contact with this line. 

2. Show that the distance between the centres of the following 
circles is equal to the sum of their radii : x 2 + y 2 — 2x — 4y — 20 = 
0, x 2 + y 2 - 26x - 22y + 190 = 0. 

3. Prove that the line 3x + 4y — 13 is a tangent to the circle 
x 2 + y 2 — 2x — 3 = 0 and find the equations of the two tangents 
perpendicular to this one. (L.U.) 

4. Find the radii and the co-ordinates of the centres of the two 
circles which touch the x-axis and which pass through the points 
(3, -2) and (2, -1). 

5. Determine the two values of c for which the line 3x + Ay + 
c = 0 is a tangent to the circle x 2 + y 2 — 6x — 2y — 15 = 0. 

6. Show that for all values of 6 the line x cos 6 + y sin 6 = a 
is a tangent to the circle x 2 +y 2 — a 2 and find the point of contact in 
terms of 6. 

7. Find the equation of the circle through the three points A(l, 3), 
B(4, 2), C(5, 1), also the length of the chord of this circle which 
passes through the origin and makes an angle of 135° with the 
positive direction of the x-axis. 

8. A, B are the points of contact of the tangents from the point 
P(l, 1) to the circle x 2 + y 2 — 4x — 6y + 12 = 0. Find the centre 
and radius of the circle and the length PA. Hence if the chord AB 
subtends an angle 26 at the centre of the circle find the values of 
tan 0. 

9. Find the equation of the circle of radius 12| which touches 
both the lines 4x — 3y = 0 and 3x + 4y — 13 = 0 and intersects 
the positive j-axis. 

10. Show that the pair of tangents from the point (23, 7) to the 
circle x 2 + y 2 = 289 are mutually perpendicular. 

11. Show that the line x — 5 = 0 always cuts the circle jc 2 + 
y 2 — (6 + X)x — 6y + (5A — 11) = 0 in the same two points, 
whatever the value of X. Find the co-ordinates of these points. 

12. Find the equation of the circle that passes through the points 
(0, 1), (0, 4), (2, 5). Show that the axis of x is a tangent to this circle 
and determine the equation of the other tangent which passes through 
the origin. (J.M.B.) 

13. Mark the three points A(0, 2), B(0, -2), C(-4, 2) in a 
sketch and write down the co-ordinates of the centre, the length of 
the radius and the equation of the circle through the three points. 
Show that the line x+j + 6 = 0isa tangent to the circle. Also 
obtain the equation of a second circle that passes through the two 
points A, B and touches the line x + y + 6 = 0. (J.M.B.) 
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14. A circle touches both the x-axis and the line 4x — 3y + 4 = 0. 
Its centre is in the first quadrant and lies on the line x — y — 1 = 0. 
Prove that its equation is x 2 + y 2 — 6x — Ay + 9 = 0. 

(J.M.B., part) 

15. If PCxjjji) is a point outside the circle x 2 + y 2 + 2gx + 
2fy -f c = 0 show that the length of the tangent PT from P to the 
circle is given by 

PT 2 = x\ + y\ + 2g Xl + 2f yi + c 

Two circles have centres A(l, 3) and B(6, 8) and intersect at C(2, 6) 
and D. Find the equation of each of the circles and that of the 
line CD. 

The tangents to the circles from a point P are of equal length. 
Verify that P lies on CD. (J.M.B.) 

16. Find the equation of the circle which has as the ends of a 
diameter the points where the line x — y = 1 meets the locus 
x 2 + 2y 2 — 4x — 4y + 4 = 0. [Hint: show that the equation 
(19.5) can be written x 2 + y 2 — x(x 1 + x 2 ) — y(yi + J2) + x i x 2 + 
yiy* — 0 and remember that the sum of the roots of a quadratic 
equation equal "—b/a" and the product "c/a".] 

17. A(2, 1) and B(6, 4) are the ends of a diameter of a circle. Find 
the equation of the circle and show that it touches the x-axis at the 
point P(4, 0). The line joining the origin O to the point A meets the 
circle again at C. Find the length of the chord AC. 

18. Prove that the circles 

x 2 +y 2 - 20x - 14j + 113 = 0 

Ax 2 + Ay 2 + I6x - 16y - 49 = 0 

lie entirely outside each other and find the length of the shortest 
distance from a point on one circle to a point on the other. 

19. Prove that the circles 

x 2 +y 2 - 10x - 8y - 59 = 0 

x 2 +y 2 — I6x — 16y + 119 = 0 

lie one entirely inside the other and find the length of the shortest 
distance from a point on one circle to a point on the other. 

20. Prove that the circle which has as a diameter the common 
chord of the two circles x 2 + y 2 — lAx — 6y + 33 = 0, x 2 + y 2 + 
2x — 6y — 15 = 0 touches the axes of co-ordinates. 

21. Show that the circumcircle of the triangle formed by the x-axis 
and the pair of perpendicular lines (2x + y — l)(x — 2y + 2) = 0 
passes through the points (0, 1), (0, —1). 
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22. The two circles x 2 + y 2 + 2Xx + 3 = 0 and x 2 + y 2 + 
2Xy — 3 = 0 have centres C x and C 2 respectively. If P is one of their 
points of intersection show that QC? = QP 2 + C 2 P 2 for all values 
of A. 

23. The equations of the sides of a triangle are x + y — 4 = 0, 
x _ y — 4 = o, 2x + y — 5 = 0. Prove that for all numerical 
values of p and q the equation + y — 4)(2x + y — 5) -f 
^(x — y — 4)(2x + j — 5) = (x — y — 4)(x + y — 4) represents a 
curve passing through the vertices of this triangle. 

Find the values of p and q which make this curve a circle and so 
determine the centre and radius of the circumcircle of the triangle. 

(J.M.B.) 

24. A point moves in such a way that the lengths of the tangents 
from it to the circles x 2 +y 2 + 14x + 25 = 0, x 2 + y 2 — 16x + 
25 = 0 are in the ratio 2:1. Show that the point describes a circle 
and find its radius and the co-ordinates of its centre. (W.J.C.) 

25. Find the equation of the circle circumscribing the triangle 
whose sides are x = 0, y — 0, Ix + my = 1. If / and m can vary 
so that I 2 + m 2 — 4l 2 m 2 find the locus of the centre of the circle. 
(Hint: if Ix + my = 1 meets the axes at P, Q then PQ is a diameter 
of the required circle.) 

26. Prove that the circles 

x 2 + y 2 +2x - Sy + 8 = 0 
x 2 +y 2 + lOx - 2y + 22 = 0 
touch one another. Find (/) the point of contact, (ii) the equation 
to the common tangent at this point and (Hi) the area of the triangle 
enclosed by this common tangent, the line of centres and the j-axis. 

(L.U.) 

27. Find the co-ordinates of the centre and the radius of the circle 
x 2 + y 2 — 4x — 2y + 4 = 0. Find the equations of the tangents to 
this circle from the origin. 

Show that the line 5x + I2y = 35 is a tangent to the circle and find 
the co-ordinates of the centre of the circle which is the reflection of 
the given circle in this line. (J.M.B.) 

28. Prove that for different values of 6 the locus of the point 
[(5 cos 6 + 3), (5 sin 0 — 4)] is a circle passing through the origin. 
Find the equation of the tangent at the origin. 

29. Find the condition that the two circles x 2 + y 2 + 2g t x + 
2/i7 + <?! = 0, x 2 + y 2 + 2g 2 x + 2f 2 y + c 2 = 0 may touch, and 
prove that, if they touch, the point of contact lies on each of the lines 

2(gi - g 2 )x + 2(/i -fry + d - c 2 = 0 
C/i -fdx -(gi- g 2 )y +f i g i -fsgi = 0 
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30. Find the equation of the circle with centre at the point (2, 3) 
and radius 5. Find the equation of the tangent at the point (5, 7) 
and verify that it is parallel to the diameter through the point 
(—2, 6). Write down the co-ordinates of the point of contact of the 
other tangent parallel to this diameter. (J.M.B.) 

31. The co-ordinates of the points A and B are (—2, 2) and (3. 1) 
respectively. Show that the equation of the circle which has AB as 
a diameter is x 2 + y 2 — x — 3y — 4 = 0. 

If A and B are opposite corners of a square, find the co-ordinates of 
the other corners. (J.M.B.) 

32. O is the origin and a line OA, of length 2a, makes an angle a 
with the x-axis. Find the equation of the perpendicular bisector of 
OA. 

A circle is drawn through O, A and the point P(2/z, 0). Find the 
co-ordinates of the centre of the circle. 

If h varies, find the equation of the locus of the point of inter- 
section of the tangents at O and P to the circle. (L.U.) 

33. A is the point (2, 3), B is the reflection of A in the line PQ 
given by y = 1 and C is the reflection of B in the line PR given by 
4y = 6x — 3. Find the co-ordinates of C and the length of AC. 

Show that A is the reflection of C in the line perpendicular to CA 
and passing through P. 

Find the equation of the circumcircle of the triangle ABC, 
simplifying your result. (L.U.) 

34. Show in a sketch the part of the x,y plane in which the fol- 
lowing three inequalities are all true. 

x 2 + y 2 - 100 <0 

Uy - Ix - 77 > 0 

9y + 8jc - 80 > 0 

If the last two inequalities are reversed what is the area? 

35. Prove that the circles which touch both the lines y = x tan a 
and y = — x tan a have equations of one of the forms 

x 2 + y 2 - 2px + p 2 cos 2 a = 0 

or x 2 + y 2 - 2qy + q 2 sin 2 a = 0 

where p and q may take any values. 

Deduce the equations of the circles through (2, 6) which touch the 
lines y = 2x andy = —2x. (S.U.J.B.) 

36. Two circles S x and S 2 , of radius r x and r 2 , touch each other at 
the origin and their centres Q and C 2 are at (r 1; 0) and (r 2 , 0) 
respectively. A point P moves so that the lengths of the tangents 
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from P to S x and S 2 are in the ratio k:l. Prove that the locus of P 
is a circle whose centre divides QCa in a certain ratio and find the 
ratio. (S.U.J.B.) 

*37. The co-ordinates of the vertices of a triangle are A(2t, 0), 
B(0, 4), C(r, 2/ 2 ). Obtain the co-ordinates of its orthocentre in the 
form 

x = f(8 - 3t 2 )/(t 2 - 1), y = 5t 2 /2(t 2 - 1) 
assuming t ^ 0 or ±1. 

Also obtain the equation of the locus of the orthocentre as t 
varies in the form Sy(y - 4) 2 = x\2y - 5). (W.J.C.) 

*38. The tangents from the origin to the circle x 2 + y 2 + 2gx + 
2fy + c = 0 touch it at P, Q. Obtain the equation of the circle on 
PQ as diameter in the form 

(f 2 + g 2 )(x 2 +y 2 ) + 2cgx + 2cfy = c(f 2 + g 2 - 2c) 

Find the relation of inequality which holds between g, f, c if this 
second circle encloses the origin. 

*39. Two circles have centres (a, 0) and (—a, 0) and radii b, c 
respectively where a> b > c. Prove that the points of contact of 
the exterior common tangents lie on the circle x 2 + y 2 = a 2 + be. 

Find the corresponding result for the points of contact of the 
interior common tangents. (L.U.) 

*40. Show that the co-ordinates of a point P on the circle (x — a) 2 + 
(y — b) 2 = r 2 may be written in the form x = a + r cos 6, y = 
b + r sin 6, where 6 is the angle which the radius to P makes with 
the x-axis. Prove that the equation of the tangent at P is (x — a) 
cos 6 + (y — b) sin 6 = r. Prove also that, if N is the foot of the 
perpendicular from the origin to this tangent, the co-ordinates of 
N satisfy the equation y cos 6 — x sin 0 = 0, and deduce that the 
locus of N as P moves round the circle is 

[x(x - a) + y{y - b)f = r\x 2 + y 2 ). (L.U.) 

*41. Show that if the circle x 2 + y 2 + 2gx + 2fy + c = 0 cuts 
the x-axis, its intercept on that axis is of length 2~j(g 2 — c). 

Show that the locus of the centre of a circle which makes intercepts 
8>/6, 16 respectively on the x- and j-axis is the curve x 2 — y 2 = 32. 

Show that, if the abscissa of the centre of such a circle is 6, there 
are two circles satisfying the conditions and find their equations. 

(W.J.C.) 

*42. Prove that the equations of two given circles can always be 
put in the form x 2 + y 2 + 2Xx + c = 0, x 2 + y 2 + 2(ix + c = 0 
and that one circle will lie entirely inside the other if both Xfi and c 
are positive. 
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*43. Show that the line 4x + 3y = 25 touches every circle of the 
system x 2 + y 2 — 25 + k(4x + 3y — 25) = 0 at the same point, 
and find the co-ordinates of the point. 

Find the equations of two circles of the system that touch the line 
y = 7. Determine the co-ordinates of the point of intersection of 
the line of centres with the tangent y = 1- Hence, or otherwise, 
obtain the equation of the other direct common tangent to these 
circles. (J.M.B.) 
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20 



THE PARABOLA, ELLIPSE, HYPERBOLA, 
AND SEMI-CUBICAL PARABOLA j 2 = kx 3 



20.1. INTRODUCTION 

The locus of a point P(x, y) which moves so that the ratio of its 
distances from a fixed point S (the focus), and from a fixed straight 
line ZQ (the directrix), is a constant {e, known as the eccentricity), has 
different forms according as e is less than, equal to, or greater than 
unity. The locus is known as a parabola when e = 1, an ellipse when 
e < 1 and a hyperbola when e > 1. We shall see in the sections 
that follow that the loci are all given by second degree equations 
in x and y. 

20.2. THE PARABOLA (e = 1) 

Let SZ be the line through the focus perpendicular to the directrix 
ZQ (see Figure 20.1). 



M 
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S(a,0) * 








L' 



Figure 20.1 

By the definition of the locus it passes through the point midway 
between S and Z. 

The form of the equation of the locus depends on the choice of 
axes. The simplest form of the equation is obtained by taking the 
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origin O, as the point midway between S and Z and axes perpendicular 
and parallel to ZQ. 

Let SO = OZ = a referred to these axes. The focus S is the point 
(a, 0) and the directrix ZQ is the line x = —a. If P(x, y) is any point 
on the locus PS _ pj^[ 

Hence ^[{x — a) 2 + y 2 ] = x + a 

i.e. (x — a) 2 + y 2 = (x + a) 2 

Hence y 2 = 4ax ....(20.1) 

This is the simplest form of the equation of a parabola and is 
obtained because of our choice of axes. 

To trace the parabola (assuming a > 0) we first observe that 
y is not defined if x is negative so that the curve lies wholly to the 
right of the origin. Since we can rewrite the equation y = ±2^ 'ax, 
the curve is symmetrical about Ox and this line is often referred 
to as the axis of the parabola. If x is zero, y 2 = 0 showing that the 
/-axis meets the curve in two coincident points at the point (0, 0), 
known as the vertex. Hence the /-axis is the tangent at the vertex. 
The general shape is shown in Figure 20.1. 

The double ordinate LSL' through the focus is known as the 
latus rectum. Since the abscissa of the point L is x = a, substituting 
in the equation (20.1) we have that the ordinate LS has length 2a. 

Hence LSL' = 2LS = 4a .... (20.2) 




x 



Figure 20.2 



Example 1. Find the equation of the parabola with focus (5, 4) 
and directrix x — 3. 

Refer to Figure 20.2. Let P(A r , Y) be any point on the parabola, 
then P is equidistant from the focus and the directrix. 
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Hence SP = PM = PN - MN 

i.e. V[(X-5) 2 +(r-4) 2 ] = X-3 

(X - 5) 2 + (7 - 4) 2 = {X - 3) 2 
X 2 - WX + 25 + 7 2 - 87 + 16 = X 2 - 6X + 9 
7 2 - 8y-4X + 32 = 0 
Hence the required equation is 

f - 8y - 4x + 32 = 0 
This may be rewritten 

(j _ 4) 2 = 4(x - 4) 

Referring to Figure 20.2 the vertex V is the point (4, 4). If the origin 
of co-ordinates is moved to this point the equation becomes 
y 2 = 4x which is the same as equation (20.1) with a = 1. 

Example 2. Find the equation of the parabola with focus (—3, 2) 
and directrix x — y + 1 = 0. 

-f5 




Figure 20.3 

Let V(X, Y) be any point on the parabola. Then P is equidistant 
from the focus and the directrix. Hence 

SP = PM 

.-. V[(Z + 3) 2 + (Y - 2) 2 ] = X ~ Y f +1 

V2 



•. 2(X 2 + 6X + 9 + Y 2 - 4Y + 4) 



[see (17.5) and (18.20)] 



that is 



= X 2 - 2XY+ Y 2 + 2X- 2Y+1 
X 2 + 2XY + Y 2 + 10X - 6Y + 25 = 0 
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Hence the required equation is 

x 2 + 2xy +y* + 10x-6y + 25 = 0 

To reduce this equation to its simplest form [see equation (20.1)] 
we should need to change the origin and rotate the axes. This 
latter technique is beyond the scope of this book. 

Example 3. A telephone wire hangs from two points P, Q distance 
60 yd. apart. P, Q are on the same level. The midpoint of the 
telephone wire is 3 yd. below the level of PQ. Assuming that it hangs 
in the form of a parabola* find its equation. 




Figure 20.4 

With axes as shown in Figure 20.4 the required equation is of the 
form x 2 = 4ay. 

The point Q has co-ordinates (30, 3) and lies on the curve, so that 
30 2 = 4 x a X 3 
75 = a 

Therefore the required equation is x 2 = 300y. 

20.3. THE EQUATIONS OF THE TANGENT AND 
NORMAL AT THE POINT (x lt yd ON 
THE PARABOLA y* = 4ax 

Differentiating the equation of the parabola, with respect to x 
we have 

2y^ = 4a 
dx 

Hence the gradient of the tangent at the point (xi,ji) is 2a\y x 
and the equation of the tangent is 

% 2a , N 
<J - yi) = — (* - *i) 
yi 

or yyi — yf = 2ax — 2ax x 

* The true shape of such a chain is a catenary but this approximation is 
often of practical use. 
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However, since (x lt yj lies on the curve, y\ = 4ax x . Hence 

yyi — 4a*! = lax — 2ax t 
and the required equation is 

y yi = 2a(x + Xl ) ....(20.3) 

It should be noted that the equation of the tangent can be 
obtained from the original equation of the parabola by replacing 
y 2 by yy x and 4ax by 2a(x + xj. This is a similar rule to the one 
used for a tangent to a circle. 

The normal to a curve at a point is the line passing through the 
point and perpendicular to the tangent at the point. Hence since 
the slope of the tangent is 2a\y x [see (20.3)] the slope of the normal 
is —yJ2a. Hence the equation of the normal is 

y- y^^ix-xj ....(20.4) 
2a 

Example 1. Find the equations to the tangents to the parabola 
y* = 48* at the points (3, 12) (48, -48). Show that these tangents 
are at right angles and find their point of intersection. Here 

4a = 48; /. a = 12 

For the tangent at the point (3, 12), x 1 = 3, y x = 12. Hence sub- 
stituting in (20.3) we have 

y X 12 = 24(x + 3) 

or y = 2x + 6 (i) 

Similarly for the tangent at the point (48, —48) 

j(-48) = 24(jc + 48) 

or y=-\ x -24, ....(ii) 

From (i) and (ii) the slopes of the tangents are 2 and — \ and the 
product of these is —1. Hence by (18.15) the tangents are at right 
angles. 

From equations (i) and (ii), at the point of intersection 
2x + 6 = y = -$x — 24 

4x + 12 = -x — 48 
x - —12 and y = —18 
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Note that since "a" = 12 in this case, x = — 12 is the equation 
of the directrix and this point lies on the directrix. 

Exercises 20a 

1. Sketch the following parabolas showing foci and directrices: 
(i) / = 8x (ii) y 2 = -24* (hi) x 2 = —y (to) x 2 = I2y (i>) 3y 2 + 
8x = 0. 

2. The parabola y 2 = 4ax passes through the point (2, —4). 
Find the co-ordinates of the focus. 

3. A rod rests on two horizontal supports 12 ft. apart and the 
maximum sag is 1 ft. If the supports are at the same level and the 
rod is in the shape of a parabola find its equation in its simplest form. 

4. Find the equations of the tangent and normal (i) to the parabola 
y 2 = 4x at the point (1, 2), (ii) to the parabola x 2 = —I2y at the 
point (—6, —3). 

5. The normal to the parabola y 2 = I2x at the point (3, 6) 
is produced to meet the curve again at the point Q. Find the co- 
ordinates of Q. 

6. Find the equations of the parabolas with the following foci 
and directrices: 

(i) focus (2, 1), directrix x = —3 

(ii) focus (0, 0), directrix x + y = 4 

(ffi) focus (-2, -3), directrix 3x + 4y - 3 = 0. 

7. The normal at a point P(2, 4) on the parabola y 2 = Sx meets 
the axis of x at G. N is the foot of the perpendicular from P to the 
axis. Prove that NG = 4 units. 

8. PSQ is a chord of the parabols y 2 = 24x. S is the focus and 
P is the point (f , 6). Find the co-ordinates of the point Q, and show 
that the tangents at P and Q are at right angles. 

9. A circle with centre (3, 0) and radius 6 units meets the pa- 
rabola y 2 = I2x at the points P, Q. Prove that the tangents to the 
parabola at P and Q meet on the circle. 

10. The tangent to the parabola x 2 = 8y at the point P(12, 18) 
meets the tangent at the vertex at the point V. If S is the focus prove 
that SV and VP are perpendicular. 

20.4. THE POINTS OF INTERSECTION OF THE 
LINE y = mx + c AND THE PARABOLA y 2 = 4ax 
In order to find the points of intersection we solve the two 
equations simultaneously. 

From y = mx + c and y 2 = 4ax we have 
(mx + c) 2 = 4ax 
or m 2 x 2 + 2{mc - 2d)x + c 2 = 0 .... (20.5) 
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The discriminant of this quadratic equation is 

[2(mc — 2a)] 2 - 4m 2 c 2 

or 8a 2 — Same = Sa(a — mc) 

Thus the quadratic equation (20.5) has real, equal or complex 
roots according as 8a 2 — Same is greater than, equal to or less than 
zero. 

Thus if c < afm the line meets the parabola in real points, if 
c > a/m the line does not meet the parabola, if c = aim the line 
touches the parabola. Thus we have that 

y = mx+ — ....(20.6) 
m 

touches the parabola y 2 = 4ax for all values of m. 

Example 1. Find the equation of the tangent to the parabola 
j 2 = —12x which is parallel to the line y + x = 5. 

Since the tangent is parallel to the line y + x = 5 it has the same 
slope as this line. Hencem=— 1. Since y 2 = —Ylx is the equation 
of the parabola 

4a = —12, /. a = — 3 
Substituting for a and m in equation (20.6) the required equation is 

y = (-l)x+fj 

i.e. y + x — 3 

Example 2. Show that the point of intersection of two perpendicular 
tangents to a parabola always lies on the directrix. 

Let the equation of the parabola be y 2 = 4ax. Then the line 
y = mx + a/m is always a tangent. If in place of m we write — 1 lm 
then the line y = —x/m — am is also a tangent and is perpendicular 
to y = mx + a/m. By subtraction the abscissa of the point of 
intersection of these two tangents is given by 

[mx -\- — ) — I — - x — am) = 0 

\ ml \ m I 

(m + — )x + a\ — + ml = 0 

\ m' \m I 

that is by x + a = 0 and this is the equation of the directrix. 
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Example 3. Find the equations of the tangents from the point 
(2, 4) to the parabola y 2 = 6x. 

The equation of the parabola is y 2 = 6x, hence 4a = 6 i.e. 
a = f . Hence any tangent to the parabola is of the form y = 
mx + 3/2m. This tangent passes through the point (2, 4) if 4 = 
2m + 3/2m 

i.e. 4m 2 - 8/m + 3 = 0 

or (2m - \)(2m - 3) = 0 

Hence m = \ or f 

Therefore the tangents from the point (2, 4) are 

a 

y = $x +- i.e. 2y = x + 6 



y = f x + I i.e. 2y = 3x +2 

Exercises 20b 

1. The tangent to a parabola at any point P meets the directrix 
at R. If S is the focus prove that ZRSP is a right angle. 

2. The tangent to a parabola at any point P meets the axis of 
the parabola at T. PN is drawn perpendicular to the axis to meet it 
at N and V is the vertex. Prove that TV = VN. 

3. P is any point on a parabola whose focus is S. PM is drawn 
parallel to the axis of the parabola. Prove that the tangent at P 
bisects Z.SPM. 

4. Show that the equations of the tangents from the point (4, 6) 
to the parabola y 2 = 5x are 4y = 5x + 4 and Ay = x + 20. 

5. A point source of light is placed at the focus of a parabolic 
mirror. Show that all the rays will be reflected parallel to the axis 
of the parabola. 

20.5. PARAMETRIC EQUATIONS OF THE PARABOLA 

For all values of t the equation y 2 = 4ax is always satisfied by 

x = at 2 , y = 2at ....(20.7) 

These are known as the parametric equations of the parabola. 
(at 2 , 2at) can be used as a general point on the parabola y 2 = 4ax. 
t has any value. 
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Substituting the co-ordinates of the general point (at 2 , lat) in 
(20.3) we have that 

y . lat = 2a(x + at 2 ) 

i.e. ty = x + at 2 (20.8) 

is the equation of the tangent at (at 2 , lat). Also 

y — lat — ^2! (_ x _ at 2 ) 
la 

i.e. y + tx = lat + at 3 (20.9) 

is the equation of the normal at (at 2 , lat). 

Example J. Sketch the parabola whose parametric equations are 
x = 5t 2 , y = 10r. 



50 


'/ 


0 




50 


100 


50 












Figure 20.5 





This example can be done immediately by eliminating / and 
obtaining the cartesian equation of the curve viz. y 2 = 20x. How- 
ever, to illustrate the method of sketching from parametric equations 
we proceed as follows. 

We let / have the values —5, —4, . . .+5 and find the corresponding 
values of x and y from the given equations. Thus we can construct 
the following table. 



/ 


-5 


-4 


-3 


-2 


-1 


0 


1 


2 


3 


4 


5 


X 


125 


80 


45 


20 


5 


0 


5 


20 


45 


80 


125 


y 


-50 


-40 


-30 


-20 


-10 


0 


10 


20 


30 


40 


50 



The last two lines of the table enable us to plot the points and 
hence sketch the curve. (Figure 20.5) 
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Example 2. The tangent to the parabola y 1 = 4ax at the point P 
meets the directrix at Q. M is the midpoint of PQ. Find the co- 
ordinates of M in terms of the parameter of the point P and the 
locus of M as P moves on the parabola. 

Let P be the point (op 2 , lap). Then by (20.8) the equation of the 
tangent at P is 

y = - + ap 
P 

Q has co-ordinates ^~ a > — ~ + fl pj 



M has co-ordinates (p 2 - 

If M is the point {X, Y) we have 

* = !(P 2 -1) and Y 

2 2 \ p' 

We obtain the locus of M by eliminating p from these equations. 




Thus we have 
Y 



Figure 20.6 
p* = (2X + a)la 



Y = 



/6X±3a _ A 
a \ a / 

1 J(^) 



(6X + 2a) 
2j(2X + a) 



.'. the locus of M has equation 

2yJ(2x + a) = (6* + 2a)y]a 
i.e. y\2x + a) = a(3x + a) 2 
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Example 3. PSP' is a focal chord of a parabola, S the focus. If 
P is the point (at 2 , lat), find the point P' and hence show that the 
tangents at P and P' are at right angles. 

Since P is the point (at 2 , lat) the cartesian equation of the curve 
is y 2 — 4ax. Hence S is the point (a, 0). 

Let P' be the point (at' 2 , lat'). Since PSP' is a straight line the 
slopes of PS and SP' are the same. 



lat —lat' 



at 2 


— a a — at' 2 


la 2 t - la 2 tt' 2 = -lah't 2 + la 2 t' 




y 




yfHat 2 ,lat) 


0 


\/S(a,0) * 







Figure 20.7 

Simplifying we have 

t- t ' = tt' 2 -t't 2 
i.e. (t — t') = tt'(t' — t) 

Since t ^ t' 

-1 = tt' 
t 

/. P' is the point (ajt 2 , -la\i). 

From (20.8) the slope of the tangent at P(at 2 , lat) is l/t. Hence 
the slope of the tangent at P' is l/(— 1/0 i.e. — t, and the product of 
these two slopes is —1. Hence the tangents at P, P' are at right 
angles. 

Exercises 20c 

1 . Sketch the following parabolas : (i) x = t 2 , y = It (ii) x — lOt, 
y = 5t 2 -3 (iii) x = 3t 2 + 4, y = -6t (iv) x = -St - 1, y = 
At 2 + 1. 
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2. Find the length of the latus rectum of the parabola 4x == t 2 , 
2y — t. 

3. Find the equations of the tangent and normal at any point on 
the parabola x = 6t, y = 3t 2 . 

4. Show that the point of intersection P of the tangents at the 
points A(atf, 2a/ a ) B(arf, 2at%) on the parabola y 2 = 4ax has co- 
ordinates X = at-Jz, Y = + Q. If f x — t 2 = 3 find the locus of 
P as A and B vary. 

5. The normal at any point P on the parabola j 2 = 12x meets the 
axis of the parabola at G. Show that the co-ordinates of M, the 
midpoint of PG are (3 + 3/ 2 , 3t). Hence show that the locus of M 
as P moves round the parabola is y 2 = 3x — 9. 

Exercises 20d 

1 . A point moves in such a way that its distance from the point 
S(5, 12) is always equal to its perpendicular distance from the line 
y = 13. Show that the equation of its locus takes the form y = 
ax — bx 2 and find the constants a, b. 

Show that the curve passes through the origin O ; find the equation 
of the tangent at that point; and show that the tangent bisects the 
angle between OS and the positive direction of the j-axis. (W.J.C.) 

2. Obtain the equation of the normal to the parabola y 2 = 4ax 
at the point (at 2 , 2at). The normal at a point P makes an angle of 
60° with the x-axis and meets the parabola again at the point Q. 
Show that PQ = 32a/3. 

3. Prove that the line ax + by + c + K(a'x + b'y + c') = 0 is a 
tangent to the parabola y 2 = 4x if X\a'c' - b' 2 ) + Uac' + a'c - 
2bb') + ac — b 2 = 0. Hence, or otherwise, find the equations of the 
two tangents to the parabola y 2 = 4x which pass through the inter- 
section of the lines x — y + 1 = 0, 2x + 3y — 5 = 0. 

4. The points P, Q on the parabola y 2 = 4ax have co-ordinates 
(ap 2 , 2ap) {aq 2 , 2aq) respectively. Show that if PQ passes through the 
focus (a, 0) of the parabola then pq = — 1 . Express the co-ordinates 
of the midpoint M of the chord PQ as functions of pq and p+q, and 
find the equation of the locus of the midpoints M of all focal 
chords. Show that the locus is another parabola and state the co- 
ordinates of its vertex and focus. Give on one diagram a rough 
sketch of this locus and of the given parabola. (J.M.B.) 

5. Prove that the equation of the chord joining the points (at\, 
2at 1 ),(at$, 2at 2 ) on the parabola y 2 = 4axisj(f 1 + t 2 ) —2x = 2at t t 2 . 

A variable chord of this parabola always passes through the point 
(4a, 0). Show that the locus of the middle point of the chord is the 
parabola y 2 = 2a(x — 4a). 
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6. The tangent and normal at P(af 2 , 2at), a point on the parabola 
y 2 = 4ax, meet the x-axis at T and G respectively. Prove that P, 
T and G are equidistant from the point (a, 0). Hence prove that the 
tangent at P to the parabola is inclined to the tangent at P to the 
circle through P, T and G at an angle tan -1 1. (L.U.) 

7. The chord joining two variable points A, B on a parabola 
always passes through a fixed point on the axis. Show that the locus 
of the point of intersection of the normals at A and B is another 
parabola. 

8. The two parabolas 

y 2 = 4x and {y + AX) 2 = -4(x - AX 1 - 2) 

meet at the points A and B. Show that the line AB passes through the 
focus of the first parabola for all values of L 

9. The line y = k(x — 2) meets the parabola y 2 = — 8x in the 
two points P and Q. Find the co-ordinates of the midpoint M of 
PQ in terms of k. Hence show that as k varies M lies on the parabola 
y * = 4(2 - x). 

10. Prove that, in a parabola, the portion of any tangent between 
the point of contact and the axis of the curve is bisected by the tangent 
at the vertex. 

20.6. THE ELLIPSE (e < 1) 

We recall that S is the focus and ZQ the directrix. If P(x, y) 
is any point on the curve and PM is perpendicular to ZQ then 

SP = ePM 

Take Z'SZ perpendicular to the directrix ZQ. Let the points A, 
A' divide SZ internally and externally in the ratio e.l. Thus A, 
A' are points on the ellipse. 

The form of the equation, like the parabola, depends on the 
choice of axes. The simplest form is obtained by taking the origin 
O as the midpoint of AA' and axes perpendicular and parallel to 
AA . 

Let AA' = la; then OA = OA' = a. Since A, A' are points on 
the locus, by definition, SA = eAZ; SA' = eA'Z. Hence 

SA' - SA = e(A'Z - AZ) = eAA' 

that is (OS + OA') - (OA - OS) = 2ae 

Hence 20S = 2ae (OA = OA') 

OS = a<? ....(20.10) 
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Thus the focus S is the point (— ae, 0). Also 

SA' + SA = e(A'Z + AZ), 
i.e. AA' = e[(OA' + OZ) + (OZ - OA)] 

Hence 2a = 2eOZ (OA' = OA) 

OZ = a/e 

Thus the directrix ZQ is the line x = —a\e. Now 

PS = ePM 



.(20.11) 



Hence 
0 



(x + ae) 2 +y 2 = e 2 ^x+?j 




Figure 20.8 

x 2 + 2aex + aV + / = eV + 2aex + a 2 
x 2 (l -e a ) +y* = a 2 (l - e 2 ) 

f 



- + ■ 



that is 

a 2 ' a\l - e 2 ) 
and writing b 2 = a\l — e 2 ) 

the equation becomes 



= 1 



i-+^- = l 



a 



. . . .(20.12) 
. . . .(20.13) 



To trace the ellipse we note that since only even powers of both 
x and y occur in the equation the curve is symmetrical about both 
axes. 
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Also since the equation can be rewritten 



The symmetry of the curve enables us to deduce the existence of 
a second focus S'(ae, 0) and a second directrix Z'Q'(x = a/e). 
To summarize, the curve 




is an ellipse of eccentricity e (<1) given by the equation b 2 = 
a 2 (1 — e 2 ). The foci are the points (±ae, 0), the directrices the lines 
x = ±a/e, AA' = 2a is the major axis, BB' = 2b is the minor axis, 
and O is the centre of the ellipse. The chord LS'L' through S' 
perpendicular to the major axis is known as the latus rectum. 

The area of an ellipse can be found by the method of integration 
(see Chapter 15). 

From Figure 20.8 it can be seen that, by symmetry 




then 




or 




then —a < x < a 



Area = 4 x A'OB'L 




Now 






a 



Thus 
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Referring to section 14.4, Example 2 we have that 

rvv-* 2 )dx=^. 2 

Jo 4 
c ir 4 b TTO 2 

area of an ellipse = — • — 
a 4 

= -nab ....(20.14) 

Example 1. Find (i) the eccentricity (w) the co-ordinates of the foci 
(hi) the equations of the directrices of the ellipse x 2 /25 + y 2 /16 = 1. 

(/) Comparing the given equation with (20.13) we have that 
a = 5, b = 4. Substituting in (20.12) we have 

16 = 25(1 - e 2 ) 

25e 2 = 9 

thus e = | 

(if) The co-ordinates of the foci are (±ae, 0), that is (±3, 0). 
(jij) The equations of the directrices are x = ±aje, that is 

x = ±¥. 



Example 2. Show that the length of the latus rectum of the ellipse 
x 2 /a 2 + y 2 /b 2 = 1 is 2b 2 \a. 

Referring to Figure 20.8 the latus rectum is the line through the 
focus S'(ae, 0) perpendicular to the major axis AA'. Hence its 
equation is x = ae. The ordinate of the point L(LS') is therefore 
obtained by solving the two equations 



Thus 




i.e. y 2 = b\\ - e 2 ) 

Now LS'=y = V0 - e2 ) 

From (20.12) ^(1 - e 2 ) = b\a 




the latus rectum 2LS' = 2b 2 /a. 



15 
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Example 3. Show that the ellipse with eccentricity ,/5/3, focus 

(x — J5) 2 

(0, 2) and directrix x — —4^5/5 has the equation ^ 1- 

(y - 2) 2 9 



1. 

4 

Let P(x, y) be any point on the ellipse and let PM be perpendicular 
to the directrix. Hence SP 2 = e 2 PM 2 




Figure 20.9 



i.e. 



x 2 + (y - 2) 2 = 




Therefore x 2 + (y — if -■ 
Rearranging we have 

8V5 



5 2 8V5 16 

• - x + x -\ 

9 9 9 



4 -x> 
9 



x + (y - if = 



i.e. 



16 
9 

16 



-(x 2 -2V5x)+(y-2) 2 = 



"Completing the square" of the terms in x we have 



thus 



-(x- V5) 2 +(y-2) 2 = 4 

(* ~ V5) 2 (y - 2) 2 =i 
9 4 



Referring to Figure 20.9, if the origin of co-ordinates is moved to 
the point C(j5, 2) the equation becomes x 2 /9 + j 2 /4 = 1 which is 
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the same as the equation (20.13) with a = 3, b = 2. It follows that 
0(^/5, 2) is the centre of the ellipse. 

Exercises 20e 

Find (i) the eccentricities (if) the co-ordinates of the foci (Hi) the 
equations of the directrices (iv) the areas and (v) sketch the ellipses : 

2 2 2 2 



100 64 64 100 

4^,4/= ! 4 t+l 

25 9 "64 



5 . 2x2 + / = 2 6 .(£zl1)! + o^)! = 1 

25 16 

7. Find the length of the latus rectum of the ellipse x 2 /169 + 
j 2 /144 — 1. Hence find the co-ordinates of the four points in which 
the latera recta meet the ellipse. Verify that these co-ordinates 
satisfy the equation of the ellipse. 

8. Find the equation of the ellipse which has the co-ordinate axes 
as its principal axes and passes through the points (—1, 3), (2, — 1). 
Find also its eccentricity. 

9. An ellipse has eccentricity e = f . Its foci are the points 
(0, ±4). Find the lengths of its semi-major and semi-minor axes 
and hence write down its equation. 

10. An ellipse of eccentricity f has the points (3, 2) (7, 2) as foci. 
Find the lengths of the major and minor axes, the equations of the 
directrices, the co-ordinates of its centre, and the equation of the 
curve. 

20.7. THE EQUATIONS OF THE TANGENT AND 
NORMAL AT THE POINT (x^yj ON THE 
ELLIPSE * 2 /a 2 + ytjb 2 = 1 

Differentiating the equation of the ellipse with respect to x 
a 2 b 2 dx 

Hence the gradient of the tangent at the point (x lt j x ) is —b^x^a^, 
and the equation of the tangent is 

—b\i , s. 

y- yi= 2 (x - x0 

yyi y\ , x\ 

or "7T - 7i = — — + ~i 

b b a a 



435 



PARABOLA, ELLIPSE, HYPERBOLA, AND SEMI-CUBICAL PARABOLA 

that is yy± + ™L = A,yl 

b 2 a 2 a 2 b 2 
or since y x ) lies on the ellipse 

f+^=l .-.-(20.15) 
b a 

We again note that the equation of the tangent is obtained from 
the equation of the curve by replacing x 2 by xx x and y 2 by yy x . 

Since the normal is perpendicular to the tangent and passes 
through (x lf its equation is 

(y-y 1 ) = $ 1 (x-x 1 ) 

b x 1 



or ....(20.16) 



y - y-i 

yjb 2 xja 2 

Example 1. Find the equation of the tangent and normal to the 
ellipse 3x 2 + 14/ = 138 at the point (-2, 3). 
The equation of the tangent is by (20.15) 

3x(-2) + 14j<3) = 138 

i-e. ly — x = 23 

To find the equation of the normal, instead of finding "a" and 
"b" and using (20.16) we can proceed as follows: 

The slope of the tangent is +f, hence the slope of the normal is 
-7. 

Since the normal also passes through the point (—2, 3) its equa- 
tion is 

(y - 3) = ~l(x + 2) 
or y + Ix + 1 1 = 0 

20.8. THE POINTS OF INTERSECTION OF THE LINE 

y = mx + c AND THE ELLIPSE x 2 /a 2 + y 2 jb 2 = 1 

In order to find the points of intersection we solve the two 
equations simultaneously. Substituting y = mx + c in x 2 /a 2 + 
y 2 /b 2 = 1 we have 

x 2 (mx + cf 
a 2 b 2 

or x 2 (a 2 m 2 + b 2 ) + 2cma 2 x + a\c 2 - b 2 ) = 0 ....(20.17) 
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The discriminant of this quadratic is 

(2cma 2 ) 2 - 4[a 2 (c 2 - b 2 )(a 2 m 2 + b 2 )] or 4a 2 b\b 2 + a 2 m 2 - c 2 ) 

Thus the quadratic (20. 17) has real, equal or complex roots according 
as c 2 is less than, equal to, or greater than b 2 + a 2 m 2 . 
If c 2 = a 2 m 2 + b 2 the line is a tangent to the ellipse; thus the lines 

y = mx ± V(a 2 m 2 + b 2 ) .... (20.18) 

always touch the ellipse. 

Example 1. Find the equations of the tangents to the ellipse 
x 2 + 2y 2 = 19 which are parallel to the line x + 6y = 5. 

Since the tangents are parallel to the line they have the same slope 
as the line, that is m = —i; hence by (20.18) the required equations 
are 

y = -ix± V(a 2 ^ + b 2 ) 

Rewriting the given equation of the ellipse in the form x 2 j\9 + 
y*\i£ = l we have that a 2 = 19, b 2 = A 2 a . Hence the equations of the 
tangents are 

y = ± V(19 . A + ¥) 

that is y=—\x± \- 

i.e. 6y + *=±19 

Example 2. The pair of tangents from the point P to the ellipse 
x 2 \a 2 + y 2 \b 2 = 1 are always at right angles. Show that the locus 
of P is the circle x 2 + y 2 = a 2 + b 2 . 

The line y = mx ± l/(a 2 m 2 + b 2 ) is always a tangent to the given 
ellipse. This line passes through a point P(A r , Y) if 

Y=mX± V(a 2 m 2 + b 2 ) 

Since X, Y, a, b are given this is a quadratic equation in m giving 
the slopes of the two tangents from P to the ellipse. This quadratic 
equation can be written in the form 

(Y - mX) 2 = a 2 m 2 + b 2 

i.e. m\X 2 - a 2 ) - 2mXY + ( Y 2 - b 2 ) = 0 

The two tangents are at right angles if their slopes are m and 
— Ijm, that is if the product of their slopes is —1. Thus for 
perpendicular tangents the product of the roots of this equation 
Y 2 — b 2 

must be —1. Hence - % = — 1 is the required condition or 
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X 2 + Y 2 = a 2 + b 2 which is the condition for the point F(X, Y) to 
lie on the circle x 2 + y 2 = a 2 + b 2 , which is known as the director 
circle of the ellipse. 

Exercises 20f 

Find the equations of the tangents and normals to the following 
ellipses at the points stated : 

1. 3x 2 + 2y 2 = 30, (2, 3) 

2. 4x 2 + 5y 2 = 24, (1, 2) 

3. a 2 x 2 + b 2 y 2 = 2a 2 b 2 , (-b, a) 

Write down the equations of the tangents to the following 
ellipses, with the given gradients : 

4. x 2 /3 + y 2 \2 = 1, gradient 2 

5. x 2 + 2y % = 8, gradient 2 

6. 4x 2 + 5y 2 = 20, gradient 3 

7. Show that the pair of tangents from the point (3, 4) to the 
ellipse x 2 /l6 + y 2 /9 = 1 are at right angles. 

8. The normals to the ellipse x 2 + 4y 2 = 100 at the points 
A(6, 4) and B(8, 3) meet at N. If P is the midpoint of AB and O 
is the origin show that OP is perpendicular to ON. 

9. Show that the slopes of the tangents from the point {h, k) to 
the ellipse x 2 /a 2 ± y 2 /b 2 = 1 are given by the quadratic equation 

m\h 2 - a 2 ) - 2mhk + (k 2 -b 2 ) = 0 (see Example 2). 

By considering the condition for these roots to be complex show that 
(h, k) lies inside the ellipse if h 2 ja 2 + k 2 \b 2 — 1 is less than zero. 

10. Find the locus of a point P which moves so that the sum of 
its distances from two fixed points A and B 8 units apart is always 
14 units. Take AB and its perpendicular bisector as the axes of x 
and y respectively. 

20.9. THE PARAMETRIC EQUATIONS OF AN ELLIPSE 

For all values of 0 the equation x 2 /a 2 + y 2 \b 2 = 1 is always 
satisfied by 

x = a cos 6, y = b sin 0 (20.19) 

These are the parametric equations of the ellipse, (a cos 0, b sin 6) 
can be used as a general point on the ellipse x 2 ja 2 + y 2 jb 2 = 1. 

Example 1. Find the equations of the tangent and normal at any 
point on the ellipse x 2 \a 2 + y 2 \b 2 = 1. 
Any point on the ellipse is (a cos 6, b sin 6). Hence by (20.15) 
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the equation of the tangent is 

xa cos 0 yb sin 0 _ . 

a 2 b 2 

x cos 6 , y sin 0 . 

or h = 1 

a b 

The slope of the tangent is — b\a cot 0, hence the slope of the normal 
is a/b tan 0 and the equation of the normal is 

(y — b sin 0) = a\b tan 0 (x — a cos 0) 

or by cos 0 — 6 2 sin 0 cos 0 = ax sin 0 — a 2 sin 0 cos 0 

that is 6j cos 0 — ax sin 0 = (b 2 — a 2 ) sin 0 cos 0 

20.10. GEOMETRICAL INTERPRETATION 
OF THE PARAMETER 0 

Consider Figure 20.10. ABA'B' is the ellipse x 2 /a 2 + yW = 1 
and on AA' as diameter a circle has been drawn. The equation of 
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Figure 20.10 



the circle is x 2 + y 2 — a 2 and it is known as the auxiliary circle of 
the ellipse. 

Let the ordinate NP meet the auxiliary circle at Q. On comparing 
the equations of the circle and the ellipse it can be seen that NP = 
bja NQ. Hence if ZQON = 0, since the radius OQ is equal to a, 

NP = - a sin 0 
a 

NP = b sin 0 

and ON = a cos 0 

Hence if P is the point (a cos 0, b sin 0) the parameter 0 is the angle 
QON, the eccentric angle. 
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Example 1. Show that if P and P' have parameters 0 and tt + 0 
the chord PP' passes through the centre of the ellipse. 







cf 




" 



Figure 20.11 

If Q,Q' are the points on the auxiliary circle corresponding to 
P, P' it can be seen from Figure 20.11 that Q, Q' are opposite ends 
of a diameter. It is clear from the symmetry of the figure that PP' 
also passes through the centre. 

Alternatively P is the point (a cos 8, b sin 0) and P' the point 
[a cos (tt + 0), b sin (tt + 0)] i.e. (—a cos 8, —b sin 0). 

The slope of OP is 



and the slope of OP' is 



b sin 8 

= - tan i 

a cos 8 a 



— b sin 8 b 

= — tan 

a cos 8 a 



Hence POP' is a straight line. 

Example 2. If S and S' are the foci of an ellipse and P any point on 
its circumference show that SP + PS' = 2a, where 2a is the length 
of the major axis. 

Let the equation of the ellipse be x 2 /a 2 + y 2 /b 2 = 1. 

Any point P on it has co-ordinates (a cos 8, b sin 8) and the foci 
are S(—ae, 0), S'(ae, 0). Hence 

SP 2 = (a cos 8 + aef + b 2 sin 2 8 

= a 2 cos 2 8 + 2a 2 e cos 8 + a 2 e 2 + a 2 (l — e 2 ) sin 2 8 

= a 2 (cos 2 8 + sin 2 8) + 2a 2 e cos 8 + a 2 e 2 (l - sin 2 8) 

= a 2 + 2a 2 e c©s 8 + a 2 e 2 cos 2 8 

= a 2 (l + e cos 0) 2 

440 



GEOMETRICAL INTERPRETATION OF PARAMETER 0 
Hence SP = a(l + e cos 0) (20.20) 

Similarly S'P = a(l — e cos 0) ... .(20.21) 

whence SP + S'P = 2a ....(20.22) 



P(o cos 6,b sine) 




Figure 20.12 

Example 3. If PG is the normal at P. Show that PG bisects the 
angle SPS' where S, S' are the foci (see Figure 20.12). 

Let P be the point (a cos 0, b sin 0). By equation (20.16) the 
equation of PG is 

y — b sin d x — a cos 6 



b sin 6/b 2 



i.e. 



cos 6 



a cos 6/a 2 
sin 6 



(y — b sin 6) = {x — a cos 0) 



This meets the x-axis where y = 0 that is 
ft cos 6 sin 0 sin 6 



a 

b 2 cos 0 



a 



b*-a 2 



(x — a cos 0) 



= x — a cos 0 



- cos 0 = x 



ae 2 cos 0 = x [since 6 2 = a 2 (l — e )] 
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Referring to Figure 20.12 

SG = ae 2 cos 0 + ae 
S'G = ae — ae 2 cos 0 
SG l + ecos0 SP rtft , m mini 

Hence Wg = i-.cose = ST [from (20 - 20) ' (20 - 21)] 

.*. PG is the internal bisector of the angle SPS'. 
Exercises 20g 

1. Find the equation of the tangent at any point (a cos 0, b sin 0) 
on an ellipse x 2 /a 2 + y 2 \b % = 1 . Hence show that the equation of the 

• , ax by 

normal can be written m the form ——7, — -7—^ = a ~ 0 • 

cos o sin (7 

2. Show that the equation of the line joining two points whose 
eccentric angles are 0 and $ is given by xja cos \{d + <f>) + 
y\b sin \{Q + <f>) = cos %{d — 4>). Deduce the equation of the tan- 
gent at the point 6. 

3. PG, PN and PT are respectively the normal, the ordinate and 
the tangent at P any point on an ellipse. Also if G, N, T are the 
points where they cut the major axis prove that (0 ON . OT = OA 2 
and (ii) OG = e 2 ON (O is the origin). 

4. Q(— a sin 6, b cos 0) and Q 1 ^ sin 0, —b cos 0) are any two 
points on an ellipse x 2 \a 2 + y 2 \b 2 = 1 . Show that QQ 1 passes through 
the origin. 

5. Show that the tangents to the ellipse x 2 \a 2 + y 2 \b 2 = 1 at 
points whose eccentric angles differ by 90° meet on the ellipse 
x 2 \a 2 + y 2 \b 2 = 2. 

Exercises 20h 

1. Find the equation of the tangent to the ellipse 4x 2 + 9y 2 = 72 
at the point (3,2). Also find the equations of the tangent perpendicu- 
lar to this one. 

2. The tangent at the point 0 to the curve x = a cos 0, y — 
b sin 0 meets the x-axis at A and the j-axis at B. If O is the origin 
find the minimum area of triangle AOB. 

3. In the preceding question find the locus of the midpoint of AB. 

4. Plot the points on the curve given by the equations x = cos t, 
y = cos It for the values 0°, 30°, 60° . . . 180° of t and sketch the 
curve. 

Prove that the distance of any point of the curve from the point 
(0, —5) is the same as its distance from the line y = — f . (L.U.) 
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5. Show that, for every value of </>, the point P(a cos <f>, b sin <f>) 
lies on the ellipse x 2 \a 2 + y 2 \b 2 = 1. Obtain the equation of the 
tangent at P in the form xja cos <f> + y\b sin <j> = 1. 

If the tangent at P meets the axes in TT 1 and the diameter through 
P meets the ellipse again at P 1 show that 

tan TP 1 !" 1 = 2 OT . OT 1 /^ 2 + b 2 + OP 2 ) (O being the origin). 

(W.J.C.) 

6. (a) Find the equations of the tangents of gradient | to the 
ellipse* 2 + 6y 2 = 15. 

(b) If the normal at a variable point P on the ellipse x 2 /a 2 + 
y 2 \b 2 = 1 meets the x-axis in Q show that the locus of the midpoint 
of PQ is an ellipse concentric with the given ellipse. Find the 
eccentricity of this ellipse if that of the given ellipse is £. 

(J.M.B.) 

7. Show that the equation of the tangent to the ellipse x 2 ja 2 + 
y 2 \b 2 = 1 at the point P(a cos 6, b sin 0) is x\a cos 6 + y/b sin 0 = 1. 

If RR l are the feet of the perpendiculars from the foci S, S 1 on 
to the tangent at P, prove that SR . S^ 1 = b 2 . Show also that 

— = (J.M.B.) 

SS 1 V(" 2 + *> 2 cot 2 0) V ' 

8. The tangent and normal at the point P(a cos 6, b sin 0) on the 
ellipse jc 2 /a 2 + y 2 /b 2 = 1 meet the axis of x at (x lt 0) and (x 2 , 0) 
respectively. If 6 is small show that x t = a + \aB 2 approximately. 
Find a similar approximation for x 2 . (J.M.B., part) 

9. A perpendicular is drawn, from the point (0, —b) on the 
ellipse x 2 \a 2 + y 2 \b 2 = 1, to the tangent at any point P(acos0, 
b sin 6) on the same ellipse. Write down an expression for the 
length of this perpendicular, and prove that the length has a stationary 
value when P is at either end of the minor axis, but has no other 
stationary value unless 2b 2 < a 2 . (L.U.) 

10. Find the equation of the normal to the ellipse x 2 /a 2 + 
y 2 \b 2 — 1 at the point P whose eccentric angle is 8. 

The tangent and normal at P cuts the j-axis at T and G respectively. 
Prove that the circle on TG as diameter passes through the foci. 
Find the centre and radius of this circle. (S.U.J.B.) 



20.11. THE HYPERBOLA (e > 1) 

We obtain the simplest equation of the hyperbola in a similar 
manner to that used in (20.6) to obtain the equation of the ellipse. 
Referring to Figure 20.13, S is the focus, ZQ the directrix, P(x,y) 
any point on the curve and PM is perpendicular to ZQ. 
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SZS' is perpendicular to the directrix ZQ. A and A' are the 
points dividing SZ internally and externally in the ratio e:l. Thus 
A, A' are points on the hyperbola. O is the midpoint of AA' and 
the axes are as shown in Figure 20.13. Let AA' = 2a. 

Following the method used for the ellipse OS = ae, OZ = aje; 
thus S is the point {—ae, 0) and ZQ is the line x = —ale. 




■X 



Figure 20.13 



PS = ePM 

(x + ae) 2 + y 2 = e\x + aje) 2 
x 2 + 2aex + a 2 e 2 + j 2 = e 2 x 2 + 2aex + a 2 
a\e 2 - 1) = x\e 2 - 1) - y 2 

thus *! yl = i 

a 2 aV - 1) 
and writing b 2 = a\e 2 — 1) the equation becomes 




....(20.23) 



To trace the hyperbola we note that only even powers of x and y 
occur in the equation. Hence the curve is symmetrical about both 
axes. Also by this symmetry there is a second focus S'(ae, 0) and a 
second directrix x = a/e. 

Further, since the equation can be rewritten y 2 jb 2 = x 2 ja 2 — 1 
and the left hand side is always positive, x 2 /a 2 — 1 must be positive, 
hence there is no part of the curve for values of x between -fa and 
—a. On the other hand since x 2 \a 2 = 1 + y 2 \b 2 , y can have all 
values. 

To summarize, the curve 
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is a hyperbola of eccentricity e (>1) given by the equation 

&» = a , (e"-l) ....(20.24) 

The foci are the points (±ae, 0) the directrices the lines x = ±aje; 
AA' = 2a is the transverse axis and O is the centre. The chord 
LS'L' through S' perpendicular to the major axis is the latus 
rectum. 

Example 1. Find (i) the eccentricity (it) the co-ordinates of the foci 
(Hi) the equations of the directrices of the hyperbola x 2 /9 — y 2 /l6 = 
1. 

(0 Comparing the equation with (20.23) we have that a 2 = 9, 
b 2 = 16. Substituting in (20.24) we have 

16 = 9(e 2 - 1) 

25 = 9e 2 

% = e 

(it) The co-ordinates of the foci are (±ae,0), that is (±5 X f, 0) or 
(±¥, 0). 

(in) The equations of the directrices are x = ±a/e, that is 
x = ±3. 

Example 2. Show that the length of the latus rectum of the hyper- 
bola x 2 /a 2 - y*lb 2 = 1 is 2b 2 /a. 

Referring to Figure 20.13 since LS' is the value of y when x = ae 
and from the equation of the hyperbola 

then LS ^ = ,y(^!_ 1 ) 

LS' = f>V(e 2 - 1) 
From equation (20.24) ^/(e 2 — 1) = bja hence 

LS' = &\a 

2b 2 

latus rectum LS'L' = — ... .(20.25) 

a 

Exercises 20i 

Find (0 the eccentricities (ii) the co-ordinates of the foci (Hi) the 
equation of the directrices and (iv) sketch the hyperbolae. 
1. x 2 /4 - //23 = 1 2. //9 - x 2 /7 = 1 
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3. x 2 /4 - 4j 2 /33 = 1 4. 56x 2 - 25y 2 = 1400 

5. y 2 \2-x 2 =\ 6. x 2 -j> 2 = 25 

7. Find the length of the latus rectum of the hyperbola jc 2 /9 — 
y 2 \l = 1 . Hence find the co-ordinates of the four points in which the 
latera recta meet the hyperbola. Verify that these co-ordinates 
satisfy the equation of the hyperbola. 

8. The foci of a hyperbola are the points (±7, 0). Find the 
equation of the curve if e = If the eccentricity is unaltered but 
the foci are the points (0, ±7), what is the equation? 

9. The centre of a hyperbola is at the origin and its transverse axis 
lies along the x-axis. Find the equation of the hyperbola if it passes 
through the points (6, V) and (—5, 0). 

10. Referring to Figure 20.13 show that PS = ex + a and that 
PS' = ex — a. Hence prove that the difference of the focal distances 
is constant and equal to the length of the transverse axis. {Hint: 
PS = ePM and PS' = ePM'.) 



, 1 ....(20.26) 



20.12. PROPERTIES OF THE HYPERBOLA 

x 2 /a 2 - y 2 \b 2 = 1 

Many of the results for the hyperbola can be obtained from the 
corresponding results for the ellipse by writing — b 2 in place of b 2 . 

(a) The equation of the tangent at the point (xi,7i) is 

xx 1 _yy 1 
a 2 b 

(b) The equation of the normal at the point (x u yj is 

J VTi = — TT ■ ■ ■ -(20.27) 

yj-b 2 x x /a 2 

(c) The line/ = mx + c meets the hyperbola in real, or coincident 
points or not at all, according as c 2 is greater than, equal to or less 
than a 2 m 2 — b 2 . 

(d) The lines 

y = mx ± y/(a 2 m 2 — b 2 ) always touch the hyperbola (20.28) 

20.13. PARAMETRIC EQUATIONS OF THE HYPER- 
BOLA x 2 \a 2 -y 2 \b 2 = 1 

The most usual forms of the parametric equations are 

x = a sec 6, y = b tan 6 (20.29) 

(see also Exercise 5, Exercises 20j.) 
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Example 1. Find the equations of the tangent and normal at any 
point on the hyperbola x 2 la 2 — y 2 \b 2 = 1. 

Any point on the hyperbola is (a sec 0, b tan 0). Hence by 
(20.26) the equation of the tangent is 

xa sec 0 _ yb tan 0 _ 
a 2 ~ b 2 

that is - seed - ^tanfl = 1 ....(20.30) 

a b 

. b sec 6 b 1 „ , 
The slope of this tangent is - - — 2 or - — s . Hence the equation 
fl , r , . & a tan 6 a sin 0 
of the normal is 

(y — b tan 0) — a j* m (x — a sec 6) 



which reduces to 



ax sin 0 + by = (a 2 + b 2 ) tan 0 



.(20.31) 



Example 2. P is any point on a hyperbola centre C. The normal at 
P meets the major axis at G and the ordinate at P meets the major axis 
atN. Prove that CG = e 2 CN. 





y 


(P{a sec 6,b tan 0) 




\\ N G 



Figure 20.14 

Let P be the point (p sec 6, b tan 6). CN is the abscissa of P and 

therefore CN = a sec 0 (i) 

From (20.31) the equation of PG is 

ax sin 0 + by = (a 2 + b 2 ) tan 6 
G lies on the x-axis (y — 0) and therefore its abscissa is given by 
ax sin 0 = (a 2 + b 2 ) tan 0 
a 2 + b 2 tan 0 



CG = 



a sin 0 

a 8 + b 2 fl 
1 sec 0 



.(ii) 
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From (i) and (ii) 

CG _ a 2 4- b 2 
CN a 2 

= fl » + ay-D [see(2024)] 

a 2 

= e 2 
CG = e 2 CN 

Example 3. If P is any point on a hyperbola whose foci are S and 
S 1 , prove that S J P — SP is constant. 

Let P be the point (a sec 8, b tan 0) on the hyperbola x 2 \a 2 — 
v 2 /Z> 2 = 1. 

The foci S 1 and S are the points (— ae, 0) and (ae, 0) respectively. 
Thus 

SP 2 = (a sec 0 - aef + b 2 tan 2 0 

= a 2 sec 2 0 - 2a 2 e sec 6 + a 2 e 2 + a 2 (e 2 - l)(sec 2 0-1) 
= a 2 sec 2 6 — 2a 2 e sec 6 + a 2 e 2 + a 2 e 2 sec 2 6 — a 2 sec 2 0 

- a 2 e 2 + a 2 

= a 2 — 2a 2 e sec 6 + a 2 e 2 sec 2 0 

= a 2 (esec0- l) 2 
SP = a(e sec 6- 1) 

(Since e > 1 and sec 8 > 1, this cannot be 1 — e sec 0.) Similarly 
S!P = a(e sec 0 + 1) 
S l P — SP = 2a 

Exercises 20 j 

1 . Find the equations of the tangent and normal to the hyperbola. 
9x 2 - 4y 2 = 36 at the point (4, 3^/3). 

2. Show that the equation of the chord joining the points (a sec 0, 
b tan 0) and (a sec (f>, b tan </>) on the hyperbola x 2 ja 2 — y 2 /b 2 = 1 
is 

- cos - (0 - <4) - ^ sin i (0 + i) = cos i (0 + <A) 
a 2 r & 2 r 2 r 

Deduce the equation of the tangent at the point (a sec 0, b tan 0). 
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3. Show that the two tangents to the hyperbola x 2 \A — y 2 = 1 
which are parallel to the line y — 2x — 3 are a distance 2^/3 apart. 

4. Find the condition for the line Ix + my = n to touch the 
hyperbola x 2 ja 2 — y 2 lb 2 = 1. By writing -\-b 2 in place of — b 2 
deduce the condition for the same line to meet the ellipse x 2 \a 2 + 
y 2 /b 2 = 1. 

5. Show that the point 

always lies on the hyperbola x 2 ja 2 — y 2 /b 2 = 1 for all values of t. 
Derive the equation of the tangent at this point. 

6. P is any point on a hyperbola whose foci are S, S'. The tangent 
and normal at P meet the axis of the hyperbola at T and N respec- 
tively. Prove that PT, PN are the internal and external bisectors of 
the angle SPS'. 

7. The pair of tangents from the point P to the hyperbola x 2 ja 2 — 
y 2 /b 2 = 1 are always at right angles. Show that the locus of P is the 
circle x 2 + y 2 = a 2 — b 2 (the director circle). {Hint: refer to 
section 20.8 Example 2.) 

8. Show that the eccentricities e x and e 2 of the hyperbolas x 2 \a 2 — 
y 2 \b 2 =\ and -x 2 /a 2 + y 2 \b 2 = 1 satisfy the relation \\e\ + 
\\e\=\. 

9. The tangent and ordinate at the point P on the hyperbola 
x 2 /a 2 — y 2 \b 2 = 1 meet the x-axis at T and N respectively. If C is 
the centre of the hyperbola, show that CT . CN = a 2 . 

10. Find the equations and the points of contact of the tangents 
to the hyperbola 2x 2 — 3y 2 = 5 which are parallel to 8x = 9y. 

20.14. ASYMPTOTES OF THE HYPERBOLA 

x 2 \a 2 - y 2 \b 2 = 1 

The definition of an asymptote is that it is a straight line which 
meets a curve in two points at infinity, but which is not altogether 
at infinity. 

The abscissae of the points of intersection of the line y = mx + c 
and the hyperbola x 2 \a 2 — y 2 \b 2 = 1 are given by the equation 

x 2 (mx + c) 2 _ j 
a 2 ~ b 2 

or rearranged as a quadratic in l/x 

a\c 2 + ft 2 ) -„ + 2a 2 mc - + (a 2 m 2 - b 2 ) = 0 ... .(20.32) 
x 2 x 
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This equation has two zero roots if both 2a 2 mc = 0 and a 2 m 2 — 
b z = 0, that is, if m — ±b/a and c — 0, the line y = mx + c meets 
the hyperbola in two points such that Ijx = 0. If l/x = 0, x is 
infinite, and thus 

y=+-x and y = —-x ....(20.33) 
a a 

both meet the curve in two points at infinity and are thus the 
asymptotes. 

The lines both pass through the origin and are equally inclined to 
the x-axis at angles ±tan _1 bja. Their combined equation is 



{'-*.*){' + N=° 



i.e. T-tf = ° ■■••(20.34) 

a b 




■x 



Figure 20.15 



The lines are shown in Figure 20.15 as LOL' and KOK'. 

Example 1. Show that any straight line parallel to an asymptote 
will meet the curve in one point at infinity and one finite point. Any 
line parallel to an asymptote has the equation 

y = ± - x + k (fc 0), 
a 

that is, its slope m = ±b/a. 

Hence from equation (20.32) the abscissae of the points of inter- 
section of the line with the hyperbola are given by 

a\e + b 2 ) - 2 + 2a 2 (± -)k i + 0 = 0 
x 2 \ at x 
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The roots of this equation are 



1 . , 1 -r- 2bk 
- = 0 and - 



x x ' a{k 2 + b 2 ) 

that is one value of x is infinite, and since k 0, the other is finite. 

Example 2. P is any point on the hyperbola x 2 /a 2 — y 2 /b 2 = 1 and 
the tangent at P meets the asymptotes in A and B. Show that P is 
the midpoint of AB. 

Let P be the point (a sec 6, b tan 6). The tangent at P is [see 
equation (20.26)] 

-sec0 - ^tan 0 = 1 ....(i) 
a b 

The combined equation of the asymptotes is 

2 2 

*i-& = 0 ....(ii) 
a b 

From (i) y = _^_(* sec e - l) 

tan 6\a J 

Substituting (ii) 

■e[- seed - i) 2 = o 



x 2 

- cot 2 ' 



x 2 7.x 
that is — (1 - cosec 2 6) + — cot 2 6 sec 6 - cot 2 6 = 0 
a 2 a 

or - -'cot 2 6 + — cot 2 6 sec 6 - cot 2 6 = 0 

a 2 a 

thatis — sec0 + l=O 

a 2 a 

which is a quadratic in x whose roots x x , x 2 are the abscissae of the 
points A and B. Now 

_ 2 sec 6 ll_ 
a I a 2 

= 2a sec 8 

that is %(x x + Xa) = a sec 6 

which is the abscissa of the point P. 
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Similarly if x is eliminated from (i) and (ii) half the sum of the 
ordinates of A and B is equal to the ordinate of the point P. Hence 
P is the midpoint of AB. 

20.15. THE RECTANGULAR HYPERBOLA 

If the asymptotes of a hyperbola are at right angles it is known as 
a rectangular hyperbola. The asymptotes will each be inclined at 
45° to the x-axis. Hence from equations (20.33) 

a 

and the equation of the hyperbola can be written 

2 2 

£ _ r = i 

2 2 

a a 

x*-y l = a t ....(20.35) 

Example 1. Show that the eccentricity of any rectangular hyperbola 
is yj2. Any rectangular hyperbola has the equation 

2 2 

E . _ L. = i 
a 2 a 2 

Hence from equation (20.24) 

a 2 = a\e 2 - 1) 
whence e — ^J2 

20.16. THE EQUATION OF A RECTANGULAR 
HYPERBOLA REFERRED TO ITS 
ASYMPTOTES AS AXES 

Referring to Figure 20.16, T > (x,y) is any point on the curve. PM 
is perpendicular to the asymptote OK. MQ and PN are perpendic- 
ular to the x-axis. If the co-ordinates of P referred to the asymptotes 
as axes are {X, Y) then 

OM = X, and PM = Y. 

Now ON = OQ + QN 

= OM cos 45° + PM cos 45° 

that is x = (X f 7) ....(ft 

V2 
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Also 
that is 



PARAMETRIC EQUATIONS OF xy = C 2 
NP = PM sin 45° - OM sin 45° 

yr-X) 

'-— 

Since the hyperbola is rectangular its equation is 

x 2 — y 2 = a 2 
Substituting from (i) and (ii) in (iii) we have 
(X + Y) 2 (Y - X) 



or 



2 2 
2XY = a 2 



— a 



. . .(ii) 
...(iii) 





y 










45°\^ 


\K IN 

nK \ 








Figure 20.16 





Hence the equation of a rectangular hyperbola referred to its 
asymptotes as axes is 

r 2 

xy 



ar 
2 



xy = c 



. . .(20.36) 



20.17. PARAMETRIC EQUATIONS OF xy = c 2 

The equation xy = c 2 is always satisfied if 

c 

x = ct, y — - 



(20.37) 



where t is a parameter. These are the parametric equations. 
(ct, eft) is any point on the curve, as t varies. 
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20.18. THE TANGENT AND NORMAL AT THE 
POINT (ct, c/f) ON THE CURVE xy = c 2 



If 




dx x 2 

.". the gradient of the tangent at (ct,cjt) is — c 2 /c 2 f 2 = — 1/i 2 . 
Hence the equation of the tangent is 

or t 2 y + x = 2ct ....(20.38) 

The equation of the normal is 

(y--)=t\x-ct) 

or ty — t 3 x = c - c( 4 (20.39) 

Example 1. Show that the equation of the tangent at the point 
( x i>yi) to the curve xy — c 2 can be written xy + x^ = 2c 2 . Verify 
that this agrees with equation (20.38). From 

xy = c 2 

dy = _ c_ 2 

dx x 2 

Hence at the point (x l3 yj the slope of the tangent is — c z \x\ and its 
equation is 

(y - yi) = — -Ax- Xi). 

x 2 

Since the point lies on the curve, c 2 = x^ 



hence 


y — yi 


= -Hi 




Xl 


or 


xtf + yix 


= 


that is 


w + y^ 


= 2c 2 



(X - Xj) 
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To verify that this agrees with equation (20.38) let x t = ct, and 
j x = c\t then 

cty +~ f x = 2c * 



that is 



or 



ty -\ — x = 2c 

t 2 y + X = let as in (20.38) 



Example 2. Find the co-ordinates of the vertices and the foci of 
the curve x y = 18. 
Comparing the given equation with xy = \a z it follows that 




Figure 20.17 

a = 6. Referring to Figure 20.17 we have OA = OA' = 6. Also 
since the hyperbola is rectangular e = yj2. Hence OS = OS' = 
ae = 6^/2. Because SAOA'S' is inclined at 45° to the axes it follows 
that A, A' are the points (±3^2, ±3^2) and S, S' are the points 
(±6, ±6). 

Exercises 20k 

1. Find the equations of the asymptotes and the co-ordinates of 
the vertices of the hyperbolae (/) x 2 /9 - y*/4 = 1 and (») -x 2 /9 + 
y/4 = l and sketch the two curves on the same diagram. 

2. For what values of m does the line y = mx meet the hyperbola 
x 2/ a 2 _ yz/b* = 1 in real and finite points? 

3. Find the cartesian form of the equations of the following loci 
and sketch the curves. 

4 

(i) x = 4f, y = - 

1 

(n) x = t, y = — - 
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3 

(Hi) x — 1 + 3t, y — - 

(iv) x = 2t—l,y=--+i 
t 

4. Find the equations of the tangents and normal at the point 
(4, 1) on the curve xy = 4. 

5. Show that the equation of the line joining the points P(r, 1 \t) 
and Q(w, \ju) on the rectangular hyperbola xy — 1 is x + tuy — 
t + u. Deduce the equation of the tangent at P. 

6. Find the equations of the tangents to the rectangular hyperbolae 
x 2 — y 2 = 3, xy = 2 at their points of intersection. Hence show that 
the curves cut at right angles. 

7. Show that the normal to the hyperbola xy = c 2 at the point 
(cp, cjp) cuts the hyperbola again at the point (—c/p 3 , —cp 3 ). 

8. Show that the tangents to the rectangular hyperbola x = ct, 
y = cjt at the points with parameters t 1 and t 2 meet at the point 

P(x, y) where x = 2c , y = . If t x = \\t x find the 

locus of P. h + h h + h 

9. Find the equation of the tangents to the hyperbola x 2 — y 2 = 7 
which are parallel to 3y = Ax and find their points of contact. Find 
the area of the triangle which one of these tangents makes with the 
asymptotes. 

10. Prove that the straight line Ix + my = n touches the rectan- 
gular hyperbola xy = c\ if w 2 = Almc 2 . Find the co-ordinates of the 
point of contact. 

Exercises 201 

1 . Find the locus of the midpoint of a straight line which moves so 
that it always cuts off a constant area k 2 from the corner of a square. 

2. If A, A 1 are the vertices and P is any point on a rectangular 
hyperbola, show that the internal and external bisectors of the angle 
APA 1 are parallel to the asymptotes. 

3. Show that if the line y = mx + c is a tangent to the rectangular 
hyperbola x 2 — y 2 = a 2 then c 2 = a 2 (m 2 - 1) and the co-ordinates 
of the point of contact T are (—ma 2 \c, —a 2 /c). 

If the line meets the asymptotes at P, Q, show that T is the mid- 
point of PQ. 

If the normal through T meets the principal axes of the hyperbola 
in R, S, show that T is also the midpoint of RS. (J.M.B.) 

4. Show that the equation of the chord joining the points 
P(cp, c/p) Q(cq, c/q) on the curve xy = c 2 is pqy + x = c(p + q). 
Hence or otherwise find the equation of the tangent at P. 
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Find the co-ordinates of the point of intersection T of the tangents 
at P, Q. If p and q vary so that the chord PQ passes through the 
point (a, 0), find the equation of the locus of T. (J.M.B.) 

5. Sketch on the same diagram the hyperbola x 2 — y 2 = 4 and the 
circle x 2 + y 2 = 9. Indicate on a diagram the portion of the plane 
where 

(/) x 2 - y 2 - 4 > 0 and x 2 + y 2 - 9 < 0 
(//) x 2 - y 2 - 4 < 0 and x 2 + y 2 - 9 > 0 

6. A, B are the points (a, 0), (—a, 0) and P is a point such that 
PA = PB + b where b is constant (0 < b < 2d). Prove that the 
locus of P is one branch of an hyperbola and find the eccentricity and 
the length of the major axis of this hyperbola. (W.J.C.) 

7. Prove that the equation of the normal to the rectangular 
hyperbola xy = c 2 at the point (ct, c/t) is xt s — yt = c(f 4 — 1). 

Four normals to the curve from a point meet the curve at P, Q, R, 
S. Prove that the pairs of lines PQ.RS; PR, QS; PS, QR are such 
that the lines in each pair are perpendicular to each other. 

(S.U.J.B.) 

8. Verify that the point (1 + 3t, 3 + 3/?) lies on the curve xy — 
3x — y — 6 = 0 for all values of the parameter t, and prove that the 
equation of the tangent to this curve at the point defined by t is 
x + t*y = 3t 2 + 6t + 1. 

Deduce that the tangent to this curve forms with the lines x = 1 
and y = 3 a triangle whose area is constant. 

Two tangents to this curve intersect at the point (3, —5). Find the 
angle between these tangents. (L.U.) 

9. Show that if the line y = mx + c touches the hyperbola 
X 2 - 3y 2 = 1, then 3m 2 = 3c 2 + 1. 

Obtain an equation for the gradients of the two tangents to the 
hyperbola from the point V(x 0 ,y 0 ). Show that if these tangents are 
perpendicular then P lies on the circle x 2 + y 2 = f . (J.M.B.) 

10. Find the equation of the normal at the point (ct, cr 1 ) on the 
rectangular hyperbola xy = c 2 . 

The normal at the point P on xy = c 2 meets the hyperbola 
— y 2 = a 2 at Q and R. Prove that P is the midpoint of QR. 
Interpret this result geometrically when P is a point of intersection 
of the two curves. (J.M.B.) 

20.19. THE SEMI-CUBICAL PARABOLA y 2 = kx 3 

If k > 0 then since y 2 is positive, x 3 (that is x) must be positive. 
The curve lies wholly to the right of the y-axis. 

The equation may be written y = ±J(kx 3 ) which shows that the 
curve is symmetrical about the x-axis. 
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Differentiating the equation y — ± A /(A:x 3 ) 

*y = ± lk 1/2 x 1/2 ....(20.39) 
dx 2 

Thus dy/dx = 0 only when x = 0, when the tangent to the curve is 
horizontal and is the x-axis. Finally x = 0, y = 0 is a point on the 
curve which is shown in Figure 20.18. 




Of 



Figure 20.18 



If k < 0 then the curve lines wholly to the left of the j>-axis and is 
the mirror image in the j-axis of the above curve. 



20.20. THE TANGENT AND NORMAL TO THE CURVE 

y 2 = kx 3 

From equation (20.39) the slope of the curve is given by 

dx 2 
Since k =£, A^ = J_ 

and the above expression can be written 

J^ = f ....(20.40) 
dx 2x 

Note that the "±" is now omitted. This is because for any value of 
x there are two values of y and thus two possible values for the slope 
of the curve or the tangent. 
At any point (x 1; j x ) the equation of the tangent is 

(j'-J'i) = ^ i (x-x 1 ) 
2x x 

which on simplifying becomes 

2xjj/ - 3^x + x t y t = 0 .... (20.41) 
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The equation of the normal is 

(y - yd = - ?r O - *i) 

3^1 

or 3.^ + 2x x x - 2x 2 - 3y 2 = 0 ....(20.42) 

Example 1. The tangent at any point P on the curve y 2 = kx s 
meets the x-axis at T. The ordinate at P meets the x-axis at N. If 
O is the origin show that OT = JON. 

From (20.41) the equation of the tangent at any point P(x l5 j t ) 
on the curve is 

2x^y — 3y t x + = 0 
This meets the x-axis where 

— 3y x x + Xxjx = 0 
or x = \x t 

Hence the abscissa of the point T is \x±. 
Since PN is an ordinate, N is the point (x lt 0) hence 

OT = £ON 

20.21. PARAMETRIC EQUATIONS 

x = at 2 , y = bt 3 is, for all values of t, a point on the curve 
y 2 /b 2 = x 3 /a 3 . Therefore y 2 = (6 2 /a 8 )x* has parametric equations 

x = at 2 , y = bt 3 ... .(20.43) 

Substituting in (20.41) and (20.42) respectively we have that 

2at 2 y - 3bt 3 x + abt 5 = 0 

or lay - 3btx + abt 3 = 0 .... (20.44) 

is a tangent to x = at 2 , y = bt 3 for all values of t. Similarly 

3bt 3 y + 2at 2 x - 2a 2 * 4 - 3b 2 t* = 0 

or 3bty + 2ax - 2a 2 / 2 - 3b 2 t* = 0 .... (20.45) 

is a normal for all values of t. 

Example 1. Three tangents can be drawn from the point (7, 6) to 
the curve x = 3t 2 , y = 2t 3 . One of the tangents touches the curve 
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at the point where t = 2. Find the equations of the tangents and their 
points of contact. 

Comparing x = 3t 2 , y = 2t 3 with the general case we have that 
a = 3, b = 2 ; hence from equation (20.44) 

6y - 6tx + 6t 3 = 0 

or y-tx + t 3 = 0 ....(i) 

is always a tangent to the curve. This passes through the point 
(7, 6) if 

6-7f + f 3 = 0 ....(ii) 

which is a cubic in t giving three values. One of the values is given 
as t = 2 ; hence (ii) becomes 

(t - 2)(t 2 + 2t - 3) = 0 

or (/ - 2)(t + 3)(r - 1) = 0 

Hence equation (i) is a tangent if i = 2, —3 or 1, giving as the three 
tangents 

y - 2x + 8 = 0 
y + 3x - 27 = 0 
y - x + 1 = 0 

Since x = 3f 2 , y = 2t 3 , the three points of contact are respectively 
(12, 16), (27, -54), (3, 2). 

Exercises 20m 

1. Sketch on the same diagram the curves (f) j 2 = x 3 , (ii) y 2 = 
8* 3 , (Hi) y 2 = —x 3 , (iv) 8y 2 = — x 3 . 

2. Sketch on the same diagram the curves (0 y 3 = x 2 (ii) y 2 = 
—x 3 (Hi) y 2 = x 3 . Give the co-ordinates of any points of inter- 
section. 

3. Verify that the two curves x = AT 3 , y = 37^ and x= I2t 2 , 
y = t 3 intersect at the point P where T = 3 = t. Find the equations 
of the tangents to the two curves at P. Hence find the angle of 
intersection. 

4. Show that the line y — 3x + 4 = 0 is a tangent to the curve 
y 2 = x 3 and also that it cuts it at the point (1, —1). Find the point 
of contact. 

5. Show that there are only two distinct tangents which may be 
drawn from the point (4, 16) to the curve x = t 2 , y = 2t 3 . Find 
their equations and points of contact. 
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6. Show that in general four normals can be drawn from a point 
P to the curve x = at 2 , y = bt 3 . 

Given that P is the point (0, 29) and that a = b = 1, show that 
two of the normals are real and two are "imaginary." Find the 
equations of the real normals and their points of contact. 

7. P(aff, bt 3 ), and Q(at 2 , bt 3 .) are two points on the curve y 2 = 
(b 2 /a 3 )x 2 . Show that the equation of the chord PQ is 

- (t\ + + tf) - y - (h + h) = t\t\. 
a b 

Deduce the equation of the tangent at the point P. 

8. P(3ff, 2tf) and Q(3t 2 , 2*f) are two points on the curve y 2 = 
-Ax 3 . Find the co-ordinates of the point of intersection T of the 
tangents at P, Q. If t x + t 2 = 4 show that T lies on the line y + 
4x = 64. 

9. The normals to the curve y 2 = x 3 at the points (p 2 ,p 3 ), (q 2 , q 3 ) 
meet at N. Show that the co-ordinates of N(x, y) are given by 

3y = (p + q)[2 + 3(p 2 + q 2 )] 

2x = -pq[2 + 3(p 2 +pq + q 2 )] 

If p + q = 1, find the locus of N. 

10. Show that the equation to the tangent to the curve x = 3t 2 , 
y = 2t 3 at the point P(3/> 2 , 2p 3 ) is px — y = p 3 . If Q is the point 
(3q 2 , 2q 3 ) find the co-ordinates of the point of intersection T of the 
tangents at P and Q. 

If the tangents at P and Q make angles 6 and tt/2 — 6 respectively 
with the x-axis, find the relation between p and q. Hence find the 
(x, y) equation of a curve on which T lies for all values of 8. 

Show in a sketch the given curve. Show in the same sketch the 
curve on which T lies, and indicate the part of this curve which is the 
locus of T as 6 varies. (J.M.B.) 

11. Sketch the semi-cubical parabola ay 2 = -fr(x — 2a) 3 . Show 
that for all values of m the point P[a(3m 2 + 2), -2am 3 ] lies on the 
curve. Also sketch on the same diagram the parabola y 2 = 4ax 
and show that for all values of m the point Q(am 2 , 2am) lies on the 
parabola. Prove that the line QP is a normal to the parabola at Q 
and also touches the semi-cubical parabola at P. If Q moves over the 
part of the parabola for which y > 0 indicate in your diagram the 
locus of P. 

12. Show that for all values of m the parabolas y 2 = m\x — m) 
each touch the semi-cubical parabola y 2 = tttx 3 at one point. Find 
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the co-ordinates of this point and the equation of the common 
tangent in terms of m. 

EXERCISES 20 

1. Find the equation of the normal to the parabola y 2 = 4ax at 
the point (at 2 , 2at). P, Q are two points on the parabola such that 
the chord PQ subtends a right angle at the vertex of the parabola. 
Find the locus of the point of intersection of the normals at P and Q. 

2. A circle with centre at the point (a, 0) and radius greater than a 
meets the parabola x = at 2 , y = lat at the points P, Q. Prove that 
the tangents to the parabola at P and Q meet on the circle. (L.U.) 

3. AOB, COD are two straight lines which bisect one another at 
right angles. Show that the locus of a point which moves so that 
PA . PB = PC . PD is a rectangular hyperbola. 

4. Show that the equation to the tangent to the hyperbola 

x 2 \a 2 - y 2 \b 2 = 1 at the point P(a sec 6, b tan 0) is - 

v tan 0 a 
— = 1. Find also the equation of the normal. 

The ordinate at P meets an asymptote at Q. The tangent at P 
meets the same asymptote at R. The normal at P meets the x-axis 
at G. Prove that the angle RQG is a right angle. (J.M.B.) 

5. Show that the equation to the normal at the point V(a cos 6, 
b sin 0) on the ellipse x 2 \a 2 + y 2 /b 2 = 1 is ax/cos 0 — Z>j/sin 0 = a 2 — 
b 2 . If the normal at P cuts the major and minor axes of the ellipse at 
G and H, show that as P moves on the ellipse the midpoint of GH 
describes another ellipse of the same eccentricity. (J.M.B.) 

6. The eccentricity of an ellipse is greater than 1 \^j2 and the point 
P (a cos 0, b sin 0) lies on the ellipse. Show that there is a value of 
0 between 0 and tt/2 such that the normal at P passes through one 
end of the minor axis. 

7. The tangents at two points P and Q on a parabola y 2 = 4ax 
intersect at T. The normals at P and Q intersect at N. If angle 
PTQ is a right angle prove that TN is parallel to the x-axis. 

8. Prove that the equation of the tangent at the point (at 2 , lat) 
on the parabola y 2 = 4ax is x — ty + at 2 = 0, and deduce, by 
considering the sum and product of the roots of this equation 
regarded as a quadratic in /, or otherwise, that the tangents at 
(atf, 2ati), (at 2 , 2at 2 ) meet at the point given by x = at x t % , y = 
a (h + 4)- PP 1 is a chord perpendicular to the axis of the parabola 
whose vertex is A, and Q is any other point on the curve. The 
tangents at P and Q meet at T and those at P 1 and Q at T 1 . PQ 
and P 2 Q meet the axis at R and R 1 respectively. Prove that A is the 
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midpoint of RR 1 and that TR 1 and "PR are both perpendicular to 
the axis. 

9. The tangents at the two fixed points P, Q on a parabola 
intersect in T. If a variable tangent to the parabola intersects TP, 
TQ (produced if necessary) in R, S respectively, prove that TR : RP = 
SQ:TS. 

10. The point P(a sec t, b tan t) on the hyperbola x 2 \a 2 — y 2 \b 2 = 
1 is joined to the vertices A(a, 0), B(— a, 0). The lines AP, BP meet 
the asymptote ay = bx at Q, R respectively. Prove that the x co- 

d cos —t 

ordinate of Q is j- -. — r- and that the length of QR is independ- 

COS 2' SI II 2^ 

ent of the value of t. (J.M.B.) 

11. Show that a circle meets the parabola y 2 = 4ax in not more 
than four points. If three of these points coincide at P(a* 2 , 2at) and 
the fourth is Q, prove that PQ and the tangent to the parabola at P 
make equal angles with the axis of the parabola. Show also that the 
centre of the circle lies on the curve A(x — 2a) 3 = Hay 1 . (L.U.) 

12. A circle concentric with an ellipse of semi-axes a, b encloses 
an equal area. Show that the area common to both is divided into 
four equal parts by the two common diameters, and that each part 
is equal to ab tan -1 yj(b/a). 

Show also that the curves intersect at the acute angle tan -1 
W(alb) - V(6/a)]. (W.J.C.) 

13. Obtain the equation of the normal to the parabola y 2 = 4ax 
at the point F(at 2 , 2a/). 

The focal chord through P meets the parabola again at Q, and the 
normals at P and Q meet at R. Prove that R is the point 

[a(t 2 + 1 + r 2 ), a(t - t- 1 )], 

and find the equation of this locus as t varies. (S.U.J.B.) 

14. A, A 1 are the vertices of a rectangular hyperbola, and P is any 
point on the curve; show that the internal and external bisectors of 
the angle APA 1 are parallel to the asymptotes. 

15. Prove that every point on the parabola y 2 = Aax can be 
expressed in the form {an 2 , lajx). 

A variable chord of the parabola has fixed length k. Prove that 
the locus of the midpoint of the chord has equation 

(4ax - 7 2 )(y 2 + 4a 2 ) = k 2 a 2 (S.U.J.B.) 

16. Find the equation of the tangent to the parabola y 2 = Aax 
at the point (at 2 , 2ai). 

Three tangents to a parabola form a triangle ABC in which BC, 
CA and AB make acute angles a, /S and y respectively with the 
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tangent at the vertex. If p, q and r are the lengths of the perpendiculars 
from the focus S to these tangents respectively, show that 
(a) p cos a = q cos /S = r cos y = a 



17. The points P(ap 2 , lap) and Q(aq 2 , 2aq) move on the parabola 
y 2 = 4ax, and p + q = 2. Show that the chord PQ makes a constant 
angle with the x-axis, and that the locus of the midpoint M of PQ is 
part of a line which is parallel to the x-axis. 

If also the point R(ar 2 , lar) moves so that p — r = 2, find in 
its simplest form the (x, y) equation of the locus of the midpoint N 



18. Show that the equation of the chord joining the points 
P(ap 2 , lap), Q(aq 2 , laq) of the parabola y 2 = 4ax is y(p + q) — 
Ix — lapq = 0. 

The variable chord PQ of the parabola y 2 = 4ax passes through 
the fixed point (h, k). If the tangents to the parabola at P and Q 
meet at T, show that T lies on a fixed straight line. (J.M.B.) 

19. Show that the equation of the common tangent other than the 
_y-axis, of the curves y 2 = 4ax and xy = la 2 is ly + x + 4a — 0. 

This common tangent touches the curves at P and Q respectively. 
R is the point of intersection of the curves. Find the acute angle 
between PR and QR. (L.U.) 

20. Prove that the line y = mx + c touches the ellipse x 2 \a 2 + 
y 2 /b 2 = 1 , if c 2 = a 2 m 2 + b 2 . Find in terms of m, a, b, the distance 
between the two tangents of slope m. If this distance is equal to the 
distance between the pair of tangents perpendicular to the first pair, 
show that it becomes sj[l(a 2 + b 2 )]. An ellipse in which the semi 
axes a, b are in the ratio 3:2 touches the four sides of a square. 
Find the length of a side of the square in terms of a. 

**21. Prove that chords of a parabola which subtend a right angle 
at a fixed point P of the parabola all pass through a fixed point Q. 

If the position of P now varies on the parabola prove that the 
locus of Q is another parabola. (J.M.B.) 

* *22. Given four points P, Q, R, S on the ellipse x 2 \a 2 + y 2 \b 2 = 1 
with eccentric angles a, yS, y, d, respectively. If the equation of 
PQ is x/a cos |(a + /S) + y/b sin |(a + 0) = cos J( a — P) write 
down the equation of RS. Denoting the equations of PQ, RS by 
u = 0 and v — 0 respectively prove that the equation 



(b) pSA = qSB = rSC 

(c) SA.SB.SC = ^ 



(L.U.) 



of PR. 



(J.M.B.) 



2 2 
~2 + f, - 1 + kUV = 0 

a b 



....(A) 
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represents a curve of the second degree passing through the points 
P, Q, R, S. If the equation (A) represents a circle prove that a + 
/S + y + d is either zero or a multiple of 2n. 

**23. The eccentric angles of two points P, Q on the ellipse 
x 2 ja 2 + y 2 \b 2 = 1 are 0 and 6 + tt/2, and a is one of the angles 
between the tangents at P and Q. If e is the eccentricity of the 
ellipse prove that 

e 2 sin 20 tan « = 2^/(1 - e 2 ) 

If the tangents at P and Q intersect at R, prove that the locus of R 
as 6 varies is an ellipse. (J.M.B.) 

**24. Find the equation of the locus of the point of intersection 
of two tangents to the parabola x = at 2 , y = 2at which meet at a 
constant angle 8. 

Show that the vertices of equilateral triangles circumscribed to the 
parabola lie on the curve y 2 = (3x + a)(x + 3a). 

**25. The line AB is a tangent to the parabola y 2 = 4ax. The 
intercepts on AB by the pair of tangents from a point P to the 
parabola and by another pair from another point Q are equal in 
length. Prove that the intercepts on any other tangent by the pairs 
of tangents drawn from P and Q are equal. 



16 
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SOLUTIONS 



Exercises la 

1. I 2. 6-653, -1-653 3. -2, 1 

4. 9 5. 1, -2, -3, -6 6. ±3, ±4 

7. ±4 8. 3 9. -1, 2 ± V3 

10. ±1, 1 ± V 2 

Exercises lb 

1. x = 1, y = 1 ; x = M, y = A 

2. x = 1, y = — 1; x = 5, y = — 9 

3. x = 2, y = 1; x = ll,y = 7 

4. x = ±3, y = Tl 

5. x = ±3,,= T2;x = ±^- 0 ,y = T^ 

11 4 

6. x = ±4,y = Tl; x = ±— ,y = ±-^ 

7. x = ±1, y = ±2; x = ±2, y = ±1 

8. x = 3,y = 1; x = 1, y = 3; 

_ -5 ± = -15 

X ~ 4 ' ^ ~ 2(-5 ± V55) 

29 -25 

9. x = 5, y = 1; x = — ,y = — 

10. x = ±1, y = ±4; x = ±4, y = ±1 
Exercises 1c 

1. — <x<- 2. 2<x<3 3. 2<x<3 
3 7 

9 —5 

4. -3<x< z 5. 2<x<3 6. < x < -1, x> 

4 3 
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SOLUTIONS 

7. § < x < 2 8.-1, -5 9. 0, -2 

10. x > 2 or x < — 8 

11. -2 < x < -1 

Exercises Id 

1. (x - - 1) = 1 2. (x - 3)(y - 2) 3 = 1 

3. x*y = y*-x' 5. -'+f*=l 

a o 

8. a 2 - £> 2 + 2 = 0 9. Z> 2 - a 2 = 4c 
Exercises le 

2 4 3 

1. + 2. x - 1 + ■ 



x - 3 x + 1 x + 1 x - 1 

2(x - 1) 2(x + 5) x-1 x + 1 x + 3 

5 . 3£_ti_^_ 6 _ 1 1 



x 2 + 4 x + 1 2x + 1 x 2 + 2x + 3 

7 . 2x + _L_ + * + l o 1 1 . 



x - 1 x 2 + 1 (x + l) 2 x + 1 2x 

2,1 1 



10. 



x + 1 (x + l) 2 x 2 + 1 
1 2.1 



x + 1 (x + l) 2 (x + l) 3 
Exercises If 

11 1. v 6 L13/12 

1. 243, — , 128, - 2.--Z-,— 4 4 

216 2 2 xV a 5/12 c 19/12 

Exercises Ig 

1. 3, -3, 4, -5, 3, i -6, -n 3. 1-386, 2-89 

Exercises lh 

1. 1-87 2. 1-64 3. 1-87, -5-11 4. 

5. i 2 6. 0-431, 0-683 7. } 8. 

9. ^3, 9 10. x = 1-92, y = 0-66 

EXERCISES 1 

1. x = 3, y = 2; x = f , >> = f 2. a = 2, b = 3, c = 2, d 
3- -1-71 4. 2 +,/5 
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5. x = ±4a, y=±a; x = ± — ,y=±- 



3 " 3 



3 3x + 1 



x - 3 + 4 



2 3 - 1 - ^ (1 - J') 2 

10. x > 6, — 6 < x < — 2 11. x > 1, — f < x < 0 
12. £,1,2 13. 1,5 

15. 27, ^3 16. -4 < x < ¥, x > 3 

20.6 2L -3±V5 -5±V21 

2 2 
22. 4, 6 23. -0-358 

24. u = 6, v = 6; « = y (1 ±^5),!) = y(l ^^5) 25. 3,11 

28. y < — 5 or y > i 30. 1 

— 1 7 

31. x = —1, >> = 2; x = — , v = - 

2 4 

32. x = 1-42, y = -0-58 

33. 2 < x < 3, x > 4. 34. —2 
36. f < y < 4 

39. x 1 1 1 12-2^/2 -^2 
y 1 2 1-2 1 1 72 -^2 
z 2 1 -2 11 1 72 -^2 

* n 27 5 - fc 9 , , . 

40. x = , y = , z = , k # — 4 

2(fc+4) 2(fe+4) 2(fe+4) 



Exercises 2a 

1. (0 2, 5, 8, 11, 14 (if) 1, -I, J, - i , A (ifl) 3, 8, 17, 32, 57 

2. (i)r 3 (»)(-l) r+1 /- 2 (»0i(4) r - 1 

3. 1, 2, 3, 5, 8, 13, 21 

4. a = 3,b = -4; -17 

5. (0 r 3 - 1 (fl) 2r (/») r 3 + 2r - 1 (iv) 3 r (t>) -(-2) r 
(r0 3' - (-2)^ (vii) -(-6Y 

6. 0,2,2,0, -2, -2; 0 

7. a = 3, = -6, c = 3; 90, 258 

8. (i) 85, (11) 363 

9. 3r 2 - 3r - 1 
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Exercises 2b 

1. -3, 1, 5 

2. -1,6, 13 

3. 0, 5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55 

4. 206 

5. 10, 7 

6. -m 2 

7. (i) 124 (ii) (5n* - 9n)/2 (iii) (n - 3n 2 )/2 

8. 1980 

~ ✓ ^ . ,„ ^ , ■> «(« + + 36) 

9. (0 4n(3w + 1) (ii) 2 — 

(»7) Ka - 26)« 2 + K5a - 2b)n 
10.(i)4950 (w) 1683 (//Q4215 

Exercises 2c 

1. 1, -4, 16 2. -J, 1, -3 

3. 10,20,40 4. -729 

5. *J* 6. f [1 - (!)*] 

7. 121(1 + V3) 8. 2, 9 
10. 7, 2 

Exercises 2d 

1. (i) (ii) - (in) ° 



1 + x 4 11 x 2 - 2x +4 
If 5. x<-|orx>4 



EXERCISES 2 

1. 5, 7, 9 

2. 6, 3 

3. 1024, |, 2048 

4. n log ar ( "- 1,/a 

5. a = 5,b = -4, c = J; 2" - 1 + 3n - 2ri 

6. (i) 247, 500 (ii) 250,000 (iii) 1020 
8. a + (n - l)d; n + (n - l)(2 n - 1) 

10. 20, 79 

11. S = 4; f, f, A 

12. 9 or more 

13. 7, 360 ft. 

14. 332, 667 
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15 . r -i±V_ 5 ;V5-. 

16. (0 2 (ii) 4, f in. 

17. 22k±l> + ; a = 8, r = 2, S 10 = 10,670 

2 r — 1 

18. A, 19-99998, 9 

20. -| < x < 1 

21. \(n - m + l)(n + m) (i) ~ r +2 (ii) \(r* + l)(r) 

23. (i) x > 0 (ii) x > 0 or x < — £ 

24. b-n(b- a), b + (n - 1)(6 - a), n(a + 6) 

28 S = 1 ~ r " - Ml -(r6)"] . 1 

' " (1 - 6X1 -r) (1 - 6X1 - rb) ' (1 - r)(l - rfc) 



Exercises 3a 

1. (i) 1 + 2x + x 2 (ii) 1 + 3x + 3x 2 + x 3 (hi) 1 + 4x + 
6x 2 + 4x s + x 4 

2. (i) 1 + 8x + 28x 2 + 56x 3 + 70x 4 + 56x 5 + 28x 6 + 8x 7 + x 8 
(ii) 1 + 9x + 36x 2 + 84x 3 + 126x 4 + 126x 5 + 84x 6 + 
36x 7 + 9x 8 + x 9 

4. (i)153 (ii) 55 (Hi) mi (iv)36 

5. (i) 1 + 12x + 54x 2 + 108x 3 + 81x 4 
(ii) 1 - 5x + 10x 2 - 10x 3 + 5x 4 - x 5 

(Hi) 1 - 14x + 84x 2 - 280x 3 + 560X 4 - 672x 5 + 448x 6 - 
128x 7 

6. (i) 81 + 108x + 54x 2 + 12x 3 + x 4 

(ii) 64 - 192x + 240x 2 - 160x 3 + 60x 4 - 12x 8 + x 6 

7. (0 8x 3 + 36x 2 7 + 54xj 2 + 21 f 

(ii) 16x 4 - 160X 3 / + 600xy - lOOOxj 3 + 625/ 

8. l,140,480x 3 

9. ±2 
10. 22680 

Exercises 3b 

1. 1 + 6x + 18x 2 + 32x 3 + 36x 4 + 24x 6 + 8x* 

2. 1 - 4x + 14x 2 - 28x 3 + 49x 4 - 56x 5 + 56x 6 - 32x' + 16x 8 

3. 80 

4. 1 + 6x + 15x 2 + 20x 3 + 15x 4 + 6x 8 + x 6 = (1 + x) 6 

5. 3060 6. 105x 10 /32 7. 2160 8. -360 
9. — — 8i% 
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10. x 7 + 14x 6 7 + 84*y + 280xy + 560xy + 672*y + 
448x/ + mf; 1-149 

Exercises 3c 

1. 1 + x - x 2 + fx 3 ; 1-0099 2. 0-9355 

4. (i) 1 - x + x 2 - x 3 + x 4 - x 5 + . . . 
(ii) 1 - 2x + 3x 2 - 4x 3 + 5x 4 . . . 

(i/i) 1 - 3x + — x 2 - — x 3 + . . . 
2 2 

5. (i) 1 - 3x + 9x 2 - 27x 3 + . . . 

1 x 3 x 6 

(ii) - + — + — . . . 

36 108 432 

(Hi) — - - + — + . . . 
27 27 81 

6. |x| < 3 7. |x| < 

9. 3 + 5x + 9x 2 + 17x 3 + 33x 4 

EXERCISES 3 

1. 1 - 5x + 20x 2 - 50x 3 + 105x 4 

2. 9-9499 

3. fx 3 4. s 6 = st - 6psi + 9p 2 sl - 2p 3 
J_ 

2 + x 1 - 3x ' (1 - 3x) 2 

10. f 15. 1-0198 16. H 

17. 1 + 3x + 5x 2 + 3x 3 18. 1 + 2x - 2x 2 + 4x 3 ; 2-4495 
19. 3-317 20. p = -6, q = 11 

Exercises 4a 

1. (0 | + 0i (ii) ±3+0/ 

(Hi) 0±/V30 (iv) ~i±i^ 
(v) 0±7i (w) -1 ±iy/7 
(vii) -2 ± 6i (viii) i±i^ 

Exercises 4b 

1. (i) 3 (ii) 18 - i 

2. (i) 14 - 2i (ii) 12 - 16i 
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SOLUTIONS 

3. -3 ± 3i 

4. (i) 2i (ii) -2 + 2i (in) -4 

< ^ — 1 — 41f ... -7 - 17i 

6. (i) (n) 

58 13 

8. ±(7 + 30; ±(6 - 0 

-7 - 24i 



9. (i) x 5 - 10x 3 + 5x - i(5x 4 - 10x 2 + 1) (ii) 
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, ,. . -(1 + 0 , , 1 . . , ., 11 +2i 

(in) —1 (ii>) — - (v) h i (vi) 

2 2 125 

Exercises 4c 

2. V13, V17, V45, V2 

3. (0 2 - 3/ (ii) 3 + 2i (/») -2 + 3/ 
5. ±24 

Exercises 4d 

1. (0 3 + 4/ (h) 6 - 4/ (/») 3 - 7/ 

2. (i) 4 - 2/ (if) -6 + 3/ 0") 4 + 8/ 

3. (012+ 15/ (1O-IO + 81 

4. 2 + 23/ 
, 3+2/ 

6 --TJ- 

8. y = 0 

9. x = 0 

10. + - 8x + 2y + 9 = 0 

EXERCISES 4 

1. (i) 1 - i (ii) 1 +2i (Hi) -1 +0i 

2. ±(3 + 0 

3. (-7 ± iV31)/2; -7, 20 

4. 3 or 0 



5. cot^ 

2 

6. (i) x 3 — 3xy 2 , 3x 2 y - y 3 (ii) 



— 2xy 



(x 2 + y 2 ) 2 (x 2 + y 2 ) 2 
7. Length of a diagonal of parallelogram sides represented by 
and z 2 

9. 2x 2 + 2/ - 5x + 2 = 0 

10. (0 3 (ii) a 3 + b 3 

11. -2±4i 
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SOLUTIONS 

<, ~ 7 — 9i 1 1. ,..53 — 91 

13. (i) 2 — Hi (n) (in) i (id) 

W 10 2 2 10 

14. x = -5, y = -10 

n. 1 + 4 3 

18. (i) ^i- 1 (ii) i, 4 — 7f ii, 7 + 4i iii, -7 - 4i 

19. Circle has equation x 2 + y 2 — 4x — 4 = 0 
21. -iQ2 + 1), i(V2 - 1) 

25. B(4 + i); C(5 + 2i) or 5(2 + 30; C(3 + 4Q 



Exercises 5a 
1. 0,3 

4. 2 9. 1 



1. 0, 3 2. -J, 5 3. fe > 2 or k < -10 

-119 
125 



Exercises 5b 

4. =^ 5. 14 6. 1 10. -20 < k < 5 

4a 

Exercises 5c 

1 41 £.5. 3007 
1- 9,9, 81 

2. (i) x 2 - 19x + 25 = 0 
(ii) 25x 2 + 72x - 5 = 0 

3. (i) <? = 0 (ii) p = r 

P P 2 

(m) - 3 (q - pr) (w) -q± (q - 2pr) 

P P 
7. acV + b(b 2 - 3ac)x + a 2 c = 0 
9. ac(p + q) 2 = b 2 M 
10. x 2 - 5x - 14 = 0 

EXERCISES 5 

1. (i) x 2 - 6x + 4 = 0 (ii) x 2 + 4x - 14 = 0 

(iii) x 2 - lax + a 2 - 46 2 = 0 

3. 4 when x = +3 4. />x 2 — 3(/> + ?)* + 1q = 0 

5. -1, -i 9. 0, -4 
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11. k < -\, k > 3 13. (i)k < 1 or k > 9 (ii) k > 0 

14. a + b = 0 

16. x* + x\p- - 4q)] - />vV - 4?) = 0 
18. pq < 0 19. 3 

20. (/ 2 n! — ^rtjj) 2 = (win 2 — 7M 2 ni)(/i/M 2 — 4m!) 

21. 0,3,8 25. -10 < fc<2 

Exercises 6a 

1. (0 183° 21' (ft) -90° 32' (Hi) 36° 

2. (0 4-102 (ft") 0-2455 (/ft) -2-2369 

3. (0 129° (ft) i radian 

5. (0, (»0 and (ft;); (ft) and (v) 

Exercises 6b 

1 & £ IX 13 18 
1. 18, 12, S , 12, 6 

2 -i- 

' V 13 ' V 13 

3. (i) a 2 sin 2 0 (ii) sin 6 0 

. cos 2 6 o 

4. (i) — — - (») sec 6 

a 2 

5. (i) 3 - 2c - 3c 2 (ii) 1 ~ c2 2 + 2C ' (HO *~ c ' 

c VC 1 _ c ) 

Exercises 6c 

1. (00-3420 (ft) 0-7660 (/ft) -0-3640 (ro) 0-3420 

2. (0 -cos 10° (ft) -tan 50° (Hi) cos 60° (ft;) -sin 20° 

6. (i)-l (»)1/V2 ("0-V 3 



7. (i)0 (ft')-l (fti)0 (ft>)-l (t;)0 (»/)l 

8. -Vi, -V* 

Q 3 ji 



Exercises 6d 
3. They coincide 4. They coincide 

5.(0^ (U)l (Hi) -I (iv)-\ (»)1/V2 (fOV 3 ("'0-1 

(itfft) —Ijyjl 

Exercises 6e 

1. (Off 00 H (/«)-», No 

2. i 



3 - (l ' )X 2V2- W -2^ 
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6. (/) sin 10° (ii) -cos 70° 

7. (/) cos 10° (ii) -sin 50° 

8. (0 tan 70° (ii) tan 30° 

18. (0 sin A cos B cos C + cos A sin 5 cos C + 
cos .4 cos B sin C — sin A sin £ sin C 
(ii) cos ^4 cos B cos C — cos A sin £ sin C — 
sin A cos Z? sin C — sin ^4 sin B cos C 

Exercises 6f 

1. i -2 

3 24 _3_ 1 

' 25 ' ^10 ' 3 

15 . (o <L±£ 2iL±i> (B0 (l^J)' 



i + < 2 i + 1 2 i - e 

Exercises 6h 

1. (/) V2 sin (0 + 45°) (ii) ^2 cos (6 - 45°) 

2. 5 cos (0 + 53° 8') 

3. ,/l3sin(0 - 56° 19') 

4. 5 sin (29 + 36° 52') 

5. VlO, 18° 26' 

Exercises 6i 

1- (0^ 00^ ("O3 

2. (0 - - (ii) - - (iii) - 

4 6 6 

7. * 

Exercises 6j 

3. 30° 39' 4. 691 ft. 5. 19-5' 



EXERCISES 6 

2. (i) 0-8988 (/i) -0-9336 (iii) 6-3138 (it;) 0-3256 

3. (i) - f (ii) - I (iii) - ff (,t>) - & 

4. cos 0 = J(l - s 2 ), tan 0 = , 5 , , cot 0 = 

sec 0 = — , cosec 0 = - 

V(l-s 2 ) 
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14 p 2 + g 2 ~ 2 <z 

■ P 2 + q 2 + 2q 
20. 2 

23.1^ 

i +V 3 

3 tan A — tan 8 A 1 — tan 2 A 



24. (i) 



1 — 3 tan 2 A ' 2 tan A 



,.~ M 4 ~ fc2 ) . fe 4 - 4fc 2 + 2 



28.^ 
4 



29. 7T - sin" 1 2x^/(1 - x 2 ); cos"" 1 (2x 2 - 1) for all x 

32. | 

33. 3 + 3 cos 20 + 4 sin 20 = 3 + 5 cos (20 - 53° 8') 
Max 8 when 0 = 26° 34', min -2 when 0 = 116° 34' 



Exercises 7a 

1. «180° + (-1)" 56° 12'; 56° 12', 123° 48' 

2. «360° ± 44° 34'; 44° 34', 315° 26' 

3. «180° + 64° 42'; 64° 42', 244° 42' 

4. w360° ± 123° 54'; 123° 54', 236° 6' 

5. «180° - (-1)"28°31'; 208° 31', 331° 29' 

6. «180° - 16° 42'; 163° 18', 343° 18' 

7. h60° + (-1)" 10°; 10°, 50°, 130°, 170°, 250°, 290° 

8. h30° - 8° 29'; 21° 31', 51° 31' . . . 351° 31' 

9. nl800° ±150°; 150° 

10. «180° + 15° ± 27° 50'; 42° 50', 222° 50', 167° 10', 347° 10' 

11. nl80° + (-1)"54°24' - 18° 3'; 36° 21', 107° 33' 

12. 4 " l 2(-\y ; °°» 30°, 180°, 90°, 360°, 150°, 210°, 270°, 330° 

13. 36n°; 0°, 36°, 72° . . . 324°, 360° 

14. 90«° + 45° or 180«° - 90°; 90°, 270°, 45°, 135°, 225°, 315° 

15. " 18 3° 4 f 2 ( ( ~ 1 1 ) ) " n 9 °° ; 18°, 90°, 162°, 234°, 306° 

16. (2m + 1)18°; 18°, 54°, 90° . . . 342° 

17. 90n° or (2n + 1)30°; 0°, 90°, 180°, 270°, 360°, 30°, 150°, 
210°, 330° 

18. 90n° or (2n + 1)22£°; 0°, 90°, 180°, 270°, 360°, 22|°, 67|°, 
. . . , 337J° 
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SOLUTIONS 

19. (i) 72360° ± 120°; 120°, 240°, (h) nl80° + 60°; 60°, 240° 

20. 72360° - 120°; 240° 

Exercises 7b 

1. «180° + 45° or 72180° + 26° 34'; 45°, 225°, 26° 34', 206° 34' 

2. 72180° ± 60°; 60°, 120°, 240°, 300° 

3. 72360° ±60°; 60°, 300° 

4. nl80° + 66°2'; 66° 2', 246° 2' 

5. 72180° + (-1)" 14° 29'; 14° 29', 165° 31' 

6. «180° ± 30°; 30°, 150°, 210°, 330° 

7. 72180° ± (-1)"90°; 90°, 270° 

8. «360° ± 78° 28' ; 78° 28', 281° 32' 

9. nl80° ± 40° 54'; 40° 54', 139° 6', 220° 54', 319° 6' 

10. «180° + 14° 2' or 72180° + 123° 41'; 14° 2', 194° 2', 123° 41', 
303° 41' 

11. 72180° + 45° or «180° + 171° 52'; 45°, 225°, 171° 52', 
351° 52' 

12. «90° + (-1)"9° or «90° - (-1)"27°; 9°, 81°, 189°, 261°, 
117°, 153°, 297°, 333° 

13. «90° or «180° ± 60°; 0°, 90°, 180°, 270°, 360°, 60°, 120°, 
240°, 300° 

14. nl80° or n360° ± 80° 24'; 0°, 180°, 360°, 80° 24', 279° 36' 

15. «60° - (-1)" 30° or n60° + (-1)" 6° 29'; 90°, 210°, 330°, 
6° 29'; 53° 31', 126° 29', 173° 31', 246° 29', 293° 31'. 

Exercises 7c 

1. «360° or n360° ±180°; 0°, 180°, 360° 

2. nl80° or «180° + 108° 26'; 0, 108° 26', 180°, 288° 26' 

3. nl80° + 45° or «180° - 18° 26'; 45°, 225°, 161° 34', 341° 34' 

4. «90° - 31° 43' or «90° + 35° 47'; 58° 17'; 148° 17', 238° 17', 
328° 17', 35° 47', 125° 47', 215° 47', 305° 47' 

5. «180°±45° or «120°±20°; 45°, 135°, 225°, 315°, 20°, 
100°, 140°, 220°, 260°, 340° 

m180° 

6. (2n + 1) 90° or 2 _ 3( _ 1)n ; 0°, 36°, 108°, 180°, 252°, 

324°, 90°, 270°, 360° 

7. zi360° ±180°; 180° 

8. tj90° or tj90° - (-1)" 15°; 0°, 90°, 180°, 270°, 360°, 105°, 
165°, 285°, 345° 

9. 72180°, «180° + (-1)" 90°, 72180° - (-1)" 30°; 0°, 90°, 180°, 
360°, 210°, 330° 

10. 7290° ± 15°; 15°, 75°, 105°, 165°, 195°, 255°, 285°, 345° 
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Exercises 7d 

1. «360° + 26° 34' ± 63° 26'; 90°, 323° 8' 

2. n360° + 53° 8'; 53° 8' 

3. «360° ± 60° - 16° 16'; 43° 44', 283° 44' 

4. «720° ± 112° 38' + 112° 38'; 0°, 225° 16' 

5. nl80° ± 33° 27' - 5° 40'; 27° 47', 207° 47', 140° 53', 320° 53' 

6. «360° + 36° 52' ± 78° 28'; 115° 20', 318° 24' 

7. «120° - 15° ± 45°; 30°, 60°, 150°, 180°, 270°, 300° 

8. nl80° - 7° 54' ± 27° 22'; 19° 28', 144° 44', 199° 28', 324° 44' 

9. nl20°-4°41'±55°19'; 50° 38', 60°, 170° 38', 180°, 290° 38' 
300° 

10. «360° ± 135° + 45°; 180°, 270° 



EXERCISES 7 

1. (0 30° 49', 59° 11', 210° 49', 239° 11' 

(ii) 13° 53', 103° 53', 193° 53', 283° 53', 76° 7', 166° 7', 

256° 7', 346° 7' 

(Hi) 119° 28', 299° 28' 

(iv) 0°, 36°, 108°, 180°, 252°, 324°, 360° 

(v) 22\°, 112|°, 202£°, 292i°, 135°, 315° 

2. (0 36° 52', 270° (ii) 36°, 324°, 108°, 252° 

3. 45°, 225°, 171° 52', 351° 52'; rnr + 45°, mr + 171° 52' 

4. 0°, 180°, 360°, 210°, 330° 

5. (i) 0°, 45°, 135°, 180° (ii) 35° 16', 144° 44' 
(«0 90° 

6. «360° ± 60° 

7. 13° 17' or 240° 27' 

8. (0 »360° or «120° + 30°; 0°, 360°, 30°, 150°, 270° 
(ii) n360° + 71° 34' - 18° 26'; 53° 8' 

9. «360° ± 60° or «360° ± 141° 20' 

10. (i) 60°, 120°, 240°, 300° (//) 53° 48', 233° 48', 159° 54', 339° 54' 
(Hi) 172|° 

11. 360n°±60° 

12. (In + 1) 180°; k360° ± 120°, «360° ± 41° 24' 

13. (i) 0°, 180°, 60°, 120°, 35° 16', 144° 44' (ii) 60°, 180°, 45°, 90° 

14. -sin 3x sin 2x. 0°, 36°, 72°, 108°, 144°, 180°, 22£°, 67^°, 1 m°, 
157J° 

15. 60°, 120°, 240°, 300°, 45°, 135°, 225°, 315° 

16. (In + 1) 30° or «180° ± 30° 

17. (0 n360° - 36° 52' ± 113° 35' (ii) «360° + 73° 44' ± 78° 28' 

18. nl80° or nl20° 

19. 60°, 120°, 45°, 135° 
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20. (2m + 1) 45°, nl80°, +(-l) n 90° + 60° 

21. 70° 32', 289° 28', 120°, 240° 

22. (0 «360° ± 180°, «360° ± 120° (») «90° + 22^°, «180° - 45 
(Hi) n45° - 2° 30' + (-1)" 3° 23' 

23. -120°, -90°, -60°, 0°, 60°, 90°, 120° 

24. R = 13, a = 67° 23', 142° 54', -8° 8' 

25. «180° - (-1)"30° 

26. «360° - 67° 23' ± 140° 17' 

27. f or -1 

28. 0°, 180°, 360°, 270°, 41° 50', 138° 10' 

29. 45°, 135°, 225°, 90°, 210°, 330°, 315° 

30. ±2 

31. 19° 28', 160° 32', 194° 29', 345° 31' 

32. 90°, 43° 10' 

34. «180°, «180° + 135° 

36. (a) 70° 32', 120° (b) 45° 

37. 65s 2 + Ss - 48 

Oi 0% 6 S d i 

40. t x = tan ^ , h = tan y , ? 3 = tan y , ? 4 = tan — , 

h ~t~ <2 4~ t 3 -\- f 4 — (t\t 2 tz -j- tjt 3 t t -j~ ~l~ ^1 ^2^4) 

1 tyt% ^3 ■ tjt^ — t^t^ '3^4 ~\~ t^t^t^t^ 



Exercises 8a 

3. B = 63° 39', C = 51° 21', a = 19-20 or 19-21 depending on 

the method of working 
5. c = 2 

7. W 26° 8' N or 296° 8' 

8. Correct to nearest minute B = 70° 54', C = 65° 13', D = 
43° 54' 

10. (j) A = 49° 39', B = 74° 4', a = 2-489 
or a = 17° 46', B = 105° 56', a = 0-997 
(if) No possible triangle 
(ih) A = 44° 12', 5 = 67° 54', a = 4-23 

(iv) A = 5\° 58', 5 = 54° 40', b = 674-1 

(v) B = 5l° 12', C = 68° 49', b = 52-82 
or B = 8° 48', C = 111 0 12', £ = 10-37 



EXERCISES 8 

1. One solution. A = 24° 34', B = 79° 26', b = 7 09 

2. a = 3^/5, i> = 2^/10 
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3. sin 6 = 0-8127, a = 95-7 

4. 4-34 cm 

5. a = 11-64, A = 34° 53', C = 50° 55'. A = 91-72 in. 2 

6. b = 117, c = 56 

7. AC = 5-94, B = 115° 23', D = 64° 37' 

[a 2 + (fr - h) 2 ] tan 6 
8 - Height = fl + (b-A)tanO 

9. AB = 3007(cosec 2 a + cosec 2 /S — 2 cosec a cosec /S cos y) 
10. c = 9-8 in. 

18. 16°, 10° 

19. B = 111 0 , C = 12° 42', c = 0-745; 
B = 69°, C = 54° 42', c = 2-77 

A = 0-98 or 3-64 
13V3 

3 



22. AD = 



24. 60-1 ft. 

16 R 

26. 118 ft. 

27. (0 45°; (ii)Vf fl ; ("0 cos_1 (-i) 

30. (0 13,970 ft. (ii) .4 = 4793 ft., B, 585 ft. (Hi) 16° 46' 

31. + 16 sec <x(2Z - 6 tan a cot j8) 
sin jS 

„„ , 6htana 

33. d = — 

3 + tan 2 a 



Exercises 9a 

\. A = £x(100 - x) 

2. V = — A(20 - h)\ A = irr 2 + 2ot(20 - 2w) 

4tt 

3. /i = 10 sin x 

4. f(l)= -2,f(2) = 2,f(-l) = 2 

5. <£(0) = 6, <£(1) = 2; x = 2or3 

6. F(0) = 1,f(|) = -1. 0 = nir+J 

7. All values except 1 and 2 

8. 3<x<7;x<3 and x>7 
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X 

9- (0 y = — — (ii) y=-x or y = x -l 
4 + x 

(iii) not possible 

10. (0^=1 or -2 whenx = 1, y == -1 ± ^3 when 

(ii) y is not denned for x = 1 or 2 

Exercises 9b 

1. 50 yd, 1250 yd 2 2. x = \ or x = 2 

3. 0-86 radians 4. 3 + x 2 + 5; 11 

5. 12 ft./sec; 11 ft./sec 6. 3 + x 2 , 4 

7. 10 

8. 7, 3-31, 3 0301, 3-0000300001; 3, 3x 2 

9. (i) -1 (ii) 10. 32 ft./sec; 64 ft./sec 

Exercises 9c 

1. 12 

2. Yes. -2x, 2; 0,2. No 

3. Yes, -2x, 3x 2 ; 0, 0, Yes 

4. (0 14* (ii) 4x 3 — Ax (iii) 2 cos 2x (iv) -3 sin 3x 
(v) cos x — 2x 



EXERCISES 9 

1. A = r\l +sec0)cot- 
2 

3. 0,^,-2: 

4 4 

4. 1,2; 0 001 

5- (0 y = CO y = -* 

1 + x 

a 6 3 

6. v = ; - 

3 + x 3 ' 2 

7. y = x 2 — x — 2; 4 

8. x\ + x t x 2 + x| + 3; 4 + x + x 2 ; I 

9. 5A ft./sec; 5 ft./sec 

10. x = 2 

11. 2, -1,2 

12. u ft./sec; a ft./sec 2 

13. V3 
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14. (0 2x + 1 (ii) =j 

x 

15. (i) a cos ax (ii) —a sin ax 

16. (i) sec 2 x (ii) sin 2x 



Exercises 10a 

1. 35x 4 - 12x 3 + 2x 2. 24x 2 - cos x 

3. -6 sin x - I6x - 8 4. 7x 6 + 4x 3 + 3x 2 

5. cos x - cos 2 x + sin 2 x 6. 6x + 4 cos x — 4x sin x 

7. 8x 3 + 15x 2 + 12x + 4 

8. 16x(l + cos x)(l + sin x) + 8x 2 (cos x — sin x)(cos x + 
sin x + 1) 

9. cos x — x sin x + 6x 

10. sin x(3x 2 + 8x) + cos x(4x 2 - 6x) 

11. 4x(x 2 + 1) 12. 2(x 2 + l)(5x 2 + 2x + 1) 

13. 6x(x 2 - l) 2 

14. 3 sin x cos x + 3x (cos 2 x — sin 2 x) 

15. (9x 2 + 3) sin x cos x + 3x(x 2 + l)(cos 2 x - sin 2 x) 

Exercises 10b 

x 2 + 2x 2 sin x - x cos x 
' (x + l) 2 " (x + sin x) 2 

2+2cosx + xsinx 4 _ CO secxcotx 

J - -- -.2 



(1 + cos x) 



5 sinx 6. 

7. 



-6 



(1 + cos x) 2 (x + l) s 

x + sin x (sin x + cos x) R x 4 + 6x 3 + 3x 2 + 6 



(cos x + sin x) 2 ' (x 2 + 3x + 2) 2 

cos x(x 5 + x 4 - x 3 - x 2 ) - sin x(x 4 + x 2 + 2x) 
(x + l) 2 (x 2 - l) 2 
-2x 8 - 6x 2 + 6 
(x + l) 2 (x + 2) 2 (x + 3) 2 
2 sin x cos x + sin 2 x 
cos 2 x(cos x + sin x) 2 
4x 2 + 12x + 6 



10. 
11. 
12. 



(x 2 + 5x + 6) 2 
13. 1-08 
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14. 

2 + V3 

15. i(0,0); (-2,6) 
Exercises 10c 

1. sec x(sec x + tan x) 2. sec x(sec 2 x + tan 2 x) 

3. —cos x — cot x cosec x 4. sec 2 x(l + 2 tan x) 

5. 4 sec 2 x tan x 

6. (sec x + tan x)(l — sin x + cos x + tan x) 

7. sec x (sin x tan x + 2 sin x — cos x) 

(sin x + cos x) 2 
sec x tan x 



8. 



(1 + sec x) 2 
—2 sec 2 x 



(1 + tan x) 2 

10. (i) v — (8f — 3) ft./sec; 5 ft./sec 

a = 8ft./sec 2 ; 8 ft./sec 2 
(ii) t> = 2ir (cos 2irt — sin 2tt0 ft./sec; 2n ft./sec. 

a = -4tt 2 (cos 2t7J + sin 2-rrt) ft./sec 2 ; -4tt 2 ft./sec 2 

11. (i) -2 cos 2x (ti) — — 

(1 — sin x) 2 

15. sin ^x + 

Exercises lOd 

1. 5(x - l) 4 2. 10(2x - l) 4 

3. 5(4x - 3)(2x 2 - 3x) 4 4. 8(x + l) 7 

5. 3 sec 3x tan 3x 6. 5 sec 2 5x 

7. sin 4x + 4x cos 4x 8. 2x cos 3x — 3x 2 sin 3x 

9. 3 sin 2 x cos x 10. 3x 2 cos x 3 

11. 6x sec (3x 2 + 1) tan (3x 2 + 1) 

12. 9 tan 2 (3x - 4) sec 2 (3x - 4) 

13. 4x sin (x 2 + 1) cos (x 2 + 1) 

14. (lOx + 7)(2x - l) 3 

15. 3 sin 2 x cos x tan 2x + 2 sin 3 x sec 2 2x 

16. — 4 sin 3 x cos x 

17 ~ 3 cos8 * 18 -8x(l - x 2 ) 

* (1 + sin x) 3 ' (1 + x y 

19. 8 cos 7 x sin x 20. 4 sin 2x 



(1 + cos 2x) 2 



484 



SOLUTIONS 



21. 



4 sin x cos x 
(2 + sin 2 x) 2 



22. 18 sec 3 (tan 2 3x) tan (tan 2 
tan 3x sec 2 3x 



23. (i) n sin" -1 0 cos 0 (ii) — m cos™ -1 6 sin 9 
(in) sin"" 1 6 cos 6[n cos 2 0 - m sin 2 6] 



Exercises We 
1. fx 1 ' 2 

3. 

-12x 



1 



5. 



' 3-^x 2 

4 -4'-7.)( J 

4x - 1 



L) 



(2x 2 - 3) 4 

7. 3*V(x 2 + 1) 
1 — x — 2x 2 

' V(i-* 2 ) 

11. —J— sec V* tan Jx 
2jx 



6. 



2V(2x 2 - x) 
—x 



(x 2 + 1) 3/2 
(1 + x) 2 (l + 7x) 

2yjx 

12. £ tan x V( sec x) 



10. 



13. 
15. 



cos X 



2y/(l + sin x) 
-1 



14. 



V[(x + l) 3 (x - 1)] 



1 — cos X 

Exercises 10/ 
2x 



' V(i - * 4 ) 

8 2 
' *V(* 4 - ^ 
10. sin -1 x + 



6. 



1 



V(l - 36x 2 ) 
2x 



1 + (* + l) 2 



1 + x 4 



Vd - * 2 ) 



11. 



12. 



(1 + x)V* 



tairl (Hr;) = tan_1 x + tairl 1 



14. Because 2 tan 1 x = tan 
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Exercises lOg 



!._>; = _ l 2 . 1 - 2x y* 

x x 2 ' 2x 2 y — 1 

sin x — 1 



4. 



1 — sin y 

5 ~y 6 (1 + ^ cos xy) 

x + cos y (1 + x cos x>0 

7. -1 

8 (2x + 3y) . 10s 2 + 10y 2 + 30xy 
3x+2y ' (3x+2yf 



X . 2 0 1f > 8. . 326 



Exercises lOh 
2 
3t 

3. — 4sin2t 4. 



1. - 2. -| cot 0 



5. 2t + i 2 



3 

2f cos t — f 2 sin f 
sin t + t cos t 
3t 2 



1 -2f 



3 



9. — — - lO.(i) f sec (//) lsec 



3t 2 +l 



EXERCISES 10 

1. (i) 3x 3 - x (ii) -i- (9f 2 - t - 1) 

4fy f 

2. (i) 15x 4 + 4x 3 + 9x 2 + 2x (ii) sec 0(1 + tan 0 — cosec 

3 . (0 _ (L±4> (i0 * 4 + 4* 2 -i 

(1 - x 2 ) 2 K ' (x 2 + l) 2 
4- (0 „ , \ , x , (ii) 1 



5. (i) 3 sin t cos 3/ + cos t sin 3t 
/••••> 2fV(l-f 2 )sin- 1 f + f 2 

( 0 Vd - * 2 ) 
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(x 2 + 6x + 16) 6(x 2 - 2) 

6 - 0) (x 2 - 16)* 00 (x a + 3x + 2) 2 

7. (i) —(5 cos t sin 5t + sin t cos 5t) 
.... (1 + t 2 ) tan" 1 1 + t 

00 Hm 2 

8. (/) 4 sin 3 x cos x (ii) 3 sec 3 x tan x 

9. (i) 18 sec 3 60 tan 60 (ii) -10(9 cot 4 0 2 cosec 2 0 2 

10. (i) sec 0(tan 0+20 tan 2 0+0) 

(ii) sin x cos 2x + x cos x cos 2x — 2x sin x sin 2x 

I cos - + x sin - I 

11. (0 - ^ cos - (i 0 _ : 2-^ *i 

x' x x 3 

1 - 20 3 .... 3t 2 

11 (0 ^(j _ fl «) 00 2 (2-0)(l-0r 

.. sec 2 x co s x 

14 ( ° Vd-tan 2 x) 00 TT^c 

15- (0 , 2 2 , 0*0 _1 



V(2-t 2 ) 1 +2t + 2? 

2 . 1 2 



16 . (i) _ sin _ oo i+xS 

32x 1 
2 °- (0 16-8x 2 + 17x* °'° V(5x-x 2 -6) 
21. (i) nx" -1 (tan nx + x sec 2 nx) 

1 x 
- cos - 

2 2 

(ii) 



1 +sin 2 - 



dy 

y — x — 

22. (0 /+2xy^ (ii) 

dx y 2 

dy 

X A~ y dv 

(HO -22 (if) sin 2j; . ^ 

f a dx 



x 
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23. (0 y -f^ (10 rf^TT 

y — x 4y 3 — 4x 2 y 

24. (0 (ii) 1 _ X 



y~2 y 2 -l 

sec 2 x ay — x 2 

17, . 2 \ (") a 

V(l — tan *) y — ax 



ZO. 8 

27. 0, 0 

28. 2, 2 

29. -(20xy + 432*y)/(6/ - x) 3 

30. --cote 

a 

31. -cosec0; - 4 cot 3 0 
a a 2 

. „ sec 4 0 cosec 0 

32. —tan 0: - 



3a 



33. tan - 



o ^ ^ . sec 3 i 
34. tan t; 

at 



39 -(0 sin 0 + 2 cos 0) . -(0 2 cos 0 - 40 sin 0 - 6 cos 
0 3 5 0 4 



Exercises 11a 

1. 0-00003632 ft./°C 2. 4-77in./min 

3. 47rcm 2 /sec; IOtt cm 3 /sec 4. 500 m 3 /min 
5. 10 cm/sec 6. 3-18in./min 

7. 20ft. 2 /min 8. — in./sec 

9 77 

9. —0 03 radians/sec 10. — in. 

8tt 

Exercises lib 

1. 36 ft./sec, 36 ft./sec a ; 9/ 2 ft./sec, 18? ft./sec 2 

2. 8 ft./sec 

3. 30 2 - 1), after 1 sec 
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4. a = 6t ft./sec 2 . When / = 0 

5. If ft., 0 ft.; -4 ft./sec 2 , 4 ft./sec 2 

Exercises 11c 

1. 1-0006 

2. 0-7073,0-7069; 0-7075,0-7067; 0-7077,0-7065 

3. 0-377 in 2 , 0-3779 in 2 

4. 4-47rin 3 ;— J-in./sec 

21tt 

5.3% increase 

6. decrease of 407r cm 3 

7. decrease of 877 cm 2 

9. 0-4 in 2 

10. 0-4%, 9960 

Exercises lid 

1. 7 - 6x + 11 = 0, 67 + x - 8 = 0 

2. 7 + 3x - 3 = 0, 3y - x + 1 = 0 

3. 7 = 2x, 7 + x - 1 = 0, y - 2x + 4 = 0 

4. 37 - 5x + 16 = 0 

5. 7 + x — 2 = 0; 7 = x 

6. 7 — x — a = 0, 7 + x — 3a = 0 

7. 7 = 8,7 = 4 

8. 277 - 135* - 40 = 0; 7 - 5x + 8 = 0 

9. 27 - x - 7 = 0, 27 - x + 1 = 0 

10. 7 = x,7 — x — 4 = 0 

Exercises lie 

1. Max. of 0 when x = —2; min. of -4 when x = 0 

2. Max. of when x = £; min. of 0 when x = 1 

3. Min. of — \ when x = — 1 ; max. of \ when x = 1 

_3 

4. Min. of \\ max. off, min. of — 

5. -J^ + b*) 

6. Height 2r/V3, radius r^\ 

7. A = r 2 sin 20(1 + cos 20) 

10- XP = — 

V(» - 0 ) 

Exercises llf 

1. (i -¥* A ) 

2. (0,2); (!,») . . 

3. Min. (1,3); max. (iff); point of inflexion (§, ff ) 
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EXERCISES 11 



i 1 • / 
1. — in/sec 

4tt 

3. 2-19 units/unit change in r 
32 

5. ft./min 

1577 

77 2t7 77 77 J3 

I. — , — ; 0, — , 77; — \- 
3 3 2 3 2 

9. Increased by 0-31 % 

10. 017 cm 

12. 3; y = 15x + 36; (-6, -54) 

13. 1±V2; 1±^£ 



2. 4-5 cm/sec away from lens 
4. 10in 3 /sec 
6. 20, 16; 18 units 



11. Decreased by 0-42% 



14. 
15. 
16. 
17. 
18. 

19. 



22. 

23. 
24. 
25. 
27. 

28. 
30. 
31. 

33. 
35. 



y = ix-i 

(i) y = 4x - 15 (ii) y = -ix + 2 

Min. when x = 0, point of inflexion when x = 1 

a = i, =|, c = -6, d = (-4, ^) 

-0-29 

(0 min. ^ , 3^/3 j, max. ^ , —3^/3^ ; (n) min. (1, 0), 
max (-l,f) 

max. (1, £), min. (—1, — §), points of inflexion (0, 0) 

min. (2, -|), min. (-2, -i) 
sin- 1 (i) 

max. (1, |), min. (—1, 1) 

_ A 
3a 

y = -x + 2, y = -x + - 

2 

Min. (2, 0), (2, 0), (0, 4); min. (2, 4), does not cross x axis, 
(0, 8); min. (2, -4); (0,0), (4, 0) 
y = 2x, (1, 2) 
77 A 

4~ 2 
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Exercises 12a 



X x 

a 



3. cotx 4. 



(ax + b) 



1 6. 1 



2(x — 1) cos x sin x 

7. secx 8. 2 cotx 

9. logeX 10. f— 



X" 



11. - 2 



1 -x 2 

12. cos x cot x — sin x log e sin x 

13 . -*» + *> 15. i 

x(y + 1) * 

Exercises 12b 

1. 3e 3a! 2. -2xe- x2 

3. cosxe 8ln " 4. -e— 

5. ae"** 6 2 6. 2" loge 2 

7. 2x log e 3 X y 8. e*(cos x — sin x) 

9- e-*° (1 - 2x 2 ) 10. (T ^_ 

11. e"^log e x + - j 12. 2xe-* !! (cos x 2 - sin x 2 ) 

15. 4 or -1. 
Exercises 12c 

1. sec 2 xe tan * 

2. 4xV" 

3 x sin *^smx + cQs x lQge x j 

4. (sin x)*^ cot x + loge sin x) 

5. (loge X)T [lOge (loge x) + — ^— 

L loge xJ 

6. X^ 1 ^^- 1 +logex) 

7. e* + x*(l + loge x) 
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8. 2xe*° + x* +1 (l + loge x 2 ) 
—2 /v j_ i W» 



10. 



(x + lV' 
3(x 2 - l)\x - 1/ 
- ( x 2 - 1 \ 1/4 
Ax 2 + 1/ 



l\x 2 + 
Exercises 12d 

2. -1< x < 1 

3. 0-5236; 0-4997, 0-5000, 0-5000 to 4 decimal figures 

5. sin x — x ; cos x — 1 

6 2 

. _ x* x 6 . x 2 . x 4 

sin x — x ; cos x — 1 — 

6 120 2 24 

7. (0 1 + nx + w( " ~ ^ x 2 + . . . nx"" 1 + x" 
2! 

i + wx + gOLjll) x * + ~ IX" ~ 2) X 3 + 

9. 0-5236; 0-5714; 0-5767 to 4 decimal figures 
10. a + bx + cx 2 + dx 3 + ex 4 

Exercises lie 

1. Ve^= 1-6487, -^=0-3679 

e 

2. loge 1-2 == 0-1823, loge 0-9 ^ -0-1054 

4y 3 

3. (i) 1 + 2x + 2x 2 + — + . . . 

3 

(„) 1 _ 3x + — + 

(iii) 1 + x 2 + ^ + ^ + . . . 
2 6 

4. (i) 2x - 2x 2 + — - 4x 4 + . . . ; - - < x < - 

3 2 2 

.... /, , 9x 2 , . 3 , 81x 4 , \ 1 

(») -\3x+ — + 9x 3 + — + ...J; - - < x < 

v 4 V 6 V 8 

(iii) x 2 - -+ -- -+ ...; -1<x<1 
2 3 4 
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SOLUTIONS 

5.-i<*<t 6l+ h + h + h 

8. - - < x < - 9. 0-6931 

4 4 



EXERCISES 12 

1. (i) 3x - - + 6x loge x (ii) e*(- + log e 2x ) 

X \x / 

(iii) — 2e _2a: (cos 4x + 2 sin 4x) 
2e 2< 

2. (i) (ii) cosec i (iii) — cosec ( 

1 + e 2 ' 

4. y 



x + y 

5. — = 5e 3x cos (4x + a); a = tan -1 - . cos a = - , sin a 
dx 3 5 

^ = 25e 3a! cos (4x +2a) 
dx 2 



e'(l + e 2 ') 1- loge 6 

> (1 _ e 2 ') 2 ^ (0 + loge 0) 2 



7. (i) e a;sina! (x cos x + sin x) (ii) i cos (log e x) 

x 

10. (i) — (ii) — - -J 

2(x + 1) 2V(x 2 - 1) 

13. k = -7 
18 

2! 2 ' 2t* 

19 j_. _ o_m) 

fe' ' A" 

20. Max. of - when x = e 
e 

22. (1, 1/Ve); (-1, 1/Ve) 

23. y = 2x + 1 

- H) 

27. (4, | + loge 4) 
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SOLUTIONS 

29. (0 (1 ° geX)10gea! [l +l0g e (l0geX)] 

X 

(ii) x x (l + logex) + sec 2 x e tana: 

30. X*(l + loge x)(l + -*—) + * 

V a + 2/ 

31. - ; 0 < fc < - ; 1-43 
e e 

33. 0-000334 

35. (0 1 - 2x + 2x % - ^j- (ii) l-2x-2x 2 - 4x 3 ; 0-00040 

Y 2 9 Y 4 Y 5 Y 6 Y 7 

37. x+---x 3 + -+ -- -+ - + ... 

2 3 4 5 3 7 

+ - + x 3n (---) +- + ... 

3n — 1 \3n n/ 3n + 1 

„ , , 1/ . 2fl , sin 4 0 , sin 6 0 , sin 2n 6 , \ 

38. ( a )_-^„ e+ _- + _- + ...__ + ...j ; 

0 < x < - 
2 

( fc )4-x 2 + ^; 21og e 2-^ + ^; ^ 

3 



39. (a) 1 + x 2 + |x : 

2(cos0 +-cos 3 d + -cos 5 0 + . . . H — cos 2 "- 1 ^ + . .. | 

\ 3 5 In - 1 / 

40. 0-6931, 1-0986, 1-3863, 1-6094, 1-7918 

Exercises 13a 

(Arbitrary constants in these exercises have been omitted) 
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SOLUTIONS 

3. sin -1 - , sin -1 x, sin -1 2x, sin -1 3x, sin -1 - 

4 6 

4. - tan" 1 - , tan -1 x, - tan -1 - , 3 tan" 1 3x, 5 tan -1 5x 
2 2 3 3 

5. tan x, —cot x, Jx + | sin x, tan x — x, —cot x — x 
-5 _ _1_ \_ . Vx(22 + 22x - 10x 5 ) 

' 4x 4 3x 3 x 2 ' 11 

7 a b c_ 

3x 3 5x 5 6x 6 ' 
2 . 3 



n — 4 p — 4 

-1 3 



x*- 4 (n, p, ^ 4) 

(n 1, 2, 3) 



(n - l)*"" 1 (« - 2)x re ~ 2 (n - 3)x n ~ 3 

8. x--x 4 +- ; x + 5x 2 + — x 3 ; lab log e x - - + a 2 x 

2 7 3 x 

9. — 6cosx; 7sinx; 8sinx + 6cosx 

10. y = x s - 3x 2 + 2x + 7 

11. t> = 5f - to 2 + c; k = 4 

12. x = — 3 sin * 

13. j = 3 — cos x 

14. y = |x 5 - |x 4 + fx 3 

15. x = t* - 10i s + 16* 2 ; 2 sec, 8 sec 

Exercises 13b 

1.(0 00 (n0|(7< + 5f 2 

(to) |f (3« - 5)»/» 

2 - (i) -4^xW 4 + (m) (T^r 

(to) -Kl - 3j;) 2/3 

3. (0 -\ cos (3x + 3) 00 5 sin (5u - 1) 
(Hi) cos (1 — y) (iv) \x — I sin 2x 
(v) ^x + J sin 2x 

4. (0 -e 2 - x (ff) ie 5 «+ 2 > (m) -ie 1 - 6 " 

5. (i) | log e (2x + 1) (ii) -i loge (1 - 2x) (Hi) log e (sin x) 
(to) f log e (x* + 1) (») loge (x 2 + x - 1) (vi) log e (2 - e~') 
(vii) i log e (e* s + 3) (wo) % log e (log e u) [N.B. Another form 

Of this is | log e 0°Se " 2 )1 

(zx) log e Ooge 3x) (x) -log e (cos x - sin x) 
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SOLUTIONS 

6. (i) £ tan" 1 (^^) (»') £ tan" 1 4f 
(iii) tan -1 (x + |) 

7. (i) i sin" 1 40 (ii) i sin" 1 (^^) 



(iii) sin' 



8. (i) i loge (x 3 + 1) (i0 - K2 - 3J) 3/2 (iiO loge (1 + e") 

9. (i) J tan -1 2u (ii) J log e (1 + 4u 2 ) (iii) J sin -1 2u 
10. (i) loge (1 + tan 2 x) (ii) -log e (1 - sin 2 u) 

Exercises 13c 

1. y = 1 + x - fx 3 

2. y = - - + 1 

x 

3. i> = 92 ft./sec, 372 ft. 

4. v = u + 4&* 3 (k constant) 
s = ut + hkt* 



5. 106f ft. 








Exercises 13d 








i- (0 4 


(ii) 


16* 


(iii) 0 


2. (0 1 


(ii) 


16i 


(iii) 0 


3. (i) 4| 


(ii) 


i 


(iii) 18l 


4. (i) 


(ii) 


77 


(ill) — 


12 


2 


3V3 


5. (i) - A 


(ii) 


5 

— 7 2 


(iii) —7-2 


6. (i) 12f 


CO 


-12| 




7. (0 -4 


(ii) 






8. (i) Ke 9 - e 6 ) 


(ii) 


-Ke - e e ) 


(«0 id - 


9. (i) loge 3 


(ii) 


logef 


(iii) loge 5 


10. (0 0 


(ii) 


77 


77 

(in) — 


2 


2 


1 1 . square units 






12. ^ square units 






13. 2 square units 








14. — square units 








15. if 4 square units 
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EXERCISES 13 

1. (i) i(2x - l) 4 (ii) h(2x - l) 17 

2. (f) fx 7 - Vx 5 + 2x 3 - x (ii) Ax 13 - fx 9 + f x 6 - x 

3. (0 fx 7/2 - £x 5/2 + fx 3/2 (ii) - j + (^-p)* 2 - 

4. (i) - - + loge x - - (ii) 2x 1/2 + fx 3/2 + fx 6 ' 2 

x 3 

(Hi) ¥x 2/3 + |x 5/3 + fx 8/3 

, 0, ^ 00 ± 

6. y = x 2 - X 3 + 1 

7. y = x + 2x 2 

fc 2 

8. y = C-- 

x 

9. y = 2x 2 +±-l 
10.1 

x 2 3 

11. y = ~- logeX +" 

12. - + 1 - 1 
2 

343 

13. — 

6 

14. 2f 

16. v = 4s 

17. y = 9 + 6x - 3x 2 ; 32 

18. 1 sec, 21£ ft. 

3) 3 



Exercises 14a 

(Constants of integration in these exercises have been omitted.) 

1. - + X + log e (x - 1) 2. - + ^ + X + loge(x - 1) 

2 3 2 

3. X + loge (X - 1) 4. - if -4- loge (1 - 3f) 
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SOLUTIONS 

5. — — — log e (l - 3t) 6. X - log e (l - x) 

6 9 27 

7. | - loge 2 8. It - h loge (1 + 40 

9. -J loge 5 10. 7 x - £ log (a + foe) 



b b 2 



Exercises 14b 



1. 5 tan" 1 (x + D 2. | tan"^^-^ 



3. — 4. 5x + tan -1 x 



5. Itan-(^-i) 
18 \ 6 / 



6.^ 
2 

„3 



7. 2 - 2 tan -1 2 8. — - 9x + 27 tan" 1 - 

3 3 

27 . 7T 



9. x+^^(^±l) 10. , 

73 V V3 / 16 8 

Exercises 14c 

1. -logeC^ + ie^-tan- 1 ^ 
2 4 4 

2. -log e (x 2 + 36)--tan- 1 - 
2 6 6 

3. log e (x 2 + 2x + 10) + i tan^^y-^ 

4. f loge (x 2 - 6x + 10) + 14 tan" 1 (x - 3) 

5. -5 log e (x 2 - 8x + 25) - y tan-^^^j 

6 .i lofe( ^ + 1)+ i tan -.(^) 

7. £x 2 + 6x + 13 loge (x 2 - 6x + 10) + 18 tan" 1 (x - 3) 

8. - loge (3x 2 - 12x + 13) + tan" 1 V3(x - 2) 
6 ^3 

9. x - loge (x 2 + 2x + 5) - | tan" 1 (yp) 

10. - + x - -log e (2x 2 + 2x + 5) - itan- 1 fe+i) 
2 4 2 \ 3 / 
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SOLUTIONS 

Exercises 14d 

1. -loge (x + 2) + 2 loge (x + 3) 

2. loge (2X - 1) - loge (3x - 1) 

3. 5 loge X — 6 loge (1 — X) 

4. 2x + loge (x - 2) + loge (2x + 1) 

5. — + 3x + 2 loge x- 1 - loge (2x + 1) 

17 

6. loge (2x + 3) - loge (3x - 1) - 



3(3x - 1) 

7. loge (X - 1) + 3 loge (X + 2) - -2— 

8. loge (X - 1) + I loge (2X + 1) - 1 

(2x + 1) 

9. 2x --log e (3x + 1) + 51og e x +- 

3 x 

10. \ loge (X 2 + 4) - \ loge (X 2 + 8) 

11. - tan" 1 -- -i- tan" 1 

8 2 8^/2 2^2 

12. f loge (2x + 3) + 1 loge (2x 2 - 1) 

13. 3 loge (X + 1) - lOge (X 2 - X + 1) 
1 1 X 

14. - tan -1 x tan -1 - 



15. loge (x - 1) - 1 loge (x 2 + 9) - * tan" 1 1 

16. loge (* + !)-! loge (x 2 + 4) + \ tan" 1 - 



17. lOge (^) 

(p - q) \x-q/ 

27, x + 3 \ 

+ 9X - — loge I "I 

2 \x — 3/ 



x 3 

18. - 
3 

19. loge (x - a) + " loge (x - b) 

(a-b)(a-c) 8V (b-a){b-c) 

+ ; — v — u\ loge (x ~ c) 

(c - a)(c - b) 
on 1 , fr 2 + b* \ 

20 - 2v^ i ^Itt^/ 
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SOLUTIONS 



Exercises 14e 

1. -ie-* 2 2. -Ka a - x 2 ) 3/2 



3. -7(9 -x 2 ) 4. i(logex) 4 

5. -loge (1 — sin x) 6. | log e (cos 2 x + 2 sin 2 x) 



i_ 1 

30 (x 5 + 6) 6 

9. KlOgeX) 2 10. loge (loge X) 



7 - - ™ 8 - to + D 5/2 - K* + 1) 3/2 



) 2 

11. £tan 6 x 12. — e 1/x 

13 -5 ,0& (^) "^-^ 

15. Ksin" 1 X )« 16. j 

17. loge 2 18. — L_ (log e 2) M+1 

n + 1 

19. i log e (^J^) 20. | loge (e + l)(e 2 + 1) 

21.^ 22.^1og e ^£l 

24 2 * e (i +e ) 2 

23. ^ 24. 0 
288 

25. cos 4 — cos 2 



Exercises 14/ 

1. i(x 2 - a) 3/2 2. |(x 2 + 4) 3/2 

3. -1 V(16 - x 2 ) - sin" 1 - 4. -J(l - x 2 ) 
x 4 

5. -cos" 1 x - ^(l - x 2 ) 6. Kx + 1) 5/2 - |(x + 1) ; 

7. f(x - 1) 7/2 + |(x - 1) 5/2 + |(x - 1) 3/2 

8- £ 9. i(5V5 - 8) 

10. 

8 4 

Exercises 14g 

j cos 9x cos 5x cos llx cos 5x 

18 10 '22 10 

sin llx sinx . sin 12x 

j - ~ — I ~ 4. f sm 2x 

22 2 24 

500 



,3/2 



SOLUTIONS 

, sin 5 x sin 7 x , cos 7 x . 2 cos 9 x cos 11 x 
5. o. h 



7 9 11 



2,- A 3/ 2 n 1 



7. - (sin xf' 2 8. + 2 cos x 

3 cos x 

9. 0 10. +t*2 



Exercises 14h 
1. -(x + lje-* 

Z. 2 

3. f 0 2 sin 26 + \Q cos 29 - \ sin 20 

4. e^x 3 - 3x 2 + 6x - 6) 

5. —x 3 cos x + 3x 2 sin x -f- 6x cos x — 6 sin x 

6. 3 5 Moge2-fi 

7. — sin -1 x — - sin -1 x + - J{\ — x 2 ) 
2 4 4 V 

x 6 x 6 



10. 



V3 

0 cos m0 sin m0 
m m 2 



11. - --l0ge2 
4 2 

12. x(log e X) 2 — 2x loge X + 2x 

X X 

13. (x + sin x) tan - + cos x or x tan - 

2 2 

14. —x cosec x + loge (cosec x — cot x) 

15. | sec x tan x + J log e (sec x + tan x) 

Exercises 14i 

1. Je^sin x + cos x) 

2. — i 3 e" 2a: (3 cos 3x + 2 sin 3x) 
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SOLUTIONS 



3. T5re 5!r (2 sin £x + 20 cos \x) 

4. ixV(16 + x 2 ) + 8 log e [x + 7(16 + x 2 )] 

5. — £ cosec x cot x — \ log e (cosec x — cot x) 



EXERCISES 14 

2. (0 \(2x + 1) 7/2 (ii) -I loge (1 - 3x) 

SCC^ X 

(in) tan x + % tan 3 x (it)) — sec x 

00 sin- 1 ^-—^ (vi) tan" 1 (x + 3) 

(vii) loge (3 + sin x) (viii) 3 log e (1 + e 2 *) 

(fx) loge (sin -1 x) (x) — A cos 7x + £ cos 3x 

, „ „ , , ... sin 4 x sin 6 x . 
(xi) — 2ycos x (xn) — — f- C t 

cos 4 x , cos 6 x , 

or f- — — + C 2 

4 6 

3. (0 3 log e (x - 2) - 2 loge (x - 1) 
07) x + 2 log e ^^ij 

(W ° _ \ /~T^ + ^ loge (* + ~ i lo S e <*' + 4 ) 

5 (x + 1) 25 25 

3 . _ x x 

tan 

50 2 

-i loge 9 

(u) loge (x - 1) - \ loge x - i log e (x 2 + 4) - \ tan" 1 

(„ 0 _ 1 loge (x + 1) + ^ loge (x 2 + 9) + ^ tan" 1 ? 

(Vii) 3 l0g e (2 + X) + loge (1 - X) - 2 

(1 - x) 

4. y = 6 - - 

X 

6.(0 1 (n)7-ilog e 2 

4 2 
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SOLUTIONS 
1 

V2 



, ,. 1 , 3,1,. 

7. (i) — loge - H r tan 

12 8 3^2 

(iii) rs 

8. (a) (i) i (ii) Kl - 4e" 3 ) 
(ft) Kl - loge 2) 

9. (a) 1 loge 5 (b) V^" 4 

10. (0 (a) 48 + loge 2 (ft) 3 ^ 

(//) M^ 2 -loge(^ 2 + 1)] 

11. 0-287, 0-605, 1-07 

12. (i) f(6 - x) 5/2 - 4(6 - x) 3/2 

(ii) x + |log e (x 2 +4) * 



-r- (ii) loge 4 



(if) 



10 



(iii) x 

13. 0 

14. 77 



2 tan - 
2 

sin x cos x — i sin 3 x 



' 2V2 V2 4V2 
17. n = 0; x log e x — x 
n = 1 ; $ (loge *) 2 
1 

n ^ 1 or 0; 



loge 



1 



19. (i) f (ii) 

32 n + 1 



(1 - ri) x"- 1 
1 



loge^ 



1 



(1 - »)_ 



[1 + (-1)"] 



21. - 1 i 3 (3e* + 2) 

24. sin -1 Jx — y/[x(l — x)] 

25. (i) |(5 - 2x) 3/2 - ¥(5 - 2x) 1/2 

(ii) x + 9 loge (x - 2) - 6 log e (x - 1) 



26. (i) - (ii)— (Hi)' 
5 21 



9y/3 

28. i[sin _1 x + Xs/(l - x 2 )] 
29 ' (fl) 4^ 2 + Cl 



(6) - 



1 1 



+ ■ 



2 (x 2 + 1) 4 (x 2 + 1) : 



+ C 2 
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SOLUTIONS 



Exercises 15a 



1. i loge 2 2. 8f + loge 3 

3. i 4. OCA = 12, OBA 

5. 13J 6. 3ff 

7- i 8. (0 i, i (ii) Hi, 

9.(0~ 00^ 0")^ 10.* 

Exercises 15b 
1. 2,666f lbwt/in. 2 

(iii) 0, 1 (id) 0, -4" 
V 2 

5. 665 
Exercises 15c 

1. 55ttw 3. — 

4 

4. - 5. 2irah 2 

2 

6. Tra z h 7. 7ra 2 fe, irab 2 

9.— 10. — (8e 9 +l) 

30 9 

Exercises 15d 

1. (a) x = f,j = 0 



(c) x = f,;p = 0 

2. (a) x = f , j; = 0 

(c) x = f , y = 0 

3. (a) One third of the way up a median 

(b) With the straight edges as axes x ~ y = Aaj^ir 

(c) One quarter of the way up the axis of symmetry 
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SOLUTIONS 
(d) On the axis of symmetry distance 



h /3a 2 + lab + b 2 \ 
4 \ a* + ab + b* ) 



from the smaller end 

, . _ 256a 
5. x = v = 

315tt 

EXERCISES 15 

2.f,(*.o) 

3. (0, 0), (2, 2)1, 2! 77 6. | 

7. 4- 8. S 

V2 3 

9 . 3E + 1 ,?^ + 2ff 10. log ?v 

2 4 4 3 

11. x = 2\,y = ltt 12. §a 2 , ( 2 a 0 a, Aa) 

13. (i) 1 00 - (HO (---,-) 
w 2 8 \4 28/ 

14 . (22. ^ 

15. a 5 77a 3 

16. (1, 6), (2, 3), area = (4| - 6 log e 2) 

18. Jc = 1-35, y = 2-70 

19. t = 0, x = 1-6 

20. a = \, b = -1 

22. c 2 = a 2 + ft 2 + ab 

(0 i& 2 0 (») K« 2 + fl6)9 

23. (0 1277 (i0 16 24. 4t7 

25. P = ^-=-^ , Q = 0, R = b; — (3a 2 + 4ab + 8b 2 ) 
c 2 15 



505 



SOLUTIONS 

Exercises 16a 

t s 

!• (0 y — —cos x + C (ii) x = — — 2f + C 

(iii) x = Ce 3t (to) y = f i 2 + At + B 

2. (0 y = x^- (ii) ^ = 2y 

ax ax 

dx 2 dx* dx 

4. x = lOe-" 

5. 7 miles/sec 

32 

6. Terminal velocity = — 

7. y = At—, j> = - y +5 

8. i = — (1 — e i ); i ->■ - as i -> oo 



9 F= afcn 

(fo - a)\r bl 



10. y = e- 2 e 2 * 
Exercises 16b 

1. (i) y(C — tan -1 x) = 1 (ii) )/ = 



(iii) loge r—^A + — ^— = C (to) -e - * = e* + C 
M — jv 1 + x 

2. s = — I tan" 1 - - tan" 1 -) 3. r = As 
30\ 3 3/ 



4. y = 5. / = x 2 + 2x + A 

1 + 5x 

7. y = — - — 9. x 2 + y 2 = C 



3 - 2x 

10. H = 55— 2 

2e </15 + 1 

Exercises 16c 

1. x = 5e- 5< + 7e 5t 

2. x = 3 sin It + 4 cos 2/ 

3. (0 6 ft./sec (ii) 10 ft./sec (iii) 5 ft. 
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SOLUTIONS 

4. (i) v = 0 (ii) v = 12 ft./sec (iii) x = 0 

5. x = 5e 6t + 2 

EXERCISES 16 



1. (a) sin x cos y = C 
x 3 

(ft) loge y=y-x+C 
(c) ye* = Cx 

3. y = j + A, y = Ce* 

4. (1 - j; 2 )(l + x 2 ) 2 = C 

9. y = Ce - *', 120 days, 30 g 
10. xy = C 

12. y = x loge x — x + C 

dz 9-z a 

13. x — 



dx 1 + z 

60 + 40e 2</5 . , 4.- 

15 - x = ~Z iTTT" , f = 2, t = f loge 3 

3 + e 2 ' /s 



x/ e^ 1 - 1 \ 
IXe*- 1 + 1/ 



17. >> 

2\e*- 1 + 

18 . <L=is£» c 

xy 

20. y = .4 cos x + B sin x — x 2 

24. x = - (1 - e-° <M ), t = 400 log e f 

c 

25. (a) log(x + y + 1) = - y + C 

(ft) (1 + y 2 ) = 1(1 + * 2 ) 

26. fcu = g(2e- s< - 1), fc 2 x = g(2 - 2 e -*'- kt) 

27. (i) v = 8 (ii) x = 4 (iii) t> = 1 

29. a = £ loge 2 

30. x = ^r c _ p + iFIog (r+£V 

P L \F— vi . 

EoccTciscs 1 7(1 

3. A(2, -tt/4), B(5, -tt/9), C(3, 0), D(2, -tt/4), E(6, »r/9), 
F(4, -tt/4), G(6, 5W6) 
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SOLUTIONS 

4. (0, 3), (2, -2^3), (-5, 0), (-^3, -1), (0, -3) 

5. {2y/2, tt/4), (5, -126° 52'), (5, tt/2) (13, 157° 23') (3, 0), (3^/5, 
-26° 34') 

6. A and F, B and E, C and H, D and J 

7. A(2, tt/4), B(2, 7w/12), C(2, llw/12), D(2, -3w/4), E(2, 
-5w/12), F(2, -tt/12) 

8. P must lie on the positive portion of the x-axis 

9. (a) On the whole line through the origin making an angle 77/4 
with Ox. 

(b) On the whole line through the origin making an angle 
3tt/4 with Ox. 
10. B(7, 8), D(-5, -4) 

Exercises 17b 

1. AB = BC = CD = DA = 5; AC = BD = 5^2 

2. A(3, -4), B(-3, 4), AB = 10 

3. AB = CD = 3V13/5, AD = BC = 72, 

AC(7l37/5) ^ BD(7l97/5), hence ABCD is a parallelogram 

4. AB = 2713, BC = 713, AC = 765; hence AC 2 = AB 2 + 
BC 2 hence Z.ABC = 90° and AB = 2BC 

5. X= 12 or -6 

6. All distances equal to 27(« 2 + 2> 2 ) 

7. AB = 372, AC = 72, CB = 272 
10. P(5, 3) 

Exercises 17c 

1. Internal (-3, -4), external (-9, —13) 

2. (8,4) 

3. P(2, 6), Q(17, 36) 

4. (a) Externally in ratio 1:2; (b) internal bisector; (c) externally 
in ratio 2 : 1 

5. CP:PD = 2:3, P(5, 5) 

6. A'(-5i,-l|),G(-2, 1) 

? p ( 2p +4a 2g + 4fr \ , p f 5p + a 5g_+J>\ 

\ 6 6 / \ 6 6/ 

8. P(0, 12). The internal and external bisectors are at right angles 
and since P(0, 12) lies on Oy then the internal bisector is Ox. 

9 v | *2 + x a y 2 + y 3 ^j Q^ x t + x 2 + x 3 y t + y* + y 3 j 
10. 3:1 3 3 
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Exercises 17 d 

1. 13 square units 

3. (0 1 square unit (it) 2\ square units (Hi) 0 (iv) 3\ square units 

4. AB 2 + BC 2 = 52 + 13 = 65 = AC 2 ; A ABC is 13 square 
units 

7. P(l, 1|). Area ABPD is zero hence P lies on line BD. 
APAB = APCD = 3| square units 

8. Area ABCD = 32 square units 

9. AABD = AACD = 12 square units. The quadrilateral is 
re-entrant. 

Exercises 17 e 

1. (x-3) 2 + 0 + 4) 2 = 49 

2. 3jc 2 + 3/ - 44* - 46y + 239 = 0 

3. x 2 + y 2 - 9x - 6y + 26 = 0 

4. r = 8 sin 0 

5. (x - 2) 2 + 0 - 8) 2 = 169 

6. xy = c 2 , x 2 ja 2 + y 2 \b 2 = 1 

7. y 2 - 4x - 6y + 13 = 0 

8. 3y 2 -x 2 = 0 

9. r sin 6 = 6 

10. 4x 2 + 3y 2 - 48 = 0 

Exercises 17 f 

1. (-3,5) 2. (5, 13), (12, 6) 

3. (1, -2) (-1,0) 4. (10, *r/6), (10, -tt/6) 

5. Common point is (—4, 3) 6. Two co-incident points (1,-1) 

7. The common points are co-incident (7, 7) or the distance 
between centres equals the difference between the radii 

8. (3^/3, 7r/6). Note that the origin does not satisfy both equa- 
tions simultaneously 



9. (7, 9) (-1,5) 
10. (4, 1) 



Exercises 17 g 



1. 3x — 2y + 9 = 0 
3. 2y - 5x - 10 = 0 
5. 2x - 3y + 4 = 0 



2. 5x + y - 22 = 0 
4. x + 5y = 0 
6. 7 2 = 4ax 




10. x 2 + f = 25 



8. x 2 + j 2 = 25 
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EXERCISES 17 

1. (0, -6), (-1, 1), (V3, 1), (0, 8), (-1, -1), (-5, 0) 

2. (5^2, -tt/4), (2, -5rr/6) (3^2, 3tt/4), (2, tt/3) (2, ff /2), (3, 0) 

3. A and F, C and H, G and J 

4. AB = JlT; BC = ^40; CD = 5; DA = 6; area 16 square 
units 

6. (3, -2) 

7. A(5,0), B(3, -tt/2), C(5, -tt/2) D(3, 0), E(5, 0), F(l, 377/4), 
G(3, tt/4) 

8. (6, 8), (-18, -40) 

9. (3:1),(3:-1) 

10. 4x 2 + 3j> 2 - 16* + 24y + 52 = 0 

11. a = -2 or7£ 

12. (8, 5) 

13. Sides 15, 20, 25; area 150 square units 

14. (/) 3:2 (/O 5:-2 (in) 3:-5 

15. Centroid (f , J^), circumcentre (3, 4) 

16. 36 square units 

17. x 2 +7 2 = 27 

18. 7: -2 and 1:4 

19. b = -4 and a = -5, AB = ^5 

20. r = 6 sin 0 

21. a = 1 

24. - 2x - 2y + 2 = 0 

25. (0(7,-4); (r0(7,4); (iff) (-7, -4) 

26. j 2 = 64x, (x - 4)(6 - 7) = 1 

28. Midpoint of AC (-1, — 1), D is point (9, —10) 

29. xy = constant 

30. r(cos 6 — sin 6) = 5; x — _y = 5 



Exercises 18a 

1. (0 7 = 0-36* + 5 (h) 7 = -0-58* - 4 
(hi) j = 1-19* (iv) y = 2-75x 

2. (0 y = 5x (ii) 3x + 2y = 0 

(iii) y = f jc — 3 (iw) 7 = —2 

3. (0 Slope i intercept —2 
(ii) Slope — 1 intercept I 
(in) Slope f intercept 0 

(iv) Slope 0 intercept 6 

4. Slope is y *~ yi 
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Exercises 18b 

1. (0 ly-2x- 11 =0 (ii)y + 3x- 16 = 0 
(Hi) y + x - 3 = 0 (nO 2j> + 3x - 11 = 0 
(i>) 2x + 5j> + 10 = 0 (vi) y + x - 6yj2 = 0 



"-5 3 V 34 V 34 V 34 

3. x = -^; -T-y+-Lx = ^-l^ + yl^=l 

2 J29 V 29 V 29 

4. x cos a + y sin a = a 

5. 0 = a + 90° (0 < a < w/2) 
0 = 90° - a (-7T < a < 0) 

Exercises 18c 

1. (-1, -1) 

2. (a) (2, 3) (b) (2i -3) 



\a + b a + bl 



3. (f) and (Hi) are coincident 

4. A: = 5, A: = 3, lines («) and (Hi) are parallel; A: = 6, lines (i) 
and (ii) are parallel 

5. Ix + 4y = 0 

9. A: = 5; the point (3, 4) 
10. 5x + ly - 35 < 0 
4x- llj-28 <0 
14x + 3y + 68 > 0 

Exercises 18d 

1. (a) 8°8' (Z>) 75° 32' (c) 90° (d) 90° 

2. 2jc - 3y + 8 = 0 

3. x+y-5=0 

4. 75° 

5. ABj-2x + 3 = 0, 720 
BC 2j> + x - 9 = 0, V20 
CAy + 3x - 22 = 0, ^40 

Exercises 18e 

1. (a) 61 (£)-! (c)3 (d)H 

2. 4ff opposite side to the origin; — 2i same side as origin 

3. No, it is one of the excentres 

4. a= 1 

5. (2,4) 
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Exercises 18f 

1. (a)y + x = 0, (b) x + Ay + 3 = 0, (c) 2x + 3y + 1 = 0 

2. 2x — 6y + 17 = 0, 6jc + 2y + 11 = 0 

4. 2j + 3* = 0, y — 2jc = 0 

5. (a) 14x - 2ly + 95 = 0, (6) Ix + Uy - 33 = 0 

EXERCISES 18 

1. (a) PQ is j + Ax — 4 = 0 

QR is 7y + 2x + 24 = 0 

PR is 3y — x + 1 = 0 
(Z>) 2j - Ix + 7 = 0 (c) y + 3x — 2 = 0 
(<0 (tt, — A) (e) 13 square units 

2. 2j> = 4x - 13 . 

A. (a) Ax + 3y - 39 = 0 (Z>) 3x - 4y + 2 = 0 

5. 2j> — x — 9 = 0,7 + 2x + 2 = 0 

, x y 5 A 20 

6. — h = 1, — ; — x ; — y = — — 

4 -5 V41 V 41 V 41 

8. k = —A, 3 distinct lines through the point (—2, —1) 
k = 2, 3 coincident lines 

k = —2, 2 of the lines are parallel 

9. Incentre (3, 1). Excentres (—1, 3), (6, 2), (2, -6) 

ll - Xl ~ 2 a L 2 ( flX i + + c), >-i 2-~"2( a;c i + + c ) 

a 2 + b 2 a 2 + b 2 

12. 2x +y = 2 

13. |(BC 2 + CA 2 + AB 2 ) 

14. m l m 2 m 3 m i = — 1 

15. ly - 3x + 102 = 0 

17. Outside 

18. B (— p> ~|); C (^' fe )' Locus x + 5y = 0 

19. 3x — j = 3, jc + 3y = 11 

20 x ~ h = y ~ k 

a b 
22. 15* + 8/ = 85 

24. k = 3 or k = -f 

25. (2, 2) 

26. 3x + 2j = 13 

27. x cos 2a + y sin 2a = 2/> cos a 

28. j> = 2x — x 2 

29. (a) -3 and * (6) (5, 1), (5, 3) 

30. a-j3i,c z — a^Ci + «2^3 c i — oJ>iC a + a^\C% — a^b^ = 0 
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Exercises 19a 

1. (0 x* + y 2 — 6x — Uy + 33 = 0 
07) x 2 + y 2 + 6x + Uy + 22 = 0 
(ft'O x 2 +y 2 - I0x = 0 

(iv) x 2 + y 2 + 6y - 7 = 0 

2. (0 centre (—1, —3), radius 2 

J 21 

(ft) centre (— f, — f), radius 

(ft7) centre (f , 0), radius f 

(iv) centre (0, |), radius 2 

(u) centre (a, —6), radius yj(a 2 — b 2 ) 

(vi) centre (—a, a), radius ,/2a 

3. x 2 + y 2 - Ux + 12y - 15 = 0 

4. jc 2 + y 2 — 3x — y - 2 = 0 

5. jc 2 + - 6x + 4y + 11 = 0 

8. x 2 + y 2 — 26x - 26y + 169 = 0 

9. y + 4x - 13 = 0 

10. x 2 +y 2 - Sx - y + 4 = 0 

Exercises 19b 

1. x 2 + 7* - IO7 = 0, r = 5 

2. x 2 + j 2 - llx - ly + 30 = 0, r = fV 2 

3. x 2 +7 2 - 5x -7 + 4 = 0, r = i^/lO 

4. 2x 2 + 2/ + x - Uy - 1 = 0, r = iVl30 

5. x 2 + y 2 + 3x - 3y - 38 = 0, r = £V 170 

Exercises 19c 

1. 3* + 4y-45 = 0 2. 7x- 97 + 59 = 0 

3. llx + 77 + 91 =0 4. 15>>- 8x- 56 = 0 

5, x + 7 — 14 = 0 is the equation of the common tangent 

Exercises 19d 

1. (i) t = 3^/5 (ft) t = V 43 

2. A is inside, B outside, C is on the circle 

3. k = 80 

4. (1,2), (-1,4) 

5. I5y-%x = ±289 

6. 57 - 3x = 0 

8. (0 (10, 2) (ft") 2 units 

9. (0 2, (1, 3) (ft) (6, 3) (-2, -1); 
x 2 + y 2 — 23x + 36j - 15 = 0 

10. x 2 + y 2 - 10x - 67 + 9 = 0; 157 + 8x = 0 
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EXERCISES 19 

1. x 2 + y 2 — lOx - lOy + 25 = 0; (8, 9) or 
x 2 + y 2 — 60x - 60y + 900 = 0; (12, 6) 

3. Ax - 3y + 6 = 0; Ax - 3y - 14 = 0 

4. Centre (3, —1) and radius 1 ; centre (—1,-5) and radius 5 

5. c = 12 or —38 

6. (a cos 6, a sin 0) 

7. jc 2 + y 2 - 2x + Ay - 20 = 0; 7^/2 

8. (2,3); 1; PA = 2; tan 6 = 2 

9. jc 2 + j> 2 + 2x - 40^ + 237A 

11. (5, 8), (5, -2) 

12. x 2 + j 2 - Ax - 5/ + 4 = 0; 9^ + 40* = 0 

13. + y 2 + Ax - A = 0; centre (-2, 0); radius 2J2; 
x 2 + y 2 — 2Sx — 4 = 0 

15. x 2 +y 2 -2x-6y = 0; x 2 + y* - Ux - I6y + 80 = 0; 
x +y - 8 = 0 

16. 3x 2 + 3y 2 - 12* - 6y + 11 = 0 

17. W5; jc 2 + / 2 - 8x - 5y + 16 = 0 

18. 2| units 

19. 2 units 

21. Circumcircle is 2x 2 + 2y 2 + 3x — 2 = 0 

23. /> = |, 9 = f,(2, 1), V5 

24. (23, 0), 6^14 

25. x 2 + y 2 = 1 

26. (0 (-¥, V) 00 4x + 3j + 7 = 0 (//7) 12£ square units 

27. (2, 1), 1 ; j = 0 and 3j - Ax = 0; (2tf, 2«) 

28. 4j - 3x = 0 

29. & - g 2 ) 2 + C/i -/ 2 ) 2 = [V(^ 2 +/f - c x ) ± Vfei +/I -c 2 )] 2 

30. x 2 +j 2 -4x-6j- 12 = 0; 3x + 4j>-43 = 0; 
(-1,-1) 

31. (1,4) (0,-1) 

32. x cos a + j sin a = a; centre (A, a — hcos * \,x 2 sin a — xy 
cos a + ay = a \ sin a / 

33. (-1, 1); AC = V13; 3x 2 + 3y 2 - Ix - 6y - 1 = 0 

35. x 2 + y 2 - 10j> + 20 = 0; x 2 + y 2 - 20y + 80 = 0 

36. (k 2 - l)x 2 + (k 2 - \)y 2 + 2x(k 2 r 2 - rj = 0; k:\, externally 

38. c(f 2 + g 2 )>2c 2 

39. x 2 +y 2 = a 2 -bc 

41. x 2 + y 2 + 12x + Ay - 60 = 0; 

x 2 +y 2 + 12* -4j- 60 = 0 
43. (4, 3); jc 2 + j 2 - 12* - 9/ + 50 = 0; 

x 2 + y 2 + 8x + 6y - 75 = 0; 7y - 24x + 175 = 0 
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Exercises 20a 

1. (0 (2,0),*= -2 

(h) (-6, 0), x = 6 

(»0 (0,-l),7 = i 
(fo) (0,3), 7= -3 
(») (-I,0),x = f 

2. (2,0) 

3. Relative to axes horizontally and vertically through the 
lowest point of the rod; x 2 = 3 67 

4. (0 y = x+ l,y = -x + 3 
(ii) x = y-3,y=-x-9 

5. (27, - 18) 

6. (0 y 2 = 10* + 2y + 4 

(n) - 2xy + y 2 + 8x + Sy - 16 = 0 

16x 2 - 24xy + 9y 2 + 118x + MAy + 316 = 0 
8. (24, -24) 

Exercises 20c 

2. 1 unit 

3. Tangent y - tx + 3f 2 = 0, normal ty + x = 6t + 3f 3 

4. y 2 = 4ax + 9a 2 

Exercises 20d 

1. a = 5, b = i,^ = 5x 

3. A = 0 or A 
x -y+l=0 
-25x + lOy - 4 = 0 

4. j 2 = 2a(x - a). Vertex (a, 0), focus (3a/2, 0) 

Exercises 20e 

1. e = f, (±6, 0), x = ±¥, area = 80tt 

2. e = i, (0, ±6), y = ±¥, area = 80ir 

3. e = f,(±2,0),x = ±¥,area = ^ 

4. e = -y , (±V2, 0), x = ±3^2, area = 2j6?r 

5. e = 4 . (0. ±!)> y = ± 2 > area = V 217 

V 2 

6. e = f, foci (+4, -2), (-2,-2): area 20tt. Directrices 
x = ¥ and x = — ¥ 
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7. W, (±5, ±W) 

8. 8x 2 + 3j 2 = 35; e = Vf 

9. Semi-major axis 5, semi-minor axis 3 : — 

9 

10. a = 3, b = V5; x = 4, x = 9J; (5, 2); 
(x-5) 2 (j>-2)' _ 
9 5 
Exercises 20f 

1. x+y = 5, x— y+l=0 

2. 2x + 5j = 12, 5x - 2/ = 1 

3. 6j — ax = lab, ay + bx = a 2 — b 2 

4. y = 2x ± 714 

5. j = 2x ± 6 

6. j = 3x ± 7 

x 2 v 2 
10. — + i = 1 
49 33 

Exercise 20g 
1. - cos 6 + ^sin 0 = 1 

Exercise 20h 

1. 2x + 3j = 12 

2y — 3x = ± \] s ~£~ 

2. ab 

3. -^+^=1 
4x 2 4/ 

6. e = ^ 

8. x 2 ^ ae 2 - £ae 2 0 2 

10. Centre [o,-(— - ^^sin fl) 
L 2\sin0 b /. 

1/ b , a 2 -b 2 . fl .\ 
radius -I sin 0 I 

2\sin0 b ! 
Exercises 20i 

1. e = ^ , (±3V3, 0), x = ±^3 

2. e = f , (0, ±4), y = ±f 
3- e = 1, (±1, 0), x = ±f 
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4. e = t, (±9, 0), x = ±¥ 

5. e = V*> (0. ±V3). y = ±W3 

6. e = V2, (±V 2 > 0). x = ± V 2 

7. ¥, (±4, ±1) 

' 36 13 ' 36 13 



1. V3x-7 = V3; ^ + V3j= 13 

4. a 2 / 2 - Z> 2 m 2 = k 2 ; a 2 / 2 + & 2 m 2 = " 2 

5. bx (i 2 + 1) - ayO 2 - 1) = 2abt 
10. 8x - 9y = ±5; (±4, ±3) 

Exercises 20k 

1. (0 J = ±§x; (0, ±2) 

= ±1*; (±2,0) 

2. —ft/a <m<b\a 

3. (0 xy = 16 («) xj> = — 1 

(Hi) (* - 07 = 9 (fo) (* + l)(y - 1) = -4 

4. 4y + x = 8, j - 4x + 15 = 0 

5. x + t 2 y = 2t 

6. 2x - y = 3, 2y + x = 4 and 2x - y = -3, 2y + x = — 

8. j = x 

9. 4x - 3.y = ±7, (4, 3) and (-4, -3). 7 square units 



Exercises 201 

1. 2xy = A: 2 (rectangular hyperbola) 
4. j = 2c 2 /a 

. , 2a 
6. Major axis b, e = — 

8. tan" 1 ^ 

9. m 2 (x 2 - 1) - 2xtfom + 7o + * = 0 

10. When P is a point of intersection of the two curves the normal 
to xy = c 2 is a tangent to x 2 - / = a 2 . Hence the curves 
cut at right angles. 




r 
11 



Exercises 20j 
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Exercises 20m 

2. (1,1)(1, -1) 

3. 6y - 3x -54 = 0, 8j - 3x + 108 = 0, tan" 1 (££) 

4. (4,8) 

5. y — 6x + 8 = 0, (4, 16); this is a double tangent 
y+ 12x-64 = 0, (16,-128) 

6. 9/ + 2x - 261 = 0, (9, 27); x = 0, (0, 0) 

7. 36^x - 2ay = abt\ 

8. [(*; + hh + t\), (t, + t,)^] 

9. 9y* + 24x - 25 = 0 

10. [p* + pq + q\ (p + q)pq],pq = +1, y* = x + 1 parabola 



EXERCISES 20 



1. / = 16a(x + 2a) 
13. = a{x - 3a) 

17. / = 4a(x - a) 

18. ky — lax = 2a/i 

19. tan" 1 (3) 

2a Vd + - 2 ) ' i V26 
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Abscissa, 357 

Acceleration, forms for, 336 
a cos 0 + b sin 0, 117 
Addition formulae, 109 et seq. 
Angle, 

between lines, 389 

measurement, 94 
Applications of the derivative, 

as a rate measurer, 218 

for approximations, 223 

to kinematics, 220 
Approximations, 223 

for a function as a polynomial, 252 

for sin 6, cos 0, tan 0 when 0 is 
small, 125 
Arbitrary constant, 268, 279, 334 
Area, 

between parabolas, 313 

between j-axis and curve, 315 

of an ellipse, 433 

of a loop, 317 

of a quadrilateral, 368 

of a sector of a circle, 124 

of a triangle, 156 
in terms of the co-ordinates of its 
vertices, 366 

positive and negative, 315 
Argand diagram, 71 
Arithmetic, mean, 13, 35 

sequence or progression, 35 

series, 36 
Asymptotes of a hyperbola, 449 
Axes, 357 

Binomial coefficients, 49 

relations between, 50, 51 
Binomial theorem 

for non-positive integral power, 56 

for positive integral power, 48 

proof by induction, 53 
Bisectors of angle between lines, 397 



Cartesian co-ordinates, 357 
Centre, 
of a circle, 403 
of an ellipse, 434 
of gravity, 326 
of circular arc, 327 
of hemisphere, 329 
of sector, 329 
of semi-circular arc, 327 
of semi-circular sector, 329 
of mass (see centre of gravity) 
Centroid of triangle, 366 
Change of origin, 373 
Circumcircle, 146 
Co-incident lines, 386 
Complex conjugate, 68 
Complex numbers, 64 et seq. 
geometry of, 72 et seq. 
imaginary part of, 66 
modulus, 71 
real part of, 66 
representation of, 70 et seq. 
rules for, 66 et seq. 
Complex plane, 71 
Condition for three points to 

collinear, 367 
Continuous function, 173 
Cos (A ± B), 109 
Cos 2A, 111 
Cos 3/1. 112 
Cos C ± cos D, 115 
Cos 0 when 0 is small, 125 
Cosine formula, 147 
Cotangent formula, 148 
Cube roots of unity, 77 
Curve sketching, 239 

Definite integral, 
as an area, 280 
as a sum, 280 
change of limits, 297 
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Degree, unit of angle, 94 
Derivative (see also differential coeffi- 
cient), 

applied to kinematics, 220 

as a rate measurer, 218 

second and higher, 197 
Difference, derivative of, 188 
Differential coefficient, 180 

of ox", 183 

of constant, 188 

of cos x, 184 

of difference, 188 

of exponential function, 248 

of function of a function, 200 

of inverse functions, 206 

of inverse trigonometric functions, 
207 

of logarithmic function, 246 
of product, 190 
of quotient, 192 
of sin x, 184 
of sum, 188 

of trigonometric functions, 196, 

197 
of x", 203 

second and higher, 197 
standard forms, 215 
Differential equations 
&x 

dJJ = **• 343 

first order, 341 

formation of, 337 

general solution, 334 

order of, 340 

particular solution, 334 

variables separable, 341, 345 
Differentiation, 180 

from first principles, 182 

from parametric equations, 213 

of implicit functions, 209 
Director circle, 

of ellipse, 438 

of hyperbola, 449 
Directrix, 

of ellipse, 431 

of hyperbola, 445 

of parabola, 418 
Discontinuous function, 173 
Discriminant, of quadratic equation, 
82 

Distance between two points, 
in cartesians, 361 
in polars, 362 



e, as a limit, 246 

as a series, 259 
tf, as a series, 258 
Eccentric angle, 440 
Eliminant, 15 
Elimination, 15 
Ellipse, 

area, 433 

centre, 434 

directrix, 431 

eccentric angle, 440 

eccentricity, 432 

equation of normal to, 436, 439 

equation of tangent to, 436, 439 

focus, 431 

parametric equation, 438 
simplest equation, 431 
Equation, 
in one unknown, 2 
in which unknown is an index, 
27 

miscellaneous, 3 
of circle, 368 
of curve. 368 

of first degree is a straight line, 
379 

of straight line, 377 et seq. 
quadratic, 2 
simultaneous, 6 

special forms for a straight line, 
382 et seq. 

trigonometric, 130 et seq. 
Equations of motion, 337 
Explicit function, 171 
Exponent, 21 
Exponential function, 249 

differential coefficient of, 248 

graph of, 249 

series for, 258 
External division, 362 

Factor formulae, 115 
Factorial n, 51 
Focus, 

of an ellipse, 431 

of a hyperbola, 445 

of a parabola, 418 
Function, 170, 

continuous, 173 

differential coefficient of, 180 et 
seq. 

discontinuous, 173 
explicit, 171 
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Function, (contd.) 
graph of, 173 
implicit, 172 

Maclaurin's series for, 255 

many valued, 172 

maxima and minima of, 229 

of a function, 197 

point of inflexion of, 235 

polynomial approximation for, 252 

rate of change of, 174 

single valued, 172 

sketching graph of, 239 

Geometric mean, 13, 39 

Geometric sequence or progression, 39 

Geometric series, 39 

Gradient, 

of a chord, 175 

of a tangent, 177 
Graph of a function, 173 

Hero's formula, 157, 163 
Higher derivatives, 197 
Hyperbola, asymptotes of, 449 

centre, 445 

directrix, 443 

eccentricity, 445 

equation of normal to, 446 

equation of tangent to, 446 

focus, 443 

parametric equations, 446 
simplest equation, 444 

Implicit function, 172 

derivative of, 209 
Indices.. 21 

rules for, 21 et seq. 
Induction, 59 
Inequalities, 9 
Inequality of means, 13 
Infinite geometric series, 42 
Integers, 1 
Integration, 267 

as reverse of differentiation, 267 

as summation, 277 

by change of variable, 302 

by parts, 304, 307 

by substitution, 292 et seq. 

five elementary rules, 271 

of rational functions, 285 

of trigonometric functions, 301 
et seq. 

Intercept form of straight line, 381 



Internal division, 362 
Inverse functions, derivatives, 206, 207 
Inverse trigonometric functions, defini- 
tions, 120 

derivatives, 207 

graphs of, 121 

principal values, 121 
Irrational numbers, 2 

Latus rectum, 

of ellipse, 432 

of hyperbola, 445 

of parabola, 419 
Length, 

of arc of circle, 124 

of perpendicular from a point to a 
line, 394 

of a tangent to a circle, 408 
Limits, notation, 179 
Loci, 368, 427 

Logarithmic differentiation, 250 
Logarithmic function, 245 

derivative of, 246 

graph of, 245 

series for, 258 
Logarithms, 

calculation of, 260 

definition, 24 

rules for, 25 

transformation rule, 26 

Maclaurin's series, 255 

for cos x, 256 

for e±", 258 

for log e (1 ± x), 258 

for sin x, 256 
Mathematical induction, 59 

proof of binomial theorem by, 53 
Maxima and minima, 229 

distinction between, 230, 231 
Mean value, 319 
Modulus, 

of a complex number, 71 

of a real number, 12 
Multiple angle formulae, 111, 112 

Negative side of a line 386 
Normal, 

to a curve, 226 

to an ellipse, 436 

to a hyperbola, 446 

to a parabola, 421, 426 

to a semi-cubical parabola, 459, 460 
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Numbers, 
algebraic, 1 
complex, 65 
irrational, 2 
rational, 1 
transcendental, 2 

Ordinate, 357 

Orthogonal trajectories, 339 

Parabola, 
directrix, 418 
equation of, 

normal to, 421, 426 

tangent to, 421, 426 
focus, 418 

parametric equations, 425 

simplest equation, 418 

vertex, 419 
Parallel lines, 386 
Parametric equations, 

of circle, 370 

of ellipse, 438 

of hyperbola, 446 

of parabola, 425 

of rectangular hyperbola, 453 

of semi-cubical parabola, 459 
Partial fractions, rules for, 16 et seq. 
Pascal's triangle, 48 
Perpendicular, 

distance of point from a line, 393 

form of the equation of a line, 384 

lines, 391 
Point of inflexion, 235 

criterion for, 237 
Points of intersection, 

of lines, 386 
and circle, 409 
and ellipse, 436 
and parabola, 423 

of two loci, 371 
Polar co-ordinates, 357, 358 
Polynomial approximation for a func- 
tion, 252 
Positive side of a line, 386 
Product, derivative of, 190 

Quadratic equation, 2 
discriminant of, 82 
relation between roots and coeffi- 
cients, 89 
solution of, 82 



Quadratic equation, (contd.) 

sum and product of roots, 89 

type of roots, 82 
Quadratic function, 84 

graph of, 86 

sign of, 85 
Quotient, derivative of, 192 

Radian, 94 

Radius of a circle, 403 

Radius vector, 358 

Rate of change of a function, 174 

Rational algebraic function, 285 

Rational numbers, 1 

Real numbers, 2 

Rectangular hyperbola 452, 

eccentricity, 452 

equation of, 452 

equation referred to its asymptotes 
as axes, 453 

parametric equations, 453 
Root mean square value, 321 
Roots of a quadratic equation, 82 

Second derivative, 197 
Semi-cubical parabola, 

equation, 457 

equation of normal to, 458 

equation of tangent to, 458 

parametric equations, 459 
Sequences, 32 

arithmetic, 35 

geometric, 39 
Series, 

arithmetic, 36 

geometric, 39 

infinite geometric, 42 
Simple harmonic motion, 338 
Simultaneous equations, 6 
Sin {A ± B), 109 
Sin 2A, 111 
Sin 3^, 112 
Sin C ± sinD, 115 
Sin 0 when 0 is small, 125 
Sine formula, 146 
Small angles, 124 
Solid of revolution, 322 
Solution of triangles, ambiguous case, 
149 

Square root of —1, 65 
Standard forms, 
for derivatives, 215 
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Standard forms, (contd.) 

for integrals, 268 
Straight lines, 

equation for, 377 et seq. 

perpendicular, 391 

positive and negative sides, 386 
Sub-multiple angle formulae, 112 
Sum, 

derivative of, 188 

of arithmetic series, 36 

of geometric series, 39 

of infinite geometric series, 42 

of positive integers, 38 

Tan {A ± B), 109 
Tan 2A, 111 
Tan 3/1, 112 

Tan 0 when 0 is small, 125 

Tan x, derivative of, 196 

Tangent, 
equation of tangent, 
to circle, 406 
to a curve, 226 
to an ellipse, 436 
to a hyperbola, 446 
to a parabola, 421, 426 
to a semi-cubical parabola, 458 



Tangent, (contd.) 

length of tangent to a circle, 408 
Transcendental numbers, 2 
Transformation of cartesians to polars 

and vice versa, 358 
Trigonometric equations, 130 et seq. 

general solution, 131, 132 

involving different ratios of the 
same angle, 135 

involving multiple angles, 137 
Trigonometric functions, 94 

for any angle, 101 et seq. 

graphs of, 105, 106 

relationships for, 96, 97 

signs of, 100 
Trigonometric identities, 96 et seq. 

Variables, 

dependent, 171 

independent, 171 
Variables separable, differential equa- 
tions with, 341, 345 
Vector, 71 
Vectorial angle, 357 
Vertex of parabola, 419 
Volume of a solid revolution, 322, 
325 
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